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1.  SUMMARY  OF  ACCOMPLISHMENTS 


Copies  of  the  20  papers  are  provided  in  the  Appendix.  In  this 
report  we  therefore  give  only  a  brief  outline  of  the  important  results 
that  were  obtained  in  each  of  the  topics  Investigated. 

1.1  Atmospheric  Turbulence  (Refs  3  and  4) 

What  exposure  time  At  should  be  used  in  stellar  speckle 
interferometry?  The  question  of  the  optimum  time  (for  maximum 
signal- to- noise  ratio)  when  in  the  photon-limited  regime  was 
Investigated  by  O'Donnell  and  Dainty  [J  Opt  Soc  Am,  1 0,  1354  (1980)], 
who  showed  that  a  good  rule  of  thumb  is  At  H  2 zc,  where  t0  is  the  1/e 
coherence  time  of  the  stellar  image.  Measurements  of  the  temporal  and 
spatio-temporal  correlation  were  made  at  Mauna  Kea,  Hawaii  over  10 
nights  in  June/ July  1980  [3],  showing  an  average  correlation  time  of  15 
ms  which  implies  a  speckle  exposure  time  of  30  ms. 

Measurements  were  also  made  of  the  wavelength  dependence  of  the 
variance  of  stellar  scintillation  [4]  which  was  shown  to  follow 
Tatarski's  prediction  of  o2j/<I>2  « 

In  unpublished  work,  J  Dugan  [Ms  Thesis]  constructed  an  anamorphic 
shearing  interferometer  for  measuring  the  long-exposure  MTF  of  the 
atmosphere.  This  was  a  prototype  instrument  which  demonstrated  the 
feasibility  of  constructing  a  portable  interferometer  for  site 
testing.  Even  today,  astronomers  use  the  naive  'star  trail'  method  for 
site  testing  which  is  almost  totally  irrelevant  for'  characterising 
sites  for  large  optical  telescopes. 


£ 
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1.2  Space-Time  Structure  of  Images  (Refs  2,  3  and  6) 

If  one  observes  the  speckle  pattern  image  of  an  unresolved 
star,  the  time  evolution  would  be  qualitatively  described  as  a 
'boiling'  of  the  image.  The  spatial  structure  of  a  speckle  pattern  at 
a  given  instant  of  time  is  quantitatively  described  by  the  spatial 
correlation  function  C1(Ax).  The  temporal  structure  at  a  given 
space-point  is  described  by  the  temporal  correlation  C2(At).  The 
soatio- temporal  structure  is  described  by  space-time  correlation 
function  (^(Ajj.At)  and  we  measured  this  function  for  stellar  speckle 
images  [Dainty  et  al,  J  Opt  Soc  Am,  21,  490-492  (1981)  and  ref  3]. 

If  the  space-time  correlation  is  separable, 

C3  (Ax,  At)  -  Cx  (Ajc)  C2(At), 

then  the  spatial  structure  and  time  evolution  are  uncorrelated  and 
under  these  conditions  one  would  describe  the  overall  time  evolution  as 
'boiling'.  We  showed  experimentally  [3]  and  theoretically  [2],  that 
(^(Ag.At)  is  not  normally  separable  in  stellar  speckle  images  and 
therefore  there  is  a  coupling  between  the  spatial  and  temporal 
structure  of  the  image.  This  is  due  physically  to  the  directionality 
of  the  turbulence  in  the  telescope  pupil  due  to  wind. 

It  should  be  possible  to  make  use  of  the  space-time  coupling  of  the 
image  intensity  to  increase  the  performance  of  systems  that  attempt  to 
image  through  turbulence,  for  example,  at  the  moment,  speckle 
interferometry  uses  data  from  consecutive  frames  independently  and 
fails  to  make  use  of  the  fact  that  photons  arriving  at  the  end  of  one 


frame  are  correlated  with  those  arriving  at  the  start  of  the  following 
one. 

Reference  6  points  out  the  bias  obtained  on  the  shape  of  the  normalised 
spatial  correlation  function  of  dynamic  speckle  under  the  influence  of 
time  integration.  The  counter-intuitive  result  is  that  the  speckle 
size  increases  slightly  with  increasing  time  integration. 


1.3  Speckled  Speckle  (Refs  5  and  14) 


'Speckled  speckle'  arises  when  a  speckle  pattern  is  scattered 
by  a  finite  rough  surface  or  propagates  through  a  random  medium  of 
finite  extent.  An  example  is  light  that  has  propagated  through  the 
atmosphere  (i.e.  a  speckle  pattern)  and  is  scattered  by  an  object  with 
a  rough  surface. 

O'Donnell  (51  showed  that  the  probability  density  function  of  speckled 
speckle  is  a  K-distribution  of  order  equal  to  the  number  of  speckles 
illuminating  the  second  scatterer.  In  the  limiting  case  .of  the  second 
scattering  area  being  small  compared  to  the  illuminating  speckle  size, 
the  variance  of  the  intensity  equals  three  times  the  mean  value, 
whereas  for  ordinary  speckle  the  variance  equals  the  mean.  Newman  [14] 
experimentally  confirmed  this. 
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1.4  Detection  of  Gratings  Behind  Diffusers  (Refs  8  and  10) 

This  has  no  direct  relevance  to  stellar  imaging  but  was  a 
spin-off  resulting  from  asking  the  question:  what  phase  objects  can  be 
'seen'  behind  strong  phase  diffusers? 

Let  the  correlation  length  of  the  wave  that  has  passed  through  a  phase 
diffuser  be  L  and  the  period  of  a  phase  grating  be  b.  Then  if 
L/b~.3J,  it  is  impossible  to  detect  the  presence  of  the  grating  behind 
the  diffuser  from  simple  observation  of  the  intensity  in  the  near—  or 
far-field. 

However,  the  presence  (and  period)  of  the  grating  can  be  detected  by 
making  correlation  measurements,  either  temporal  or  spatio-temporal 
depending  upon  the  circumstances.  This  was  first  suggested  by  Baltes 
et  al  and  experimentally  demonstrated  in  Refs  8  and  10.  This  has 
particular  application  to  secure  coding  of  information  which  can  only 
be  detected  by  special  correlation  techniques. 


1.5  The  Phase  Problem  (Refs  1,7.12,17,19,20  and  21) 


1.5.1  Cross-spectrum  Method 

Given  the  power  spectrum,  <F(u)  F*(u>>,  and  the 
cross-spectrum,  <F(u)  F*(u  +  A)>  where  A  is  a  small  frequency 
increment,  Knox  and  Thompson  showed  that  it  is  possible  to  recover  the 
object  function  f(x)  uniquely.  This  is  done  by  finding  phase 
differences  in  the  frequency  domain  and  bootstrapping  the  phase  from 
the  origin  outwards.  The  cross-spectrum  method  is  of  course  important 
in  astronomy  because  <F(u)  F*(u  +  A)>  can  be  measured  using  speckle 
data. 

In  Ref  1,  we  showed  that  it  is  possible  to  recover  the  object  function 
by  a  zero  location  technique.  The  main  significance  of  this  result,  as 
Brames  discussed  in  his  thesis,  is  that  it  proved  the  uniqueness  of  the 
cross-spectrum  method.  Computationally  it  would  be  more 
straightforward  to  use  the  original  Knox- Thompson  bootstrapping  method. 

1.5.2  Uniqueness  of  Modulus-Only  Data 

(a)  Eisenstein' s  Criterion 

In  one  dimension  it  is  well-known  that  f(x)  cannot  be 
recovered  uniquely  from  lF(u)|2,  at  least  in  general.  In  two 
dimensions,  the  number  of  possible  object  functions  is  greatly  reduced, 
and  it  is  frequently  stated  that  f(x,y)  is  recoverable  uniquely  from 
IF(u,v)I^,  'almost  always'.  Suppose,  however,  that  we  wish  to 
guarantee  that  there  is  a  unique  solution.  For  what  class  of  objects 
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f(x,y)  is  uniqueness  guaranteed? 

The  uniqueness  of  the  solution  is  dependent  on  the  faotorisability,  or 
r educability,  of  the  z- transform  of  the  object: 

F(z1(z2)  =  ^  fy  z1i  z2J 

where  zj  and  z2  are  complex  spatial  frequencies  and  fy  represents 
sampled  values  of  the  object.  If  the  polynomial  F(z1,z2)  is 
non-factorisable  (or  irreducible),  then  there  is  a  unique  solution  to 
the  phase  problem  (i.e.  given  |F  1 2 ,  there  is  a  unique  f )  . 

Irreducibility  of  F  is  guaranteed  for  certain  objects  f  whose  support 
satisfies  Eisenstein's  criterion' [7,17] .  This  criterion  requires  that 
the  object  has  non-zero  points  in  two  particular  locations.  One  of 
these  points  is  similar  to,  but  not  the  same  as,  the  reference  point  in 
holography.  Details  are  given  in  Ref  7. 

In  his  thesis  and  [21],  Brames  greatly  extends  the  class  of  irreducible 
objects.  The  following  is  an  approximate  rule-of-thumb.  Enclose  the 
object  support  by  the  closest-fitting  polygon:  if  the  polygon  does  not 
have  any  two  sides  parallel,  any  object  with  that  support  has  a  unique 
solution  to  the  phase  problem. 

Testing  for  Uniqueness 

Given  either  the  object  or  autocorrelation  values  it  is  possible  to 
test  for  faotorisability,  and  hence  uniqueness,  using  a  simple 
algebraic  procedure  [12j  .  This  procedure  uses  the  following  fact:  if 
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the  polynomial  whose  coefficients  are  reduced  modulo  p,  where  p  is  any 
prime,  is  irreducible,  then  the  original  polynomial  is  irreducible.  It 
is  much  easier  to  deal  with  polynomials  whose  coefficients  are  reduced 
modulo  p  is  p  is  small,  e.g.  p  =  2. 


Recovering  Solutions  from  Modulus-Only  Data 


Extending  the  above  ideas,  we  see  that  solving  the  phase 
p-oblem  is  'simply'  a  matter  of  factorising  polynomials  in  two  complex 
variables.  For  discrete,  noiseless  data  this  is  a  straightforward  task 
[19]  .  Unfortunately,  the  technique  described  in  [19]  cannot  easily  be 
extended  to  cases  of  real  interest  (e.g.  noisy  data)  and  the  Fienup 
algorithm  is  probably  still  the  best  technique  currently  available. 
Non-linear  least  squares  optimisation  only  proved  useful  up  to  5  x  5 
objects  [2C] . 


1.6  Infra-red  Speckle  ■Interferometry  (Ref  16) 


1 1 . 


An  extensive  observational  program  of  Infra-red  speckle 
interferometry  was  carried  during  the  period  of  this  grant  in 
collaboration  with  Prof  J  L  Pipher  (Rochester)  and  Dr  S  T  Ridgeway 
(Kitt  Peak).  The  bipolar  nebular  HD44179.  the  Red  Rectangle,  was 
spatially  resolved  for  the  first  time  [161  and  observations  on  0H26.5, 
Ntt,  Cyg  and  IRC+104  2  0  are  also  being  prepared  for  publication. 
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1.7  Phase  Conjugation  (Refs  13,15  and  18) 

Whilst  this  subject  is  not  connected  with  stellar  speckle 
interferometry,  it  is  highly  relevant  to  imaging  through  turbulent 
media  because  of  the  possibility  of  the  correction  for  random 
distortion.  Nieto-Vesperinas'  work  on  this  relates  to  Fabry-Perot 
interferometers  with  one  phase- conjugate  mirror  (13,151  and  to  the 
phase  conjugation  of  evanescent  waves  [18]. 
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l.S  Bibliography  on  Ste liar  Inf rferoaetrv 

During  the  period  of  this  grant  a  bibliography  on  stellar 
interferoaetry  was  maintained  and  the  latest  version  Is  attached  at  the 
end  of  the  Appendix. 
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We  describe  a  method  to r  rinding  the  intensity  distribution  of  an  object  from  a  measurement,  or  measurements, 
of  its  cross  power  spectrum.  This  technique,  like  the  Knox -Thompson  algorithm,  m  ixes  use  of  the  ph  *se  informa¬ 
tion  contained  in  the  cross  spectrum;  it  is  based  on  a  systematic  procedure  for  .ocannc  the  complex  zeros  repre¬ 
senting  the  spectrum  of  an  object. 


1.  INTRODUCTION 

Techniques  such  as  Micheison.  intensity,  and  speckle  inter¬ 
ferometry  usually  yield  the  power  spectrum1  of  an  object,  that 
is.  the  modulus  of  the  Fourier  transform  of  some  intensity 
distribution.  It  is  well  known-  that  if  the  phase  of  the  Fourier 
transform  is  missing,  then  there  is.  in  general,  no  unique  so¬ 
lution  for  the  object  intensity.  Constraints  such  as  object 
positivity  typically  do  not  remove  the  inherent  ambiguity.3 
although  it  appears  that  in  two  spatial  dimensions  the  degree 
of  ambiguity  is  less  than  in  one.4-1’  iThe  analysis  presented 
in  this  Letter  will  be  restricted  to  the  one-dimensional 
case.) 

Additional  information  about  the  object  is  usually  available 
in  high-resolution  steiiar  interferometry.  In  this  Letter  we 
use  the  further  information  provided  by  the  cross-power 
spectrum.1  In  1974  Knox  and  Thompson7  -  pointed  out  that, 
in  spends  interferometry,  essentially  independent  estimates 
of  the  .  ,ject  power  spectrum  [0*u  and  its  cross -power 

soectrum  i0iu>0“iu  +■  A)]  could  be  obtained  for  a  single  small 
•.  iiue  of  A  <  r.y  \/\  where  is  Fried's  correlation  parameter 
for  rmospheric  turbulence.*  X  is  the  wavelength,  f  is  the  focal 
.er.gth  .»r*  the  telescope,  ana  Oiu  »  is  the  Fourier  transform  of 
the  object  intensity  .jijci.  They  used  this  additional  infor¬ 
mation  in  a  boot-strapping  algorithm  to  compute  an  estimate 
ot  the  phase  of  the  Fourier  transform;  the  mean  square  error 
of  this  estimate  increases  linearly  with  spatial  frequency. 
This  procedure  has  also  been  successfully  implemented  by 
Nisenson  e:  al..:0  whereas  other  algorithms  mat  combine  the 
.mormat:on  contained  in  the  power  spectrum  with  one  or  more 
estimates  of  the  cross- power  spectrum  have  been  investigated 
by  Sherman.1 1  Frost  e:  a/..12  and  Aitken  and  DeSaulniers.: 

^  e  consider  yet  another  way  of  using  the  information  in  the 
cross-power  spectrum,  based  or,  the  properties  of  ita  complex 
zeros. 

The  . mportar.ee  of  the  zeros  of  entire  functions  in  inter- 
teromerry  has  been  discussed  by  Bates14  and  was  recently 
emphas.zed  by  Ross  er  ai.  In  Section  2  we  summarize 
some  elementary  properties  of  complex  polynomials  that 
reoresent  the  Fourier  transform  and  power  spectrum  of  an 
-meet.  In  rhis  section  we  assume  that  the  object  can  be  ad- 
eouateiv  represent  id  by  a  -et .  f  delta  function.  wh:-:n  mav 
**  't;ve  but  ;s  ..trM.n.v  .rr::‘. reas.-nanie. 
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The  proposed  method  for  solving  the  phase  problem  <i.e.. 
identifying  the  correct  complex  zeros)  is  described  in  Section 
3.  and  a  computational  example  is  given.  As  in  any  technique 
of  phase  retrieval,  noise  plays  a  crucial  role,  as  is  illus¬ 
trated. 


>.  ZEROS  OF  THE  OBJECT  TRANSFORM  AND 
POWER  SPECTRUM 

We  shall  restrict  our  discussion  to  objects  whose  intensity 
distribution  our)  is  a  function  of  only  one  variable,  thus  in¬ 
cluding  separable  two-dimensional  distributions  of  the  form 
O'Xi.  x:)  -  f'Xi’igtxj  Any  such  distribution  that  one  en¬ 
counters  is  square  ir.tegrabie  irA  exists  only  within  a  finite 
region.  As  a  consequence,  its  Fourier  transform  0<  u )  can  be 
extended  into  the  complex  piare  as  an  entire  function  of  j  = 
u  -r  iv.  It  is  well  known  that  O'c '  :an  be  uniquely  represented 
by  io  ctunplca  4eio»  ,z..  ...  he  form  of  a  Hadamard 
product18 

0»r i  =  Ac-8-*  f[  : 

where  A  and  8  are  constants.  However,  if  a  discrete  trans¬ 
form  is  taken  of  the  object.  >niy  a  finite  numoer  of  zeros.  :e- 
lermined  by  the  sampling  interval  o.  represents  object  mior- 
mation.  It  is  somewhat  more  convenient  to  examine  these-* 
zeros  in  the  complex  u.  plane,  defined  by* 

'i  =  r.;  -  exp*  ~2r:;  >  i  •  _*i 

We  shall  define  the  support  of  j>  x  i  to  be  Ja  and  sample  ai 
.\  *  1  points  such  that  ,1  =  2c  .\  Then,  -a hen  Eq  ■  2i  is  ap¬ 
plied.  the  Fourier  integral.  F.o.  '.i.  beromrs.  :a-  from  i 
fat;*.,  r  >f  :  i  poiw.  'm.at  •!  •  •:  '.egr**e  .V 
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Fig.  i.  'at  A  simple  exponential  obiect  with  'St  random  noise  added,  -b-  Thirty  zeros  ««*•)•«  ■  • »n  the  complex  u  piar.e  that  represent  the 
object  in  a>  •  c ►  The  zeros  of  the  power  spectrum  of  >ai.  Because  of  the  loss  of  phase  information  we  cannot  choose  between  :;r:  |  and  |  l/u;,| 
for  each  zero  pair,  'd)  The  zeros  of  rhe  cross  spectrum  of  •  a;  with  A  *  1.5.  The  divisions  *in  the  unit  circle  are  in  increments  ot  A.  The  correct 
> -os  *i!?M  'jnchanred  tr»*m  those  m  'hi.  whereas  those  inside  the  unit  circle  are  r*state^.c*',inrerc.i  cicwtse  by  A  *  1.5. 


a  constant  factor  C.  rhe  zeros  of  the  polynomial  completely 
specify  •)**  ■  ar.a  hence  •>**». 

If  our  i  takes  on  the  particularly  simple  form  of  a  constant 
within  the  interval  2a.  the  zeros  of  Out  t  will  all  lie  on  the  unit 

circle  <u 'i  -  l  at  base  angles  -  2rrn.\\trt  =  ±1.  ±2 . 

r.V  2).  More-complex  objects  are  represented  by  displacing 
zeros  from  these  base  positions,  each  x,  affecting  a  higher 
spatial  frequency  as  s rz |  increases.16  There  are  only  .V  2  de¬ 
grees  of  freciom.  however,  since  the  real  and  positive  con¬ 
s' Mints  on  >uri.  respectively,  force  the  zeros  to  occur  in 
complex  conjugate  pairs  in  the  range  0  <  |tf|  5  x.  Figure  ltb> 
snows  the  zeros  associated  with  a  negative  exponential  object. 
*,»  which  'Sr  Gaussian  random  noise  was  added  (see  Fig.  1  •  a  •!- 
This  particular  object  was  chosen  because  all  -0  of  the  zeros 
ire  Mitside  the  unit  circle,  near  their  base  ingles.  This  makes 
tne  figures  that  follow  somew  hat  clearer  but  is  not  typicai  of 
zero  distributions,  wnicn  generally  also  have  zeros  within  the 
unit  circle. 

In  j  similar  manner,  we  can  ren resent  the  power  spectrum 
b  i<  is  an  analyse  function  1*«:j  *0iznVU*i.  On  applying 
r.  is.  2>  ind  ■<  iv i  -we  that  the  conjugate  function 
.»  -  <  «  >  1  1  .  T.'.s  1 ' :  becomes 


fl  •«  -ll.Hli  —  l/tt*;). 
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t><  u-  >  =  ora-  iOi  l  [<•  i 

=  r-  j  u  —  ,  . 

L-:  14  I  • 

The  angular  distribution  of  the  zeros  of  'bn  >  is  identical  with 
that  of  vHu  i  [Fig.  i '<;>).  However,  without  some  basis  for 
choosing  between  [a  ;|  and  [  l  u\  |  we  couid  construct  2s  2 
equally  plausible  sets  of  .V  zeros,  each  of  which  represents  a 
real,  possibly  positive  object. 


3.  RECOVERING  THE  PHASE  INFORMATION 

Let  js  examine  the  wav  the  phase  information  present  in  the 
cross-power  soectrum  b  u.  Ai  =  i0“'x  +  A)  is  encoded  by 

:is  zeros.  Extending  l>'u.  Aj  into  tne  complex  w  piane  by 
using  Eqs.  >2)  ana  -  3)  yields 

«  .  „  :exp2xi<)A\ 

'h'u  .  Ai  *0ia*n)| - -j 
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r  g.  2.  a-  A  sor.p.e  object  <>»xi  =  -  -  <\*i  —  -O.o».  *b.  The 

:  ;fos  of  :r.e  cress  spectrum  of  *  a>  for  A  *  1.  The  inner  »er<  >>  nave  been 
.-oiazec  clockwise  by  one  period  su  mat  :hev  appear  .aenucai  with 
'.rose  •»!  the  -'b'e::  ?  power  spe-nrusi.  Requiring  that  eac r.  zero  have 
a  rotated  .nv»rse  permits  omy  two  reai  solutions  tor  .  •  x  >.  either  those 
.nsice  •  X 1  me  Mr;:  c»ro’»  or  ?hn<e  o.;r?»de 

•vr.ere  K  is  a  complex  constant. 

One  cr.rr.Diete  set  ot  zeros  ,u  remains  unchanged:  however, 
'tr.er  ***  \  has  "een  rotated  tnr-.ugn  j  .\r.- wr.  ingle 

•<t 

*  =  -2r5A.  «:> 

In  most  cases,  knowledge  of  A  :s  sufficient  to  identify  the  two 
*ets  .u  .  and  .  1  thus,  in  principle,  the  phase  ofO»u>  can  be 
recovered  from  a  strode  calculation  of  •£«  tv.  A)  for  0  <  A  <  1  26. 
However,  if  a  sunset  of  the  zeros  Ui tv •  is  invariant  under  a 
*  'tation  T  then  there  will  be  mure  than  one  possible  choice  of 
u  ,  and  *?•“  1  1  consistent  with  'P'iv.  Ai  for  A  =  -^  2*6. 
Whereas  the  number  ot  possible  solutions  is  strongly  con¬ 
strained  bv  A  and  r.ence  .>  not  -o  formidable  an  obstacle  as 
•vi :n  me  power  spectrum,  the  problem  can  he  resolved  ,n  ar.v 
ase  nv  a  different  vhoice  or  A. 

!r.  F.g.  2  we  nave  in  object  that  has  ail  its  .is-ucuted  zeros 
utsiae  the  unit  circ.e  at  a =  1  exp  1  n  2n  -  ;i  .V.  ana  one 
cannot  obtain  a  unique  phase  solution  from  the  cross  spectrum 
;or  -nteger  values  of  A  Although  the  positions  of  the  zeros 
U  u  .  1 .  are  identical  w*  h  th  »e  of  the  power  spectrum,  there 
ire  -  nr*  *w*>  p..*<in:-  -  .uli"n>.  either  th«»e  .nsuie  'ne  ir.it 


In  practice  it  is  often  the  ci.se  that  the  pvwer  spectrum  can 
be  measured  more  accurately  than  the  cross  spectrum.  By 
using  a  procedure  similar  to  that  suggested  by  Bates  and 
Napier."  it  is  possible  to  make  use  of  the  more  accurate  data. 
We  first  determine  an  approximately  correct  set  of  zeros  !a  ;l^ 
from  the  cross  spectrum  and  then  associate  them  with  the 
more  accurate  (but  ambiguous,  zeros  of  the  power  spectrum 
to  obtain  the  new  set.  The  extent  to  which  this  will  prove 
successful  depends  heavily  on  the  nvise  characteristics  of  the 
two  measurements,  as  we  can  see  in  Figs.  3—5.  Figure  3<a* 
shows  the  zeros  of  a  noisy  cross  spectrum  <A  =  — 1.5 1.  from 
which  we  can  find  the  correct  zeros  and  reconstruct  the  neg¬ 
ative  exponential  object  with  =  2.o®e  noise.  Figure  4  compares 
the  same  zeros  1  x  »  with  those  of  the  less  noisy  power  spectrum 
1  + 1  in  Fig.  1 1  ci.  In  this  case  we  see  that  ail  the  correct  zeros 
of  the  power  spectrum  can  be  identified,  but  using  an  even 
noisier  set  of  zeros  in  Fig.  5  gives  ambiguous,  and  even  incor¬ 
rect.  resuits  in  several  cases. 

4.  DISCUSSION 

In  stellar  speckle  interferometry,  estimates  of  both  the  power 
spectrum  and  cross-power  spectrum  of  the  object  are  avail¬ 
able.  We  have  shown  that,  if  the  noise  is  low  enough,  a  single 
estimate  of  the  cross-power  spectrum  couid  be  used  to  find 


rig. 'j'  The  . :er  ->•  f  1  "<  isv  cf'vss  >nectrum  Asm  rig  :h*» 
r.:;t*r  zen  -  ■.••juaitrr.-j.ickwsse  1.‘  :r  >m  r.K 
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Fig.  A  An  improved  estimate  of  the  object  can  be  made  by  com¬ 
paring  the  unrotated  zeros  of  Fig.  3»a»  *x>  with  the  ambiguous  ones 
of  the  more  accurate  power  spectrum  in  Fig.  1  •  c*  *  +  \  In  this  case, 
ail  the  correct  zeros  in  the  power  spectrum  can  be  identified. 


'X 


Fig.  V  Comparing  ii<c*  teios  obtained  from  a  much  -  >  times*  nois.er 
cross  soectrum  *  x>  with  :.to»e  of  the  power  spectrum  :n  F  :g.  [•<.  •  •  - 
•ve  ::r.a  tnree  of  the  cross  <pec:rai  zer*  o.  near  'he  unit  circle  that  rn-v 
:re  :nre.:ac.e.  .sn-re.is  *.v-.  •••tr.ers  lUr:’.:.:;.  me  r. -*•*.:  :vr  >  A-tron  T.e 
unit  ctrcte. 

'he  obiect  spectrum  and  hence  the  object.  In  the  presence  of 
mure  noise,  a  comparison  of  the  zeros  of  the  power  spectrum 
with  those  of  the  cross -power  spectrum  can  allow  a  more  re¬ 
liable  estimate  of  the  object  to  be  made.  We  do  not  know 
whether  this  technique  wiii  produce  better  reconstructions 
than  the  algorithms  of  Knox  and  Thompson7 ' or  Sherman. ;  ; 
Zero- final  mi  algorithms  tend  to  be  laborious,  and  whereas  the 
method  can  he  extended  to  the  'wo-dim^nsionai  case,  the 
turves  1  ratner  than  points*  "f  the  zeros  complicate  rhe  situa¬ 
tion  enormously.  Nevertheless,  a?  in  the  work  >f  Bates’  ’  ana 
RoS3  •?'.  the  zero-based  representation  provices  insight 
.ruo  the  phase  problem.  Noise  peruros  zero  locations,  and 
when  the  noise  becomes  sufficiently  large  that  we  cannot  re¬ 
liably  find  the  zeros  corresponding  n>  the  object  from  those 
of  the  power  spectrum  and  cross- power  -spectrum,  then  i  real 
loss  of  phase  in:  mat:  in  t  taken  place  f*nn*»r  these  con¬ 


ditions  the  results  of  any  method  of  phase  reconstruction  using 
the  power  and  cross  spectrum  must  be  treated  cautiously. 

Noise  plays  such  an  important  role  in  the  phase  problem 
that  it  wouid  seem  useful  to  study  the  complex  zeros  of  sto¬ 
chastic  processes.  The  statistics  of  reai-zero  crossings  have 
been  studied  extensively,  but.  to  our  knowledge,  those  of  the 
complex  zeros  nave  not. 
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The  properties  of  speckle  produced  near  the  focal  piane  of  a  lens  wun  a  linearly  translating  diffuser  in  the  pupii  are 
investigated.  Expressions  for  the  space-time  amplitude  and  intensity  correlations  are  derived  in  the  Gaussian- 
tleid  limit.  The  intensity  correlations  obtained  are  not  cross- soectraiiy  pure  but  rather  imply  some  decree  of 
speckle  translation  in  directions  both  parallel  and  antioarailei  to  the  diffuser  velocity.  Lens  aoerrations  are  round 
to  have  a  significant  effect  on  the  intensity  correlations,  jna  theoretical  results  are  presented  for  defocus  and  some 
of  the  primary  aberrations.  Experimental  measurements  with  a  two-detector  instrument  and  photon-correlation 
equipment  are  found  to  be  in  good  agreement  with  the  theory. 
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INTRODUCTION 

Laser  scattering  from  moving  diffusers  has  been  a  subject  of 
considerable  interest  in  recent  years.  It  is  well  known  that 
when  a  converging  spherical  wave  is  scattered  from  a  linearly 
translating  diffuser,  there  are  two  effects  that  are  ooserved 
in  the  diffraction  field.  First,  in  diffraction  pianes  that  are 
distant  from  the  focal  plane  of  the  wave,  the  effect  more  no¬ 
ticeable  to  the  eye  is  a  general  linear  translation  of  the  speckles 
before  each  speckle  loses  its  identity.  As  the  ooser%'ing  plane 
approaches  the  toius.  the  linear  speckle  motion  becomes  less 
apparent,  as  each  speckle  decorrelates  after  traversing  a 
shorter  distance.  In  the  focal  piane.  the  speckle  field  changes 
its  form  continuously  without  an  apparent  direction  of  motion. 
This  second  effect  is  commoniv  cailed  boiling  speckle. 

The  properties  of  the  time -varying  speckle  field  have  led 
so  a  number  of  suggestions  for  measuring  the  velocity  of  the 
diffuser  to  a  high  degree  of  accuracy. It  has  been  less 
w:„ei*  appreciated  that  the  speckles  in  the  boiling  region 
more  subtle  properties  that  permit  other  information 
about  the  scattering  system  to  be  obtained. 

The  present  paper  investigates  the  properties  of  the  speckle 
field  near  the  focai  piane.  It  .s  found  that  the  space-time 
intensity  correlation  near  the  focus  is  strongly  dependent  on 
the  shape  of  the  wave  front  incident  upon  the  a. .fuser  and  that 
t  may  be  useful  in  measuring  aberrations  to  a  high  precision. 
Even  in  the  focal  plane,  the  intensity  correlations  are  shown 
to  imply  simultaneous  translation  of  speckles  in  opposing 
directions.  The  resuits  of  experiments  that  support  the 
theory  are  presented. 

THEORY 

We  consider  the  experiment  shown  in  Fig.  1.  Monochromatic 
plane  waves  from  a  laser  are  incident  upon  a  lens  with  a 
translating  diffuser  effectively  in  the  pupii  piane.  In  this 
situation,  speckle  boiling  is  observed  in  the  focal  piane  of  the 
lens,  whereas  varying  degrees  of  translation  are  observed 
elsewhere.  If  the  lens  were  perfect,  one  would  expect  that  the 
contribution  of  a  scattering  center  of  the  diffuser  to  the  am¬ 
plitude  in  the  focus  of  the  lens  would  be  constant,  without  any 
aeonasing  as  the  a  iff  user  translates  across  the  diameter  of  me 
;niml.  H  wever.  ::  'he  £•••  *1.?  -if  in  aberrated  lens,  the  *.m- 


plitude  from  a  scattering  center  would  appear  to  change  phase 
during  its  transit  across  the  pupil.  This  phase  variation  is  due 
entirely  to  the  deterministic  aberration  of  the  lens.  Thus  it 
is  apparent  that  the  behavior  of  the  focai-plane  speckie  may 
provide  some  insight  into  the  phase  properties  of  the  lens 
pupil. 

If  the  diffuser  motion  is  nearly  transverse  to  the  optical  axis. 
Doppler  effects  will  be  negligible:  this  permits  the  use  of 
complex  amplitude  in  the  analysis  rather  than  the  analytic 
signal  representation  of  the  optical  field.  Consider  the  case 
when  the  complex  amplitude  in  the  focal  plane  A  u .  y ,  t )  is  due 
to  a  large  number  of  independent  scattering  centers  of  the 
diffuser.  When  the  random  complex  amplitude  immediately 
after  transmission  through  the  diffuser  c * rji  has  a  uniformly 
probable  phase  on  the  interval  •  -r.  r),  and  a  few  other  non- 
restrictive  conditions  are  satisfied,  it  has  been  shown  that  A(x. 
v.  -  *  degenerates  to  a  complex  circular  Gaussian  process  as  a 
consequence  of  the  central-limit  theorem.®  The  statistics  ot 
suer,  a  prorel«  are  unique!},  defined  by  the  snare-time  am¬ 
plitude  correlation 

■  A*>x.y. t  >  A*x  -  lx.;.  -  Ay. :  -  r  •  •.  .11 

where  •  denotes  the  ensemble  average.  We  then  seek  to 
express  this  correlation  in  terms  of  :ne  parameters  of  the 
scattering  system. 
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The  analysis  will  be  restricted  to  linear  diffuser  motion,  ire?  h 
the  velocity  vector  along  the  axis  for  convenience.  Hence 
if  at£.  ip  denotes  the  amplitude  immediately  after  the  diffuser 
at  time  :  *  0.  then  at  time  t  the  amplitude  will  be  denoted  by 
ai*  —  vc.  rf)  where  v  is  the  diffuser  speed.  The  focal-plane 
amplitude  may  row  be  found  from  the  usual  diffraction  in¬ 
tegral  for  propagating  at$  -  it.  tj)  from  pupil  space  to  the  focal 
plane";  that  is. 

,  exp  •:*/■■>  \ik  ,  J 
.Aix.  v,  rl  - — - — exo  —  'x —  v-n 

X.V  *  1 V  '  ) 

x  (f  at?  -  i-c.ii  P<;.  n  ) 


expj — “  tx£‘  +  yrj  lj  dij'dn  .  r2l 


where  \  is  the  wavelength  and  k  is  the  wave  number  of  the 
light.  P\$\  7')  is  the  complex  pupil  function  of  the  iens.  and 
/  is  the  focal  length  of  the  lens.  Forming  the  product  .A* •  x . 
>,  fi  .Aix  +  Ax.  v  +  Ay.  f  A-  ri  and  averaging  over  the  en¬ 
semble  results  in 


7o»  =  exp  -  —  hx  -  Ax  2 - 


J  -  i  •  ■ 


Thus  7c>  depends  only  on  the  properties  of  the  Sens, 

whereas  Eq.  i7>  takes  account  of  the  diffuser  properties 
throuer.  an  autocorrelation  type  of  integral. 

To  proceed  further,  it  ;s  necessary  to  make  an  assumption 
about  the  form  of  the  correiarion  function  'f  c •£.  :?>.  A  careful 
analysis  wouid  take  into  account  the  interaction  of  the  inci¬ 
dent  wave  with  the  diffuser  structure  to  determine  0.  i 
but  this  is  a  formidable  probiem.  However,  a  cor.sirieraoie 
simplification  may  be  obtained  in  the  limit  of  fine  diffuser 
structure.  This  limit  may  be  formally  taken  by  replacing  the 
correlation  Cai£o  “  • 7 ■  n/>'  by  the  Dirac  deita  function  6«£.-  - 
it.  rjoi.  with  the  resuit  that 
•  .A * ■  x .  \ .  t  >.A«x  *  Ax.  v  t  A\.:r-n 


•  .A*'x.y.t)  .Alx  -  Ax.  v  A-  Ay, :  A-  r>> 


mV»jr  ffSS 


x  a(f  -  L-n  +  ri.  ifiji  P- if.  n' >  P‘i".  ri'i 
i  —ik 

x  expj  —  tx 1 5"  -  f)  +  vi. i)'  -  7'i  -  AxJ-  ~  Ayr  ’] 


X  dfdn  d5"dn _ .  i3) 


k- — I  Ax-  +  Av:  -r  2xAx  t  '2-.  A*- 1.  Uj 

V 

If  the  diffuser  is  uniform  it  is  reasonable  to  assume  that  a  if 
is  a  statistically  stationary  p.ocess.  its  correlation  lunction 
then  depenas  only  on  coordinate  differences,  so  that 

: ‘  f  -  n  'c  15"  r  *.  • 

=  Ch i£"  -  f ‘  -  .  r.  n  -  7  1  »3» 

If  Eq.  (5*  is  inserted  into  Eq.  *3i.  and  the  sum  ana  difference 


exp  uwo 


XJI>^ 


2.  rt>  p'i  -  :  r  2.  7> 


x  expj— »A.r $  *  A>  *»ijdidn.  i9'. 

In  this  limit  the  amplitude  correlation  is  thus  proportional  to 
the  Fourier  transform  of  a  pair  of  displaced  pupil  functions. 
It  should  also  be  noted  that  if  C , ■  %i  were  to  have  a  finite 
width.  :r.e  correlation  of  Alx..*.  n  wouid  he  a  smoothed  ver¬ 
sion  of  Eq.  '?».  as  prescribed  bv  the  autocorrelation  integral 
of  Eq.  IT). 

Of  more  practical  interest  :s  rhe  ■ntm*.;;;  ■•vrreiation 
function  since,  unlike  the  amplitude  correlation,  the  intensity 
correlation  is  directly  measurable.  The  calculation  01  the 
correlation  >f  the  h'cal-piane  inrensitv  /•  r.  •-  *  s  strugnr 
torwird.  since  tor  a  complex  Gaussian  pr  ices*. 


A/'x.y. : jA/'x  ■ 


A;. . :  +  r  1 
a-  A.r.  %  t  A\ 


=  .  .A • « x .  > . :  >.A 1 1  a-  Ax .  >  -r  A\ . :  *  r  • . 1  «io» 

where  A /  denotes  l  -  l  It  is  also  convenient  to  define  the 
intensity  correlation  in  the  normalized  form 

\  \  ^  x  • c  ■  r  1  A/ 1  x  -  Ax .  ;>  -  A  •  '  -  n 


7  =  1  n  -  n  '  I..  2 


ire  :mroaucea  into  the  resulting  integral,  a  smaii  amount 
jjgeora  then  vteids 


A  *  x.  . :  *  .A*x  ♦  A.c . -  A;. 


p  *i\t  CC *  -  .  ,  .  .  - 

\7^~  JJ  .  1  ,U:>  "  vr-  n,',  n,>)  dz-.cn.,. 


The  quantity  !  ma.  be  found  Tom  Eq.  9*  with  , 
'  =  •">.  The  normaured  intensity  correlation  :s 
he 


Tux:— 


x  expi— •  Ax. 


where 


where 
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The  result  is  stationary  in  both  space  and  time  variables:  the 
spatial  stationarity  is  a  direct  consequence  of  assuming  ai£. 
Tf>  to  be  delta-function  correlated.  Equation  f  12)  has  been 
obtained  elsewhere  in  different  forms.3-9  It  can  also  be  seen 
that  the  temporal  correlation  with  Ax  =  Ay  *  0  is  the  square 
of  the  modulation-transfer  function  of  the  lens:  this  has  been 
noted  by  Yaraaguchi  et  ai. 10 

In  order  to  include  aberrations  explicitly,  the  substitu¬ 
tion 

P'S.  7>  *  P($.  7)exp [t*W(S,  ?7>)  (14) 

may  be  made,  where  .71  is  a  purely  real  pupil  function  and 
IVi  d,  7'  describes  the  aberrations  of  the  pupil.  This  results 


Xi  2u.  Ay.  n  »  -p  j  J  J"  *  P<i  -  rr/2.  ij)  P<?  +  rr/2. 

x  expufc  [ W( $  —  cr/2.  t})  -  lV(if  4-  t-r/2.  ij)|l 

f-<7e  ]  \- 

X  exp  I— —lAxi  +  Aviy)  dtdr?  •  1 15> 

l  /  'll 

Expanding  both  aberration  functions  in  the  exponential  into 
a  Taylor  series  yields 

\t  Ax.  Ay.  ri  =  j  t-r/2.  7>  +  t-r/2.  7> 

X  exp|i*r(£,  7)j 


X  exp  — r“’Ax^  +  Aa'7  j|d^dn 
/  1 


=  2  z  't*r.,2)2r*!  (77!"  ’ir.SiFi.  .171 
0  to*/ 

This  is  a  useful  representation,  since  for  defocus  and  most 
of  the  primary  aberrations,  only  the  term  proportional  to 
o’ IV  survives  in  the  series  of  T ■  *,  7).  It  is  aiso  interesting 
*0  n-’te  that  dlV  of  is  proportional  to  the  transverse- ray  ab¬ 
erration  or  geometriai  optics,  although  fur  utter  aberrations 
the  n  gher-order  terms  become  significant. 


DISCUSSION 

Much  of  the  time-varying  speckle  work  that  has  been  done  has 
pertained  to  the  scattering  of  Gaussian  laser  beams  from 
diffusers.  In  this  case  the  pupil  function  is  Gaussian,  and. 
assuming  that  it  is  aiso  purely  real. 


where  <7:  is  the  variance  of  the  Gaussian  beam.  Direct  sub¬ 
stitution  shows  that 

Pm'i-:rZ.  r\)P*i+«r  2.7) 

=  expt  —  £-/tfJ)expi—  7“VJ)expj—  ariJ  f  19) 

Since  this  product  of  pupil  functions  factorizes.  :t  immediately 
follows  from  Eq.  *  12)  that  the  space-time  intensity  correction 
1  u-.'.rizes  :n  the  sense  that 


A<  Ax .  A;. .  7 1  *  f:  1  Ax  y-a  Ay  i/j«  r ).  •  20 » 

where  the  f\  are  functions.  This  factorization  occurs  only  in 
the  focal  plane  and  does  not  occur  elsewhere.9 

The  factorized  correlation  of  Eq.  i20)  describes  complete 
speckle  boiling  with  no  speckle  translation.  (Some  degree  of 
speckle  translation,  in  the  Ax  direction,  for  example,  would 
require  a  correlation  that  is  a  mixed  function  of  Ax  and  ?.  1  A 
correlation  that  factorizes  is  commonly  referred  to  as  cross- 
spectrally  pure,  since  an  analogous  property  of  correlations 
in  coherence  theory  is  known  as  the  cross-spectrai-purity 
condition. il*12 

For  hard  pupils,  there  is  no  full  factorization  in  the  focal 
plane  as  there  is  for  the  Gaussian  pupil.  A  particularly  simple 
example  is  the  square  pupil  described  by 

Pi*.  71  =  rectlc  c jrect<7/a ).  (21) 

where  rectix  1  is  the  rectangie  function  of  width  I.  One  may 
show  from  geometry  that 

Pi 5  -  t-r/2.  piPi*  +  i-t/2.  7) 

=  rect  j - 7 - recti 7, a)  for  !cr|  <  a 

\a  -\vt\I 

=  0  for  j t*r |  ^  a.  (22) 

It  is  also  possible  to  include  defocus  in  the  calculation  with  the 
aberration  function 

U’<s\  1 1  -  ‘r  -  i-’):  i23 1 

a 2 

where  m  is  the  number  of  wavelengths  of  defocus  at  the 
margin  of  the  pupil.  When  this  is  substituted  in  the  series  in 
Eq.  1 L7).  only  the  lowest -order  term  survives.  At  this  point, 
straightforward  integration  of  Eq.  >.16)  results  in 


\i  Ax.  Ay.  n  = 


!  ‘:L'-r'\iSmvr  a  Ax\ 

’TrTlT-yl, 

i_|3mrr  _  sAx \U 


for  1 1-  r  |  <  a . 


A- Ax.  Av.n  *  0 


:or  j i*7 •  >  a. 


Thus  even  in  the  focal  plane  1  rn  =  0).  there  is  no  factoriza¬ 
tion  of  the  r  and  Ax  dependence  of  A*  Ax.  Ay.  r».  Figure  2 
shows  a  plot  of  A  versus  r  for  A\  =  0  and  several  values  of  Ax. 
It  can  be  seen  that  when  Ax  =  '  A /Ya >  'the  first  zero  of  the 
spatial  intensity  correlation),  there  are  correlation  peaks 
p;aced  symmetrically  on  both  sides  of  the  r  axis.  A  possible 
interpretation  of  this  is  that  the  speckle  translates  to  some 
degree  in  directions  botr.  parallel  and  ar.tiparailel  to  the  di¬ 
rection  of  diffuser  motion  This  interpretation  of  the  shifted 
peaks  snouiu  be  taken  somewhat  hgntly.  as  for  Ax  >  t\;  c  1 
three  or  more  peaks  exist  in  :he  -  /-’rreiation.  although  these 
effects  become  rather  weak. 

No  shifted  peaks  exist  in  :.ie  temp-  “i;  correlation  for  3r- 
brrary  A;  when  A.r  =  «).  This  .i  because  the  A;,  dependence 
factorizes  ::i  Eo.  A 4  - :  is  t  re-v..:  *-.e  v a.ue  >f  A  .  affects  -n.v 
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Fig.  2.  Space-time  intensity  correlations  in  the  focal  piane  of  a  lens 
with  a  square  pupil.  The  curves  shown  are  tor  Ax  =  0. 0.5. 0  75.  1.0 
speckle  radii.  A  speckle  radius  i  sp>  is  defined  as  the  position  or  the 
first  zero  of  the  spatiai  intensity  correlation,  which  in  this  case  is  A;  c. 
where  f  is  the  local  length  and  a  is  the  width  of  the  lens. 


Fig.  3.  Space-time  intensity  correlations  in  the  focal  plane  of  a  lens 
with  a  sauare  ouoil.  The  curves  are  for  A\  =  0.  °  5.  ‘).7r  i.O  speckie 
•adi?  •  \f  n  *. 


:r.e  strength  of  the  temporal  correlation  and  does  not  chance 
:ta  form,  as  is  illustrated  in  Fig.  3.  As  an  aside.  it  snouid  be 
noted  that  the  r  derivative  of  Ai Ax.  Ay.  n  is  often  discon¬ 
tinuous  at  7  *  0.  This  is  unphysicai  and  is  purely  .in  artifact 
of  taking  the  fine  diffuser  limit  in  passing  from  Eq.  *9>  to  Eq. 
illi. 

The  space-time  correlations  are  aiso  strongly  dependent 
on  the  defocus  parameter  m.  The  temporal  correlations  for 
several  values  of  Ax  are  shown  in  Figs.  4  and  5  for  =  ).0'25 
waves  ana  m  =  0.09  waves  of  defocus,  respectively.  In  these 
figures  the  correlation  for  A.t  *  0  changes  oniy  slightly, 
whereas  the  other  curves  become  somewhat  skewed.  This 
:mpnes  that  the  speckie  ;s  beginning  *o  nave  i  preierred  di¬ 
rection  of  translation,  wmcn  is  to  be  expected  away  from  :.ne 
*'-:cua.  It  is  remarkanie.  n.'wever.  'hat  a  detocus  of  Y  40  causes 
a  noticeable  skewness  in  the  correlations. 

For  defocus  greater  than  about  A.  3.  the  temporal  correlation 
with  Ax  »  Av  =  0  becomes  rather  narrow  since  it  is  reiated  u> 
•he  modulation  transfer  function.  The  other  temporal  cor¬ 
relations  with  Ax  *  ■ '  a. so  become  narrow  with  oniy  l  single 


significant  t:sps a ct-i 
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EXPERIMENTS 

A  series  of  experiments  was  carried  out  in  an  attempt  to 
measure  the  intensity  correlations  of  a  square  pupii.  The 
apparatus  used  is  shown  in  Fig.  6.  A  translating  ground  giass 
was  placed  in  the  pupil  of  a  well -corrected  doublet  of  365- mm 
focal  length.  The  lens  was  mounted  on  a  translator  to  provide 
a  tine-focus  adjustment.  In  order  to  obtain  a  large  depth  of 
focus,  a  1.30-mm  x  1.30-mm  aperture  stopped  down  the  lens 
This  allowed  the  lens  defocus  to  be  controlled  precisely,  since 
a  iens  translation  that  was  large  enough  to  be  measured  ac¬ 
curately  produced  the  small  amounts  of  wave-front  defocus 
that  were  desired. 

A  beam  splitter  after  the  lens  allowed  two  photomultiplier? 
to  be  placed  in  the  observation  plane.  One  detector  was 
mounted  on  a  precision  translator,  and  a  viewing  telescope  was 
used  in  the  initial  alignment  of  the  detector  apertures.  The 
detector  pinhoie  diameter  was  25  ,um.  which  was  considerably 
smaller  than  the  speckle  radius  <  A/  a >  of  ITS  ,um. 

The  photomultipliers  were  operated  in  the  photon-counting 
mode,  and  the  cross  correlation  of  photon  counts  was  mea¬ 
sured  with  a  L2S-channe!  Langley- Ford  photon  correlator.  It 
may  be  shown  that  the  normalized  cross  correlation  of  photon 
counts  is  equivalent  to  that  of  the  classical  intensity.'*3  The 
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radii  •  V  n 


■reidiii-ns.'i 


en>  -.vici  j  square  :.v:ou 


pea* 


r\  \  1  1  D-*n 


•  -i 


T 


T 


Am  19.* 


r-  'hr  >r  g:;s  'iri  MUsr  l  efr-  r.  *.*;•*  ;»  most  n* dice.ltile  in  Fig 


!  ".r  Tif  !*  ,.>  :  ;i*n-  igree  web  Aim  'he  theory. 

V  :n .••iir.  ' r.e  :«  a.  -rr  -r  a,*?  -.mail.  the  measurements 

4 r r~  ..:rw.~i  '  •.  :r*efrr..r.oti'  '-rr  r  r.  the  measurement  of  .lx 
trio  -  A-i.r.  *cr-  cii'^n  *unin  r  “  .*m  because  of 


I 

!  • 

*■ 

» 


Fig.  7.  Measurec  space-urne  m*en>i:v  cu*r**ijt;ons  .:i  :r.r  <.i.  r.jr.v 
af  a  lens  with  a  souare  pupii  The  aat3  run?  snown  ire  :>>r  lx  *  o 
0.5.0.75.  1.0spec>c.e  radi:  i  com  pare  with  Fig.  7' 


pnoion  correlator  -.vis  interfaced  with  jn  HP  Sc  computer. 
a  lich  processed  tne  ajta  and  corrected  tr.em  tor  current, 
although  this  correction  a  .is  smaul.  Typical  signal  leveis  were 
4  X  i04  photons. sec  ’0.t>  photon  per  sample  time  on  tne  av¬ 
erage*.  whereas  the  dark  count  rates  were  tvpicai'y  10  ,ma  loo 
pnotons,  sec  in  the  two  detectors.  Photon  rates  were  suffi- 
ciently  low  SO  that  dead-time  effects  were  small  and  couid  be 
ignored. 

Many  experimental  runs  were  made,  and  typical  experi¬ 
mental  data  tor  the  ‘heoretical  temporal  correlations  or  rigs. 
--5  are  shown  in  Figs.  7-10.  The  measurements  are  based  on 
roughly  OOOi)  statistically  independent  realizations  of  the 
speckle  field:  the  resulting  statistical  error  is  7- V“.  Oniy 
:da-uumbered  cnanneis  ot  ne  correlator  output  are  snown 
in  the  figures:  otherwise  the  aaia  points  are  drawn  too  ciosesy 
to  be  resolved  easily. 

Some  of  the  data  have  an  apparent  discontinuity  at  r  =  •). 
This  was  because  rhe  photon  correlator  measured  correlations 
only  for  positive  r.  The  negative**  Dart  of  the  correlation  was 
mt.ur.ec  uv  mere:*'  r*»v**rs;r*j  *h»*  :-frv  ;.ir  <:gna:>  r.  i 


c  *  Measured  space-time  :nt*:isuy  correction*  i  .ens  wun 
.!  ?q::are  oupil  and  ').'J75a  a  Seine  us.  The  data  runs  shown  are  tor 
1.x  ~  >.  ).75. 1.0  spent  le  radii  'compare  with  r:g.  ;» 
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t  x.a  O’  O-V 

Fig.  1 1.  Theoretical  space-time  intensity  correlations  of  a  lens  with 
a  circular  pupil  and  0.6A  of  primary  spherical  aberrations  balanced 
with  — 0.6\  of  defocus.  Shown  are  curves  for  Ax  *  0.  0.5.  0.75.  1.0 
speckie  radii.  A  soeckle  radius  is  defined  as  1.22A/*  c.  the  position 
of  the  first  zero  of  the  spatial  intensity  correlation. 


- —  :»o 
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T  o’  1/V 

Fig.  '.Z  Theoretical  space-time  intensity  correlations  of  a  lens  with 
i  c:r:u»ar  p-rpu  ana  o6.-.  -t  ..o/.ia  ■  *r»».  ,71  proportional  to  ~ 

The  :urves  shc*«n  ar»  *-r  lx  *  0.  0.5.  0.75.  1.0  speckle  radii 


*rjr.s.ator  and  alignment  errors.  The  correlations  are.  in 
general,  within  0.1  or  the  theoretical  values,  with  many  mea¬ 
surements  agreeing  considerably  better  than  this. 

CIRCULAR  PUPILS  AND  ABERRATIONS 

The  space-* ;me  intensity  correlations  of  circular  pupils  and 
pupiis  with  higher -order  aberrations  ire  difficult  to  evaluate. 
These  cases  are  clearly  of  interest  tf  the  correlations  are  to  be 
used  to  assess  the  state  ■  <:  correction  of  a  lens.  It  is  then 
necessary  to  resort. :.» numerical  Techniques  *o  evaluate  \«  Ax . 
A;.  '  :n  these  cirrLim.stances. 

This  .r.tegratiun  has  been  carried  out  with  computer-gen¬ 
erated  1  jauss-Ltgenc.re  quadrature.  h  has  been  found  tnat 
the  correlations  for  j  hrcular  iperture  in  tne  diffraction- 
limited  or  defocusen  sses  are  similar  to  resuits  that  have  ai- 
•*Mdy  been  presented  *  r  the  square  jperture.  ao  they  wiil  not 
p*  «hown  here.  Pure  -spnercai  aberration  causes  the  temporal 
Torreiarions  w.tn  J..  =■'*.>  *»-com.e  s  n  1  manner 


similar  to  those  with  detocus.  Figure  1  shows  0.6\  of  primarv 
spherical  aberration  balanced  with  -v  6A  of  jefocus.  The 
resulting  wave  front  has  a  maximum  deformation  of  — 0.13A. 
This  corresponds  to  the  0.707-aoer?ure  zonal -ray  focus,  which 
is  often  considered  to  be  the  best  focal  plane. 

Primary  astigmatism  in  the  pupil  leads  to  effects  identical 
with  those  with  defocus  if  the  diffuser  motion  is  parallel  to  the 
tangential  or  sagittal  planes.  This  is  because  A'  Ax.  Ay.  ri 
depends  on  a\l'  which  is  itself  independent  of  n  in  this  case; 
the  correlation  is  then  affected  only  by  the  quadratic  wave- 
front  curvature  in  the  i  direction.  Other  orientations  of  the 
diffuser  velocity,  however,  lead  to  other  results.  Finally, 
third -order  coma  in  the  pupil  does  not  cause  any  skewness  but 
rather  attenuates  the  tails  of  the  temporal  correlations.  This 
:s  illustrated  in  Fig  12. 

SUMMARY 

We  nave  seen  that  the  space-time  intensity  correlations  of 
speckle  in  the  focal  plane  do  not  obey  the  cross- spectrai  purity- 
condition  in  the  cases  of  square  and  round  pupils.  True 
speckie  boiling  is  not  then  observed,  and  instead  there  is 
speckie  translation  in  directions  parallel  and  antiparailel  to 
the  direction  of  diffuser  motion.  The  space-time  correlations 
are  strongiy  depencent  ?n  aberrations  and  may  provide  a 
simple  met  boo  of  rood  uiari  on  -  transfer  -  function  measurement. 
The  present  work  may  possibly  be  generalized  to  include 
nonlinear  diffuser  motion  and  diffusers  with  a  deterministic 
shape:  these  considerations  would  have  applications  10  remote 
sensing. 

It  may  also  be  worth  noting  that  the  experimental  and 
theoretical  results  preserved  here  have  ties  to  atmospherically 
induced  speckle  patterns  in  astronomical  imaging.  The 
measured  correlations  of  «teilar  speckle  images  exhibit  dis¬ 
placed  time  correlation  peaks  similar  to  those  of  Fig.  2.u  The 
observed  steilar  effects  -re  presumably  due  to  the  linear 
translation  of  the  inhomogeneous  atmosphere  i.e..  a  diffuser' 
across  the  t»ie~o'»oe  pup»‘  v  'he  wind  -peed. 
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The  spatial-temporal  intensity  correlations  of  stellar  speckle  patterns  have  been  measured  over  10  nights  (June  24- 
Juiy  4.  19311  at  Mauna  kea.  Hawaii.  The  measurements  indicate  that  the  :ntens\t>  correction  was  cross -spectrally  pure  on 
most  nights  of  observation.  The  correlation  time  of  the  image  was  typically  Ir  ms.  whiie  the  :er.s::y  vir.sacs  *2$  within 
the  range  of  0.4- 1.1 


? 

t 


]  Introduction 

Because  of  the  fluctuating  atmosphere,  the  stellar 
image  farmed  by  a  large  earthbound  telescope  is  a 
time -va.yir.g  speckle  pattern.  While  the  size  of  the 
envelope  of  the  steiiar  speckle  image  is  much  larger 
than  the  diffraction  limit  of  '.he  telescope,  the  speckles 
p.esent  within  the  envelope  are  comparable  to  the  size 
of  the  Airy  disc.  This  high  frequency  structure  is  the 
oasis  of  the  important  technique  of  steiiar  speckle  tn- 
■erfercme'ry  [1-51  -  method  of  diffraction  limited 
macing. 

In  this  paper  we  cescr.be  measurements  of  the  tem¬ 
poral  and  spatial -temporal  correlation  properties  of 
stellar  speckle  images  over  ten  nights  at  Mauna  Kea. 
Hawaii.  These  measurements  are  important  in  choosing 
the  optimum  exposure  time  of  speckle  interferometry 
[-1—6].  and  are  relevant  to  other  techniques  of  dif¬ 
fraction  limited  imaging  (6.“].  We  detine  the  normal¬ 
ized  space-time  mtensitv  correlation  or  the  specxie 
mage  as 

A/i.x.  .  :i  l!\x  +  . :  -  -i 


where  «r,  and  at'  denote  spauai  points  m  the  image, 
and 

-1/i.r  ;)  -  I(Xt .  n  -  •/<*, . :))  .  \Z) 

Ea .ill  jr.?..es  itititr.arv.y  in  '-me  but  not  :r.  space. 


since  the  speckle  image  is  not  strictly  spatially  station¬ 
ary.  (n  our  measurements  a  >  -  rl  ^  lx  is  small  com¬ 
pared  to  the  image  envelope.  The  intensity  correlation 
is  nearly  stationary  for  such  lx.  so  practically  we  may 
write  the  correlation  as 


G  lx. 


Ihx.  r  i  IK. x  *  lx. :  f  r»> 


O) 


Measurements  of  the  tempora.  ir.tensitv  correlation 
l  lx  s  Oi  have  been  made  try  Scaddar.  ana  Walker  [Cj 
and  by  Parr,  e:  al.  r-]  a:  Herstmor.ceux.  England:  the 
tune  scoie  af  die  specie  "ooiLf.g  ’  was  four. a  :o  oe 
2-“  ms.  The  space-time  correlations  have  been  mea¬ 
sured  by  Dainty  et  ai.  [10]  at  Bristol  Springs.  New 
York.  These  and  subsequent  unpublished  space-time 
measurements  at  the  same  site  ;mpiy  that  the  speckles 
tend  to  ?iu»  m  two  directions  simultaneously  ■.  these 
directions  are  paruhel  and  anuparailei  to  the  direction 
of  phase  translation  iwir.ci  m  the  pupil.  Studies  of  cor¬ 
relations  >f  neighboring  frames  of  motion  picture  film 
of  the  speckie  image  have  been  reported  h\  Uolunan 
and  Weight  ' ;  \  ] 

The  measurements  ::  rets.  t S  —  1 0 j  .uve  oeen  mace 
a;  reserving  sites  vr.ere  atmespnerte  see  mg  is  usually 
poor.  To  our  .cr.owlecge  me  temporal  and  spatial— 
temporal  intensity  correlations  have  never  been  tnea- 
>ured  at  a  good  site.  An  anaersunuing  of  image  prop¬ 
erties  at  these  locations  is  miportar:.  particuia.-Jv  scnce 
>rec.-he  ir.  toner  r.ietrv  ;s  isuuih-  :m  pie  men  tec  at  rem 
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2.  Experiment 

The  instrument  used  has  been  discussed  in  more  de¬ 
tail  elsewhere  ( lOj  and  is  shown  in  fig.  1 .  The  equip¬ 
ment  was  mounted  at  the  Cassegrain  focus  of  the  61 
cm  teiescope  at  Mauna  Kea.  Two  photon-counting  pho¬ 
tomultipliers  (an  EMI  9S62B  and  a  Harumamatsu 
R92S)  were  positioned  to  a  known  Sx  within  a  magni¬ 
fied  stellar  image.  A  12$  channel  Langiev-Ford  pho¬ 
ton  correlator  measured  the  temporal  cross  correlation 
of  photon  counts  from  the  two  detectors.  It  may  be 
show  n,  that  the  normalized  cross  correlation  of  photon 
counts  is  equivalent  to  that  of  the  classical  intensity 
[12].  The  space-time  correlations  were  generated  by 
repeating  measurements  sequentially  for  a  series  of 
values  of  A.r. 

We  observed  the  brightest  unresolvabie  objects  near 
zenith  that  were  available  la-Bootis  and  a-Lyrae).  The 
speckle  images  were  more  compact  and  had  a  longer 
time  scale  at  Mauna  Kea  than  at  poor  sites:  this  pro¬ 
vided  a  larger  number  of  detected  photons  per  speckle 
;p.  a  correlation  tune  of  the  image.  As  a  result,  measure¬ 
ments  were  made  with  less  spatial,  temporal,  and  opti¬ 
cal  bandwidth  integration  than  previous  work.  Detec¬ 
tor  apertures  of  "0  .am  were  used,  whiie  the  .Airy  disc 
diameter  was  J-0  am  in  the  magnified  image  plane. 
Chromatic  blurring  was  minimized  by  interference  fil- 


Fic.  I  -  Diagram  ■>!’  the  two-chamd  instrument.  The  instru¬ 
ment  was  mourtteu  ix  the  Cas>ee:jir.  tocus. 


;ers  of  mean  wavelength  550  nm  and  bandwidth  5  r. 
The  integration  time  was  0.5  ms  or  1  ms.  depending 
the  image  time  scaie.  The  correlator  was  able  to  obt. 
a  low-  noise  correlation  (<  55c  noise)  with  less  than  c 
detected  photon  pet  sample  time  on  average  during  . 
100  s  experiment.  Atmospheric  seeing  ranged  from 
6  arc  s  during  the  10  nights  of  observation. 

.An  HP-S5  computer  processed  the  data  and  store 
it  on  tape.  The  correlations  were  corrected  for  the  b. 
current  of  the  detectors  (less  than  50  counts  s'1  ry; 
caily).  Signai  levels  were  sufficiently  low  (500-300 
photons  s-  1 )  so  that  deadtime  effects  were  smai!  art 
could  be  ignored. 


3.  Results 

The  measured  correlations  possess  a  short  time  s. 
component  l  iO-'O  msi  due  to  the  speckie  boding  a: 
a  much  longer,  nearly  linear,  component  (~!  s)  asso¬ 
ciated  with  random  motion  of  the  speckle  image  envt 
lope.  Since  the  image  motion  correlation  was  rather 
vartabie  from  experiment  to  experiment,  we  have  di¬ 
vided  i;  out  to  obtain  the  correlation  due  to  speckle 
boiling  or.iy.  This  procedure  assumes  that  speckle  boi 
ir.g  ar.d  image  motion  are  statistically  independent,  a: 
is  discussed  in  refs.  [S]  and  [9], 

A  selected  data  series  is  shown  ir.  fig.  2.  Each  serie- 
included  separate  measurements  of  the  positive  and 
negative  r  part  of  the  correlations  for  coiir.ea:  disrria. 


Fie.  5.  C:oss-spec::ail>  pure  image  intensity.  correlations  fro" 
night  10  ijuiy  51.  The  cur.  e,  are.  in  order  of  decreasing 
intercept,  for  eci.nea:  5t, placements  el  ax  -  ■}.  '  55  0.5. 

■)  “5.  -nu  1  5  verve  raau 
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menu  of  Ax  =  0.0.25.0.5.0.75  and  1.0  speckle  radii  \ 
with  such  a  measurement  requiring  roughly  20  min.  it 


can  be  seen  that  the  correlations  weaken  without 
changing  their  form  as  Ax  increases.  This  was  found  to 
be  true  regardless  of  the  direction  of  Ax.  Fig.  2  is  typi¬ 
cal  of  what  was  found  on  7  of  the  10  nights  oi  observa¬ 
tion. 

These  results  indicate  that  the  space-time  intensity- 
correlation  is  cross-speciraily  pure  ,  that  is.  the  correla¬ 
tion  may  be  written  as  the  product  of  a  space -oniy  par; 
and  3  time -only  part.  It  has  been  shown  that  this  is 
valid  if  the  telescope  pupil  contains  a  phase  process 
that  evolves  or  boils  without  any  general  linear  trans¬ 
lation  of  phase  structure  [13].  Indeed,  visualization  ot 
the  phase  in  the  pupil  by  knife-edge  testing  the  tele¬ 
scope  mirror  revealed  that  boiling  of  phase  structure 
occurred  predominantly.  Thus  is  m  contrast  to  previous 
measurements  at  3ristoi  Springs,  where  phase  transla¬ 
tion  occurred  consistently  in  the  pupil  and  image  corre¬ 
lations  were  decidedly  cross-spectraUy  impure.  On  only 
one  night  (night  6i  were  cross-spectraUy  impure  corre¬ 
lations  observed  consistently  at  Mauna  Kea  <  fig.  5 ). 
though  the  observed  effects  were  rather  weak,  with 
small  displaced  correlation  peaks  or.  the  Ax  =  1.0 
speckle  curve. 

Dining  nights  2  and  9  (and  possibly  on  night  3u 

A  ipeckie  radius  i~>p")  is  d«t;nei  n  the  location  the  :us: 

zero  os  the  »rati ai  ccrreianon  a:  intensity  in  tho  ;ase  .:  :s 

c  -:ucte:  -‘;e  :--*scose. 


15  M axcn  1 


Oip 


Fig.  4.  Image  intensity  correlations  with  x\=  1.0  specie 
racii  measured  on  r.ieht  9  The  .or  es  have  not  been  cor¬ 
rected  tor  image  motion,  and  hence  jo  no:  line  up  it  the 
origin . 

we  observed  an  unusual  effect.  While  rhe  measured 
autocorrelations  were  not  unusual,  the  correlation  with 
Ax  =  l  speckle  had  the  unexpected  shape  shown  :n  fig. 
-t.  These  correlations  have  not  beer,  corrected  for  image 
motion,  and  so  possess  the  long  linear  tail.  However, 
the  boiling  part  cf  the  correlation  goes  below  the  linear 
part  of  the  correlation.  When  corrected  for  image  mo¬ 
tion  as  described,  this  leads  to  a  negative  intensity  cor¬ 
relation.  which  canr.  Jt  occur  :c:  a  Russian  amplitude 
process.  It  is  possible  that  the  Image  was  no:  behaving 
in  a  stationary  manner  during  these  rights.  Also  the 
assumption  that  image  mutton  and  specie e  boding  are 
independent  may  not  nave  been  valid  here. 
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Fie.  5.  Temporal  image  intensity  autocorrelations  measured 
ar  rughts  '-11. 

Figs.  5  and  6  show  intensity  autocorrelations  <  lx 
=  0)  for  all  nights  when  measurements  were  made.  The 
average  correlation  time  of  the  image  was  15  ms, 
though  during  the  second  night  it  increased  over  two 
hours  from  1 1  ms  lo  60  ms.  The  intensity  variance  C{ 0. 
0).  however,  varied  considerably  between  0.4  and  1 .1. 
though  values  were  reasonably  consistent  on  any  one 
nig.it.  If  the  speckie  amplitude  were  gaussian.  the  in¬ 
tensity  variance  should  be  unity,  though  inclusion  of 
spa::ai  integration  i the  most  significant  effect)  wouid 
reduce  this  to  approximately  0.92.  Gaussian  image 
statistics  occur  when  there  are  a  large  number  of  corre¬ 
lation  ceils  of  complex  amplitude  within  the  pupii  and 
tr.e  wavefront  phase  has  a  variance  much  create:  than  -. 
Thus  may  not  have  been  valid  for  our  relatively  small 
telescope  during  good  seeing  conditions,  We  are  cer¬ 
tain  .  however,  that  the  low  variances  were  not  due  to 
our  equipment,  whicn  had  been  checked  out  carefuliy 
on  gausstan  speckle  in  the  laboratory. 

4.  Conclusions 

In  p  ho  to  n-’«  unite  d  speckie  interferometry,  'he  opti¬ 
mum  exposure  time  :s  approximately  ejuai  to  twice 
me  c  >rre:at;on  time  or  me  image  ;4.o],  cur  measure¬ 
ments  )ver  i0  nights  at  Mauna  Kej.  Hawaii  show  an 
averag.  correlation  time  of  15  ms.  impi;.  mg  an  expo- 
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sure  time  of  30  ms.  The  intensity  variance,  however, 
varied  from  0.4  to  1.1.  In  contrast  to  measurements  at 
a  poor  observing  site  ( Bristol  Springs.  NY),  the  space- 
time  intensity  correlation  w  as  cross-spectrally  pure  on 
most  nights  of  observation.  It  showed  an  anomalous  ef¬ 
fect  w  hich  we  are  unaoie  to  explain  on  two  of  the 
nights. 
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Measurements  of  the  wavelength  dependence  and  other 
properties  of  stellar  scintillation  at  Mauna  Kea,  Hawaii 

J.  C.  Dainty,  B,  M,  Levine.  B.  J.  Brarres,  and  K.  A.  O'Donnell 

The  variance  •«’  ;?i:en»itv  ,t  >;<?ilar  ictnuiLuiun  nas  neen  measured  as  j  :',»n«-...>n  "t  wav  a  'i&inz  photon 
counting  and  on-iir.r  digital  analysis  techniques.  The  experimental  data  ire  .■•nsi»t**ni  with  that  predicted 
t»\-  the  theory  >f  Taiarsk..  Measurements  «»i  the  temporai  correlation  function  intensity  and  ’he  higher 
moments  ot  the  probability  deriMt;.  function  of  scint.  ...ion  are  jiso  described.  Time  fCaie»  in  the  1.7-IU- 
msec  range  were  »oserveu.  and  trie  onserved  higher  moments  were  consistently  a»*er  than  ;m»se  predicted 
hv  a  log  normal  l.stnhuiioR  All  tne  measurements  were  made  at  Mauna  Kea  Onservj'orv.  Hawaii, 


I.  Introduction 

A  large  number  ot'  measurements  ot'  the  statistical 
properties  of  stellar  scintillation  have  been  reported  in 
the  literature  ' see  Refs.  I  and  2i.  Toottr  knowledge, 
however,  no  extensive  measurement,-  have  been  made 
at  very  high  quality  astronomical  observing  sites.  and 
this  motivated  the  experiments  described  in  this  paper 
which  were  made  at  Mauna  Kea  Observatory  Hawaii 
tak.tude  4.2  kmi  during  an  eleven  night  period  ;n  June 
and  -July.  1961.  The  main  experiment  was  the  mea¬ 
surement  of  the  wavelength  variation  of  the  relative 
variance  secondary  experiments  to  measure  the 

spatial  and  temporal  properties  and  the  higher  mo¬ 
ments  of  steilar  scintillation  are  also  described. 

II.  Equipment  and  Data  Analysis 

Observations  were  made  using  a  61 -cm  Boiler  and 
•?h:v»«s  'eiesc  -pe  equipped  with  'he  jua.-vhar.nei 
ur.otoneter  system  shown  in  Fig.  1.  The  field  tens, 
w  rich  lies  in  the  normal  telescope  image  plane,  images 
tne  primary  mirror  -into  the  detector  planes  at  a  mag¬ 
nification  of  V)27.  The  measurement  apertures  can 
be  selected  individually  in  each  channel  and  adjusted 
to  be  superimposed  or  displaced  from  each  other  by  a 
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known  amount.  A  typical  aperture  diameter  is  0.73  mm 
at  the  detector  plane,  equivalent  to  27  mm  in  the  pupil 
plane,  interference  filters  can  aiso  be  placed  in  each 
channel.  The  photomultipliers  i  F.MI  9S62B  in  channel 
A .  Hummamatsu  RS23P  in  channel  B I  both  have  5-20 
photocathodes  ar.d  are  operated  in  the  photon  counting 
mode. 

The  statistical  properties  of  the  photon  counts  are 
measured  in-line  using  a  Langley-Ford  DC126  digital 
v  rreiaror  which  :s  interlaced  to  a  Hew-Jer: -Packard  35 
desktop  computer  In  the  experiments  described  below 
the  correlator  was  used  in  either  the  autocorrelation 
mode  or  a  hua.  histogram  mode. 

The  autocorrelation  mode  >  ields  a  123-channel  esti¬ 
mate  ot  tne  autc.c-irrviatioo  function  C- 1; A;  i  of  the 
photon  counts  •:  obtaine  J  in  successive  time  intervals 
spaced  2.:  apart: 


where  .V  is  the  totai  number  of  samples  i typically 
1‘V-lt/  u  it  is  well-known’  "hat  the  normalized  cor¬ 
relation  function  of  photon  counts  simpiv  equais  that 
of  the  classical  measured  intensity  /  •  integrated  by  the 
measurement  procedure)  except  at  the  origin: 


Thus.  :n  die  autocorrelation  mode  this  instrument  gives 
an  unbiased  esti.vjie  ol  the  autocorrelation  function  of 
intensitv.  even  tnough  average  phot  in  rates  typically 
lie  in  the  u.o-ib  range  detected  photons  per  sampling 
time  -ir.  depending  on  the  variance  of  the  intensity. 

In  the  dual  histogram  mode,  two  64-channel  histo¬ 
grams  of  the  photon  counts  n.  are  measured  simulta¬ 
neously.  enabling  meaningful  comparison  experiments 
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D'iai  photometer  system  *»*r  measurirs:  :ne  »tats>t:<.  ji  on-tv 
er:.es  o:  stellar  »c:ni:Ujiior. 


:<•  be  carried  out  on  quasi  stationary  processes  such  as 
stellar  scintillation;  this  mode  was  used  for  the  mea¬ 
surement  of  the  wavelength  dependence  of  the  variance 
.  .f  scintillation.  The  probability  density  function  >f  tne 
measured  classical  int-  isity  pi/.  is  related  to  that -if  the 
photon  counts  pin  i  by  an  inverse  Poisson  transform.  ■' 
T:  ?  normalized  factorial  moments  i’,  of  the  photon 
counts  are  simply  equal  to  the  normalized  moments  a. 
of  the  classical  intensity; 

3  n.  is,  -  l  ns.  -  1 .  v,  -  -  -  ;  •  s' 

a.  1  !■  !  *. 

r.  *  a.  'SI 

Thus. : h a  normalized  factorial  moments •  >!  'he  photon 
.ounts  which  can  be  calculated  from  the  measured 
...stocram  p.-i.  provide  an  anmased  estimate  of  tne 
normalized  moments  of  tne  tfensitv  The  factorial 
moments  have  to  be  corrected  :  r  dark  current  and  the 
tead  ".me  it  the  pm  it  >n  .  dtr.ouzr  n  .r 

tins  co.-rectiot:  va.-ver-.  -tn.a.l  '  •  picai  bars  .  unt.-  wore 
!  S  urcl  :  -ec  .n  channels  A.  ttid  3.  respectiveiv  uui 
the  photon  rates  rare;*  exceeded  J  >  1 1 J ’  sec"  .  with  a 
counter  lead  -ime  "t  bo  tisec>  The  use  of  photon 
counting  methods  in  the  measurement  of  stellar  scin¬ 
tillation  :s.  of  course,  not  new  -  ' 

The  stars  u-Lyrae  1  Vega  and  u-Aquilae  <  Aitair  i  were 
used  for  the  observations.  The  flux  from  u-Lyrae  in¬ 
cident  on  the  earth's  atmosphere  is  ~-».5  '<  Ur  photons 
em'-’nm"-  -ec"  at  :,"0nm.;‘  On  the  average  *e  qe- 
•ected  '1  .<  lit4  photons  sec'  in  channel  A_ using  a 

I.  " J  em-  aperture  area  and  a  green  tiiter  [A  =  35.?. 
d.o  F5VHH’  =  ?  r.m,.  yielding  a  collection  efficiency  of 

J. 5~  in  channel  A  and  at  channel  3  •i.e..  4.5~  overall 
collection  efficiency  i.  This  figure  includes  losses  due 
tt)  atmospheric  absorption,  telescope  optics,  and  the 
optical  system  of  the  dual  photometer  as  weil  as  the 
photocathode  quantum  efficiency,  and  it  would  be 
difficult  to  substantial!  increase  it.  it  was  not  possible 


to  reduce  the  amount  of  spatial  and  temporal  integra¬ 
tion  without  increasing  the  statistical  error,  for  the  weak 
scintillation  observed,  a  photon  riux  of  .5-10  per  sampie 
time  was  required  to  yieid  an  error  of  l-'Tc. 

III.  Wavelength  Dependence  o I  the  Variance 

Tatarski's  theory1-  of  wave  propagation  in  a  turbulent 
medium  predicts  that,  in  the  absence  of  aperture  aver¬ 
aging.  '.he  relative  variance  of  the  intensity  of  scintil¬ 
lation  <J~  ./■-•  =  a .  —  1  i  is  proportional  to  \~  *.  where 
A  is  the  wavelength.  Eariy  measurements  by  Mikeseil 
.N'ettelbiad.1*  ana  Protheroe1’  indicated  that 
the  relative  variance  was  independent  of  wavelength, 
although  these  measurements  involved  a  significant 
amount  of  aperture  averaging.  A  study  by  Burke'0 
using  an  analog  detection  scheme  and  '.S-mm  diam 
apertures  showed  a  dependence  or.  wavelength  but  not 
as  strong  as  the  v'  "•  dependence.  On  the  other  hand, 
experiments  involving  the  propagation  of  laser  beams 
over  horizontal  paths-  ■'  with  effectively  no  aperture 
averaging  ire  tn  agreement  witn  Tatarski’s  theory  for 
unsaturated  turbulence.  We  would  not  expect  the  case 
of  vertical  propagation  to  differ  appreciably  from  Ta- 
tars.xi's  theory,  particularly  in  x  iew , if  the  fact  that  the 
predicted  wavelength  dependence  or’  astronomical 
•eemg  has  been  confirmed  over  vertical  paths.19 


A  Theory 

The  general  expression  for  the  relative  variance  is,:o 
.snoring  any  time  integration, 

r-  ;  =  -r  X  i  l.s\--  J  dhCwk) 

«  J'ilf'  ’•«n«iVaAl7Vi|5.  .41 

w  .-.ere  A  is  the  wavelength. 

■t  is  the  altitude. 

C  ,' ■  is  the  structure  constant  of  refractive-index 
fluctuations  at  altitude  h. 

-  ’he  spatial  frequency,  and 
’’  .  :s  the  transfer  function  of  the  measured 
aperture. 

it  is  clear  from  £q.  t4i  that  the  relationship  between  the 
relative  •>  aria  nee  and  wavelength  is  not  straightforward, 
and  d-pv-nos  in  particular  on  the  measurement  aper¬ 
ture;-'1  --  for  a  very  small  aperture  [Tt/i  =  lj.  Eq.  ' 4 1 
reduces  to 

t-  ■  I  :  x  T  Si 

whereas  for  a  very  large  aperture  of  diameter  D. 

--  ;  t  ,  op-'  ■  a. 

The  wavelength  dependence  of  the  variance  for  a 
measurement  aperture  that  is  neither  very  smail  nor 
very  large  depends  in  general  on  the  variation  of  the 
structure  constant  C\  with  altitude  h .  We  shall  assume 
that  a  sing  ?  thin  layer  at  altitude  n .  contributes  to  most 
of  the  scin. .llation.  in  that  case.  Eq.  4 '  can  be  written 
for  a  circular  measurement  aperture  of  diameter  D  . 


where  r  =  D\  -  and  •_/■-■  is  the  first -order  Bessel 
function  uf  the  first  kind.  [Unimportant  constants  of 
proportionality  have  been  omitted  from  Eq.  '7).  and  h  -. 
shouid  be  regarded  as  a  constant.) 

The  right-hand  side  of  Eq.  t7)  has  been  evaluated 
numerically:  the  results  of  this  calculation  are  given  in 
Fig.  2  which  shows  the  dependence  of  the  relative 
variance  on  wavelength  for  different  diameters  of  the 
measurement  aperture  (expressed  by  the  ratio  0  \  hi). 
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r  g  .  '.'trution 'it  the  relative  variance  '.vavvietixth  :<*r  d:t- 
aiameters  )l  measuring  aperture  at  epecil.ed  hv  the  ratio 
1)  \  :  a  nere  n  [  :e  :r.e  height  ill  the  single  .a\er  The  variance  has 
serf?  i.'Otirjrii»  :i. -tv  :r::y  a:  • -:im.  ajce-engtr.  inc 
0  \  -  o  The-*  6  u*acer  law  iMiiieved  tnr  Oi  %  -  =■».  and  there 

•  >  r.u  dependence  an  wavelength  :  >r  ft  \  ■ 


Thus,  if  the  vaiue  of  D\  h-  is  known  or  can  be  esti¬ 
mated  from  a  secondary  experiment,  the  predicted 
variation  of  relative  variation  with  wavelength  can  be 
found  from  Fic_2.  Note  that  for  no  aperture  integra¬ 
tion  •  i.e..  0  \  h ;  =  0!  the  —  7/6  power  law  is  obe'yed:  it 
can  also  be  seen  from  Fig.  2  that  for  0  <  D  \  h  ;  <  =. 
there  is  still  an  effective  power  law  dependence  over  the 
visible  spectrum  it-  -  \-  =  ,  with  7. 6  >  p  >  0. 

B.  Experimental  Results 

Simultaneous  measurements  of  the  probability  dis¬ 
tribution  pin  i  of  photon  counts  were  made  for  pairs  of 
wavelengths  selected  by  using  the  following  filters: 

red  ■/?*  — X  =  6:19  nm.  AX'FWHHl  =  21  nrr.. 
green  ■</■  -  \  =  So.)  nm.  AX  =  5  nm. 
blue  <B>  -  X  =  404  nm.  AX  =  9  nm. 

Since  the  photomultiplier  in  channel  B  had  a  tendency 
to  record  a  slightly  higher  variance  than  the  one  in 
channel  A  'presumably  because  of  nonuniform  sensi¬ 
tivity  of  the  photocathodei.  measurements  were  always 
repeated  with  the  fitters  interchanged  between  channels 
A  and  B.  A  typical  experimental  sequence  involved 
taking  three  pairs  of  simultaneous  histograms  for  the 
following  filters  in  channels  A  anc  B.  respectively; 
GO.  GiR.  G  B.  R:B.  R  G.G  C.B-G.B.R.  'This  se¬ 
quencing  requires  only  one  filter  change  between  each, 
set  of  data.) 

The  sampling  interval  Ar  was  varied  from  night  to 
night  depending  on  the  measured  correlation  time  (see 
Sec.  I  Vr  typically,  a  vaiue  of  0.5  or  1  msec  was  used.  A 
total  measurement  rime  of  50  or  100  sec  was  used,  pro¬ 
viding  -2  x  10’  statistically  independent  samples  for 
each  pair  of  histograms,  i;  took  about  an  hour  to  record 
and  analyze  ail  twenty-four  pairs  of  histograms  in  a 
complete  filter  series.  The  second  factorial  moment 
»>4»  -on. puled  i.vm  each  histogram,  and  hence  the  ratio 
of  var'ances  w?£  found:  the  statistical  error  of  the  vari¬ 
ance  due  to  the  finite  number  of  samples  and  photon 


Table  I.  Relative  Variance  ol  Intensity  ot  Stellar  Scintillation.  Experiment  ana  Theory 
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noise  was  '-l-2cc.  The  absolute  values  of  the  normal¬ 
ized  variance  were  0.02— 0. 16.  and  the  observations  were 
made  at  zenith  angles  <40°. 

The  results  for  the  most  consistent  five  nights  of  ob¬ 
servations  are  summarized  in  columns  1 2  J— >  4 1  of  Table 
I.  The  values  of  the  ratios  of  the  variances  predicted 
by  the  -7/6  power  law  are  shown  in  brackets  at  the  top 
of  each  column,  and  it  is  immediately  clear  that  the 
measured  ratios  <xt,.  fft  .i  X;  <  -Yu  are  significantly 
:  malier  than  those  predicted  by  this  power  law.  In  this 
sense,  the  results  are  consistent  with  those  reported  by 
others. However,  aperture  integration  also  leads 
to  smaller  ratios:  it  should  be  stressed  that  spatial  and 
temporal  integration  was  unavoidable  in  this  experi¬ 
ment. 

The  amount  of  aperture  integration  was  estimated 
by  measuring,  in  broadband  light  of  mean  effective 
wavelength  435  nm  from  a  star  near  the  zenith,  the  ratio 
of  variances  for  apertures  of  diameter  27  and  5  mm  and 
44  and  5  mm.  respectively.  These  ratios  are  tabulated 
in  columns  ioi  and  (6).  We  assume  that  the  5-mm  ap¬ 
erture  produces  a  negligible  amount  of  aperture  inte¬ 
gration.  The  data  in  column  ioi.  which  employed  the 
27 -mm  aperture  used  in  the  two  wavelength  measure¬ 
ments.  clearly  show  that  a  significant  amount  of  aper¬ 
ture  integration  must  have  occurred,  particularly  on 
night  4.  Using  these  values  ana  Fig.  2  we  can  estimate 
the  value  of  the-aperture  integration  parameter  D  \  h: 
for  the  27-mm  aperture  that  appears  in  Eq.  i7)  and 
hence  find  the  predicted  ratios  of  variances  for  the  dif¬ 
ferent  pairs  of  wavelengths.  The  value;  of  the  inte¬ 
gration  parameters  are  shown  in  column  i7i.  and  the 
predicted  ratios  are  given  in  columns  i  Si-1 10*.  t  As  an 
aside,  it  should  be  observed  that  the  effective  single 
layer  heights  h  i  calculated  from  the  estimated  D  \  h. 
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r  :sf  MtM.'  irsu  nri«\s  of  variances  if*  aswUec  aiiir.si  those  pre¬ 
dicted  bv  *neory  rasing  into  account  're  -nserved  merture  inte¬ 
gration*.  The  vertical  error  bar?  are  tne  standard  errors  a.-wociatea 
with  4~$  independent  measurements  nt  the  rat.os.  Horizontal  error 
bars  .iri^e  trom  the  error  :n  the  estimation  ol  the  aperture  integration 
purameier.  The  broken  line  nas  slope  unity  and  represent*  isreement 
oef-ve-n  tn*i  exp-r:mem. 
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Fii.  4.  Temporal  correlation  functions  of  stellar  scintillation  mea¬ 
sured  over  ter.  nu'nts  at  Mauna  K-a  Observatory  'observations  couid 
r.ot  be  made  on  mcht  five*.  Some  curves  are  shown  as  broken  lines 
:»r  clarity.  Time  scales  measured  at  the  1  c  point  ranse  from  1.7  to 
10  msec. 

lie  in  the  2-o-km  range  and  the  effective  values  ofp  in 
the  power  law  are  0.6— 0.9.) 

Figure  2  shows  a  plot  of  the  measured  ratios  of  vari¬ 
ance;  [column;  ‘  2 1  — •  4 1  of  Table  1J  against  the  predicted 
ratios  [columns '  Si— ■  1 0  *  I .  The  broken  line  has  a  slope 
of  unity  and  represents  agreement  between  theory  and 
experiment:  the  least  squares  straight  line  passing 
through  the  data  points  has  a  slope  of  0.35  ±  0.10. 

The  aa'a  analysis  described  above  ignored  the  effect 
of  temporal  integration.  The  temporal  correlation 
function  consists  of  two  main  contributions,  a  boiling 
component  which  is  probably  wavelength  independent 
ar.q  a  rigid  translation  component  <  the  so-called  Taylor 
hypothesis)  which  is  wavelength  dependent,  since  the 
spatial  correlation  function  is  wavelength  dependent. 
Thus,  in  general  we  would  expect  both  temporal  and 
spatial  integration  to  produce  measured-rauos  of  vari¬ 
ances  that  are  less  than  those  predicted  on  the  hasis  of 
spatial  integration  alone:  this  trend  is  observed  in  Fig. 
3.  All  factors  considered,  we  conclude  that  the  observed 
behavior  with  wavelength  is  consistent  with  Tatarski's 
theory. 

IV.  Temporal  Correlation  Functions 

The  temporal  correlation  function  of  scintillation  was 
measured  on  every  night  of  observation  using  the 
27-mm  diam  aperture,  green  filter  'A  =  55:5  nm.  A.\  = 
3  nmi  and  sample  Ames  ranging  from  0.1  to  0.5  msec- 
depending  on  the  correlation  time  scale.  Representa¬ 
tive  correlation  functions  of  the  intensity  fluctuation 
for  each  night  art  shown  in  Figs.  4'ai  and  <  b >.  The  lv 
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Fig.  5.  Measurement?  oi  me  third,  fourth,  fifth,  and  sixth  moment? 
piotte--*  as  a  function  of  the  measured  normalized  variance.  Soiid  iines 
are  me  predictions  based  on  a  lot  normal  distribution  tor  steiiar 
scintillation:  set  1.  'X*:  set  2. 1 0 »:  see  text. 

correlation  times  vary  between  1.7  and  10  msec,  with  an 
average  vaiue  ot'  '•3.5  msec.  White  these  values  are 
similar  to  the  observations  of  others.-"-  they  are  shorter 
than  correlation  times  recorded  at  another  excellent 
observing  site  'San  Pedro  Martir  Observatory.  Baja 
C a i i I . .  Mexieoi  where  values  consistently  around  10 
msec  were  observed. 

V.  Normalised  Moments  ot  Scintillation 

The  theory  ofTatarski  predicts  that  the  probability 
density  function  of  intensity  of  stellar  scintillation  is  log 
normal  t assuming  that  saturation  has  not  been 
reachedi.  The  normalized  moments  of  this  distribution 
are  given  by-1 

Some  recent  experimental  results  by  Parry  a.id 
Walker10  show  that  the  measured  moments  of  steilar 
scintillation  agree  fairly  -vel!  with  t.-.ose  of  the  log  nor¬ 
mal  distribution  for  /  -<  .).>>.>.  although  the  mea¬ 
sured  values  tend  to  be  lower. 

A  detailed  examination  of  our  data  obtained  during 
this  observing  session  'and  at  Mees  Observatory.  N  Y. 
and  San  Pedro  Martir  Observatory ■  shows  that  the 
measured  moments  are  always  slightly  smaller  than 
those  predicted  by  the  log  normal  distribution.  A 
sample  of  these  results  is  shown  in  Fig.  5  in  which  the 
values  of  the  third,  fourth,  fifth  and  sixth  normalized 
moments  ifi.;  -  u*i  are  plotted  against  the  measured 
normalized  variance  >  i.e..  -  U.  The  data  used  to 

construct  Fig.  5  comprised: 

Set  1.  1  <  >:  eighty -nine  observations  using  a  jT-rnm 
diam  aperture,  j.o-l-msec  integration,  green  filter  -A 
=  55  !  nm.  A.\  -  5  nmi.  ana  zenith  angle  <40°. 

Set  2.  i  O  r  thirty  seven  observations  using  a  5-mm 
or  smaller  diam_  aperture.  0.5-1-msec  integration, 
broadband  light  A  =  4S5  nm.  AA  at  200  nmi.  and  zenith 
angle  <20°. 
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It  is  clear  from  Fig.  5  that  the  observed  higher  mo¬ 
ments  are  consistently  lower  than  those  associated  with 
the  log  normal  distribution.  However,  both  sets  of 
measurements  involved  some  degree  of  integration  over 
space,  time,  or  wavelength,  and  therefore  it  is  possible 
that  the  true  probability  density  function  of  scintillation 
could  be  log  normal.  Finally,  it  should  be  noted  that 
the  lug  normal  distribution  is  not  uniquely  specified  by 
its  moments.-'4  so  that  even  if  our  measured  moments 
had  been  in  agreement  with  those  of  the  log  normal 
distribution  this  would  not  have  proved  that  the  scin¬ 
tillation  was  definitely  log  normal. 

We  are  grateful  to  the  Director  of  Mauna  Kea  Ob¬ 
servatory.  Hawaii,  for  providing  observing  time  on  the 
61 -cm  telescope.  This  research  was  supported  by  the 
Air  Force  Otiice  of  Scientific  Research  under  gram 
AFOSR  SI  0006  and  aiso  in  part  by  the  Rome  Air  De¬ 
velopment  Center  Postdoctoral  Program. 
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The  statistical  properties  of  light  that  has  been  scattered  twice  are  studied  in  theory.  If  each  scattering  by  itself 
gives  rise  to  Gaussian  speckie.  it  is  found  that  the  prof-ability  densities  of  the  doubly  scattered  light  amplitude  and 
intensity  are  approximately  A*  distributions,  whicr.  smpiy  stronger  fluctuations  than  Gaussian  light.  The  spatial- 
correlation  properties  of  the  doubly  scattered  light  are  aiso  examined.  The  intensity  correlations  contain  non* 
Gaussian  terms,  and.  although  the  correlations  are  spatially  stationary,  they  indicate  that  the  doubly  scattered  light 
is  not  an  ergoaic  process. 


1.  INTRODUCTION 

Although  classical  speckle  theory  has  become  well  developed 
in  recent  years.1-  little  attention  has  been  given  to  the  effect 
of  multiple  scattering  of  coherent  light.  In  the  context  of 
speckie  theory',  the  only  relevant  work  has  been  that  of  Fried.  ' 
though  the  correlation  structure  of  doubly  scattered  light  from 
Brownian  particle  suspensions  has  been  reported  in  theory4-5 
and  experiment.5  In  the  following  we  examine  the  effect  of 
scattering  a  Gaussian  speckle  pattern  from  an  optically  rough 
surface.  It  is  shown  that  the  probability  densicy  of  scattered 
amplitude  in  the  far  rleid  is  not  generally  Gaussian  in  this  case: 
rather  stronger  amplitude  and  intensity  fluctuations  exist 
man  :r  the  Gaussian  case.  Finally,  the  correlation  properties 
of  doubly  scattered  light  are  discussed  in  Section  3. 

*V*  jiiali  consider  the  scattering  situation  shown  in  Fig.  1. 
A  r-r'V'm  complex -amplitude  process  atj-,  rj)  is  incident  upon 
the  hard  aperture  of  a  scattering  system.  The  light  is  then 
scattered  by  a  diffuser  and  produces  a  random  complex- 
amplitude  process  A«x. «  in  the  far  field  of  the  aperture. 
Throughout  the  analysis,  two  important  assumptions  will  be 
mace.  Our  first  assumption  •  1 » is  that  the  random  amplitude 
2«£.  71  is  a  spatially  stationary  circular  Gaussian  amplitude 
process.  Hence  7»  may  be  generated  by  Gaussian  scat¬ 
tering  from  a  diffuser,  although  the  details  of  this  initial 
scattering  experiment  need  not  concern  us  here:  rather  ai^, 
71  will  be  assumed  to  be  Gaussian  a  priori.  The  other  as¬ 
sumption  *2)  is  that,  by  itself,  the  secondary  scattering  ex¬ 
periment  of  Fig.  1  gives  rise  to  Gaussian  speckle.  That  is.  if 
21$.  7 >  is  viewed  as  a  deterministic  quantity,  Aix.yi  will  be 
'omolex  circular  Gaussian.  The  necessary  conditions  for  the 
second  assumption  :o  be  valid  ire  well  known  .n  speckie 
•heory  •  Most  important  to  the  present  analysis  are  the 
restrictions  that  the  diffuser  must  introduce  opticai-path 
fluctuations  greater  than  the  wavelength  of  light  and  that  a 
large  number  of  independent  scatterers  contribute  to  the 
amplitude  at  any  given  point  in  the  far  tieid.  A  theory  anal¬ 
ogous  to  that  presented  below  may  bedevelooed  if  either 
t  or  the  secondary  scattering  experiment  lor  bothi ’s  non- 
laus.-ian.  The  G.!i:.Sitian-Gju.«.«;jm  c.*.«e  s  nresentea  acre 


because  Gaussian  speckie  is  well  understood  and  is  easily 
generated  in  the  laboratory. 


2.  FIRST-ORDER  STATISTICS  OF  THE 
DOUBLY  SCATTERED  LIGHT 

Our  efforts  will  presently  be  directed  toward  determines  the 
probability  densities  of  the  scattered  amplitude  and  intensity 
in  the  far  field.  Within  an  unessential  factor,  the  scattered 
amplitude  in  the  far  field  is  given  by6 


ai£.  i?»n£.  <7>  expl - ix$  +  vtj  i  d^drj, 


where  D  is  the  domain  determined  by  the  shape  of  the  scat¬ 
tering  aperture.  7»  is  a  random  function  th>*  describes 
transmission  tnrougn  tne  diffuser,  c  is  the  distance  to  the  far 
field,  and  k  is  the  wave  number  of  the  incident  light.  First, 
consider  the  case  when  the  correlation  scale  or  speck.?  size  of 
;  is  much  larger  than  the  aperture.  The  amplitude  a  •  =. 
t  is  then  approximately  constant  over  the  domain  of  inte¬ 


gration  so  tnat 


‘■•JP* 


where  a,,  is  an’.  71  evaluated  at  the  center  of  the  aperture. 
The  integral  remaining  is  simply  the  scattered  amplitude  that 
is  due  to  a  uniformly  illuminated  aperture.  Because  of  as- 
sumption  »2L  the  scattered  amplitude  is  given  by  the 


•vr.ere  1 ..  and  A-  ire  both  complex  circular  Gaussian  ••a::- 
abies. 

Since  -in  and  Ao  are  independent  and  circular.  A  is  circular, 
although  we  will  now  show  that  it  is  not  Gaussian.  The 
moduli  of  a.\  and  A,\  are  Rayleigh  distributed  according  to 


t 


Reprinted  :r  -m  Journal  of  the  Optical  Society  of  America.  V**».  ;\is?e  i  Voemiwr  19>2 


U60  J.  Opt.  Sijo.  Am.  Vol.  72.  N'o.  Ll/November  1982 


K.  A.  O'Donneii 


care.  A  similar  discrete  model  of  a  Gaussian  speckle  pattern 
has  been  used  to  derive  the  approximate  gamma  variate  form 
«r  ’he  integrated  speckle  intensity.  ‘ 

In  this  case,  the  integral  of  Eq.  <  I  •  becomes 

Au.yt  ^  Z.  i<T  J*J*D  i's.  ^»exp|-^'xi  v i? »J  d&inj. 

<  I2i 

where  a.  is  the  spatially  constant  complex  amplitude  of  a'.;, 
i v  of  the  yth  domain  D;  and  .V  is  the  number  of  domains 
present  within  the  scattering  aperture.  The  integral  in  each 
term  is  the  random  amplitude  in  the  far  field  that  is  due  to 
uniform  illumination  on  only  a  single  domain  D ■  of  the  dif¬ 
fuser.  As  long  as  the  domains  are  considerably  larger  than 
the  diffuser  microstructure,  the  central-limit  theorem  may 
be  appiiea  as  in  Gaussian  speckle  theory,  so  that  each  integral 
in  the  sum  represents  a  complex  circular  Gaussian  amplitude. 
We  will  aiso  assume  that  integrals  over  different  domains  are 
statistically  independent,  which  is  reasonable  for  diffusers  of 
much  finer  scaie  than  D:. 

With  these  assumptions,  expression  <  12)  describes  a  circular 
random  walk  of  .V  independent  steps  that  are.  statistically 
speaking,  identical.  Since  the  analysis  has  been  restricted  to 
a  hard  or  unshaded  aperture,  the  .V  steps  of  expression  •  12). 
which  originate  from  different  domains  of  the  aperture,  ail 
have  an  identical  mean  length.  Each  step  is  the  product  of 
two  circular  Gaussian  random  variables,  so  the  probability 
density  of  individual  step  lengths  obeys  Eq.  1 1 1 «.  Thus  we 
have  the  purely  mathematical  problem  of  determining  the 
density  function  of  a  net  amplitude  .A  composed  of  .V  such 
steps. 

While  problems  of  this  sort  are  often  difficult  :o  handle 
analytically.  Eq.  ill*  belongs  to  a  family  of  functions  known 
as  K  distributions  that  possess  a  remarkable  property. 
Jakeman  and  Pusey  have  demonstrated  that,  when  the  step- 
length  distribution  is  one  of  the  K  distributions,  the  result  of 
a  circular  random  waik  leads  to  a  a  distribution  of  higher 
order  for  the  modulus  of  the  resultant  vector®  Specifically, 
the  theorem  of  Jakeman  and  Pusey  may  be  used  to  show  that, 
if  the  step  iength  is  distributed  according  to  Eq.  'll*,  the 
random  waik  of  .V  -iep>  of  expression  1 12'  is  distributed  as 


where  we  have  defined  J  =  A  Thus  A  is  not 

Rjyieigh  distributed  in  the  limit  of  large  correlation  scaie  of 
m.  so  the  scattered  light  is  not  Gaussian  in  this  case. 

We  now  consider  tne  density  function  of  .A'.t.  vi  -.vnen  the 
speckle  size  of  ,ji£,  71  ;s  comparable  with  or  smaiU r  than  the 
Mattering  aperture.  In  zenerai  this  .s  a  difficult  problem, 
lithough  it  •  viil  be  made  tractable  by  using  in  intuitive  ap¬ 
proximation.  Specifically.  *  he  compiex  amoiitcde  i's:.  •»•  wbi 
ne  assumed  ’<>  be  spatially  .  nstam  over  inv  >ne  *r  1  sef  of 
Aqua.-*ized  domains  :n  tne  mattering  aperture.  eacn  domain 
neir.g  >r  the  order  of  a  jpeckle  size.  Moreover,  the  amplitude 
of  each  domain  will  be  assumed  to  be  1  circular  Gaussian 
random  variable  statistically  independent  of  'he  other  do¬ 
mains.  as  tndiviA  ■  neckles  of  a  Gaussian  amplitude  pr«>oess 
ire  practically  uncorreiated  ana  hence  independent  .r.  *his 


A  '2  ’  =.Vi. 

This  result  wii]  not  be  proven  here:  the  reader  may  consult 
Ref.  ?  for  details.  Equation 1 13*  is  approximate  for  .V  >  l  only 
because  of  che  somewhat  naive  mtAiei  of  the  scattering  process 
used,  although  t  is  exact  for  .V  =  L  as  it' reduces  to  Eq. 

•  i  I 

Equation  ■  I  Ji  has  aiso  been  found  to  describe  the  statistics 
of  singly  scattered  non -Gaussian  light.  These  X  distributions 
arise  in  •henry  wnen  special  models  of  individual  scatterers 
are  used*  or  when  scatterer  numoer  fluctuations  are  consid¬ 
ered*  *  ! ;.  these  effects  are  neglected  in  che  Gaussian  scattering 
experiments  discussed  here.  Rather,  the  K  distributions  arise 
m  ’he  present  context  because  -f  rhe  mu.tiplieative  effects  of 

•  i..ur>ie  scattering. 


K  A.  O'Donnell 


Vol.  72.  No.  11.  November  19S2/J.  Opt.  Sue.  Am. 


1 46 1 


Since  .A  is  circular,  the  probability  distribution  of  amplitude 
in  the  complex  plane  may  be  written  as 


p*A,.  A  i  - - pi'  A  » 

^  2~\A 

•:  l  tA.2  + A  :\  “7"  .  [2t.-l.--.-l,->1  -! 

j  )  Vwl  !'  51 

where  .A.  and  .A,  denote  the  real  and  imaginary  parts  of  .A. 
The  cross  section  of  this  distribution  is  shown  in  Fig.  2  for 
various  values  of  .V  in  comparison  with  a  circular  Gaussian 
distribution.  For  .V  =  l  it  is  singular  at  the  origin,  whereas 
for  .V  >  15  it  is  scarcely  different  from  a  circular  Gaussian. 
This  is  of  course  because  any  circular  random  walk  becomes 
Gaussian  for  deterministic  .V  as  X  33 .  regardless  of  the 
properties  of  the  individual  steps.  In  physical  terms,  if  a  large 
number  of  speckles  are  present  on  the  scattering  aperture,  the 
scattered  amplitude  statistics  are  nearly  circular  Gaussian. 

It  is  also  worth  noting  that  the  assumption  that  each  inte¬ 
gral  of  the  sum  of  expression » 12 » is  Gaussian  will  break  down 
as  the  speckie  size  becomes  comparable  with  the  lateral  size 
of  the  surface  microstructure.  However,  the  scattered  am¬ 
plitude  .A  will  still  become  Gaussian  if  only  because  of  the 
central-limit  theorem.  Hence  the  approach  to  Gaussian 
statistics  as  .V  becomes  large  may  be  different  from  th3t 
predicted  by  Eq.  1 15).  but  this  clearly  depends  on  the  value 
of  .V  necessary  to  iead  to  non-Gaussian  factors  in  the  terms 
of  inequality  1 12). 

The  probability  density  of  intensity  I  may  be  found  easily 
by  transforming  Eq.  1 13>  with  l  =  A  y.vith  the  result  that 

,i<i 

where  l  =  Xz.  This  distribution  has  the  normalized  mo- 


T  n-\i 


and  normalized  variance 


The  attributions  of  Eq  ■  lb>  are  snown  in  Fig.  >  tor  severai 
value-  of  V.  In  the  case  .V  =  .  the  normalized  moments  go 
as » mb’,  which  imply  strong  intensity  fluctuations.  For  large 
values  of  .V.  the  X  distributions  approach  a  negative  expo¬ 
nential  distribution.  This  is  illustrated  in  Fig.  >  and  mav  also 
be  seen  from  the  normaiired  moments  of  Eq.  1  IT),  which  ap¬ 
proach  the  negative  exponential  moments  of  ~i!  for  large 
V. 

The  K  distribution  of  intensity  with  .V  -  1  has  arisen  m 
reiated  problems  m  the  literature,  r  r:ed  :  has  found  that  this 
distribution  applies  to  the  statistics  of  mtensttv  w  hen  the  eve 
>r  i  simiiar  imaging  system  reserves  a  Gaussian  spec.\ie  pat  - 
’em  ;e  fee  tea  from  a  rough  screen.  Aithougn  it  :s  perhaps  not 
w:c.eiv  ipprec.ated.  it  has  also  been  shown  that,  a  hen  spatiaiK 
conerent.  quasi -monocnrom.iiic  tnermai  light  .a  singly  scat¬ 
tered  m  a  Gaussian  manner,  the  intensity  statistics  obey  a  X 
distribution  with  ,V  *  1.  as  long  as  the  resolution  time  is  much 
less  than  the  reciprocal  of  the  optical  bandwidth.  -  The 
rmoton-oMunting  distribution  corresponding  to  this  X 


~v'  - s’  :: 


Fig.  2.  Cross  sections  of  the  K  distributions  of  doubly  scattered 
complex  amplitude  from  Eq.  13)  Car.es  are  shown  for  carious 
values  of  the  .V  parameter  in  comparison  with  a  circular  Gaussian 
distribution,  which  is  the  limit  of  the  X  distributions  as  V  —  *  All 
curves  are  rotationallv  symmetric  in  the  complex  piane. 


Fig.  o.  Probability  densities  .„>t  the  duubh-  scattered  intensity  from 
Eq.  <  16)  for  various  values  of  the  A  parame  er.  A  negative-expo¬ 
nential  distribution  is  show  r.  for  comparison. 


references,  as  in  our  analysis.  :he  X  distribution  arises  because 
the  intensity  is  the  squared  modulus  of  two  independent  cir¬ 
cular  Gaussian  factors. 

Although  the  .V  parameter  has  been  regarded  as  the  number 
of  correlation  cells  of  ns:.  m  present  within  the  scattering 
aperture,  the  precise  manner  in  which  .V  may  be  calculated 
for  given  scattering  parameters  has  been  intentionally  ne¬ 
glected  thus  far.  Particularly  since  the  probability  distri¬ 
butions  have  oeen  approximate  for  .V  >  1.  one  is  left  with 
sumewh  it  of  an  arbitrary  decision  in  the  choice  of  X.  We 
postulate  here  that  \  mav  be  chosen  most  sensibly  by 
matenmg  rhe  variance  of  the  X  distribution  >f  Eq  •  16*  ro  the 
exact  mtensttv  variance.  This  is  similar  to  the  method  of 
mousing  T.e  •  ariance  parameter  >f  'he  gamma  variate  ap¬ 
proximation  of  spatially  integrated  speexie  intensity.--  An 
exact  expression  for  the  intensity  variance  may  he  deduced 
from  the  results  of  Section  5  as  a  special  case  of  the  exact  in- 
tensitv  correlation  function  This  wiil  not  generally  iead  to 
integer  .V.  <o  that  our  tnruiMve  random -walk  model  lues  not 
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i.  CORRELATION  STRUCTURE  OF  THE 
DOUBLY  SCATTERED  LIGHT 

A  -  -i.iw  rum  »ur  attention  to  *ne  spatia.-currelatton  proper  - 
■  :c-  ■•{  ’tie  ■louoiv  scattered  amplitude  ar.d  intensity  in  the  tar 
field  The  apprnain  taken  will  be  first  to  consider  a ’ 7*  as 
j  ie:erm:ms;;c  quantity.  :n  wnich  case  :rom  assumption  1 2* 
:r.t  correlation  results  are  those  of  conventional  Gaussian 
speckle  theory.  Then  j*g.  7*  wul  be  allowed  to  become  ran¬ 
dom.  and  the  trie  ensemble  average  will  be  obtained  by  av¬ 
eraging  ner  the  Gaussian  statistics  of  <21$.  7*.  In  addition, 
'he  nard  scattering  aperture,  which  was  necessary  for  identical 
mean  step  lengths  of  the  random  walk  of  Section  2.  will  now 
be  replaced  by  a  more  general  pupil  function  P'£-  71.  which 
may  include  amplitude  modulation. 

For  a  given  realization  ofc«  j.  7  *.  the  results  of  conventional 
speckle  theory  have  shown  tr.ai  the  correlation  function  of 
tar  field  amplitude  .4«x.  \ )  is  given  by1  - 

.4*»x.y  i.4 >x  +•  Ax.y  -  Ay  i'a»$t  7) 

■  <?“  P'£.  7>i:2ai£.  7>i- 

x  exp|-  —  1  Ax*  Ay  7>j  dgdn.  *19* 

where 

\  s  ~  1  Ax  *  +  Ay-  —  2x  Ax  -r  2;.  Ay  *.  •  20 ) 

Q  a t*.  71  •  denotes  the  ensemble  average  oiQ  for  a  given  re¬ 
alization  of  <n£.  7‘.  and  an  unessential  scaiing  factor  has  been 
ignored.  Also,  with  a«£.  ni  fixed,  the  Gaussian  factorization 
theorem  hoids.  so  that  the  correlation  of  far-tieid  intensity  is 
given  by* : 

hx.\  7<x  -  Ax.  y  +  Ay  kci$.  7>> 

=  J  7''-d£d7 


x  exp[- —  » Ax*  Ay»»»|  d£dn|  •  '21* 

These  results  are  valid  m  the  paraxial  region  where  the  en¬ 
velope  of  the  speckle  pattern  is  nearly  constant.  Another 
important  assumption  in  deriving  Eqs.  1 19)  and  *21)  is  that 
the  diffuser  surface  has  much  finer  structure  than  a**.  7'  or 
P1  i.  7'-  This  in  effect  sets  a  lower  limit  on  the  speckle  size  of 
a*g.  7»  for  which  the  theory  to  be  presented  is  vaiid. 

These  resuits  may  now  be  averaged  over  the  random  func¬ 
tion  a*i.  7).  From  Eq.  *  19)  we  obtain 

.4  *  Lr .  >  *.4*.r  x  Ax.y  A.vG 


X  expi-  —  '  A.vi  *-  A;.  7»|d*dn,  *22* 
l  :  j 

where  1  denotes  7MJ/.  Q'  denotes  the  average  of  Q 
over  the  entire  ensemble,  and  we  nave  used  the  fact  that  a<£. 
T  is  spatially  stationary.  This  result  is  independent  of.v  and 
and  is  rather  similar  ro  the  Gaussian  week:*  re-uit.  H  w- 


ever,  in  averaging  Eq.  *21*  over  the  statistics  of  o*g.  7*. 
fourth-order  amplitude  moments  of  u**,  7)  are  encountered, 
which  may  be  simplified  with  the  Gaussian  factorization 
theorem  as 

V  a*c-  7»'-a*i‘.  7V  =  /  •-  4-  -CVg  “  i'.  7  ~  7‘»--\  ( 22 ■ 

where 

C«,i*  -  7  -  7'»  £  <amt*\  71  >24- 

A  small  amount  of  algebra  then  yields  the  spatial  intensity 
correlation  as 


/1  x.vi/ix  r  Ax.y  t  Ay i*  =  (/  ■  Pi$.  71' -did  71  - 

+  j't*  P*i,  expj- —  *  Ax*  +  Avpijdidnj 

f  JJJJ  pi*'  1  7  -  7 '1!': 

X  1 1  •  exp l*-  ^  [Ax*i  -  *'■  A  Ay  <  7  “  7'>)|j 

x  dodg'd 7d 7 *25- 

Again  the  resuit  is  independent  of  the  x  and  \  variables,  al¬ 
though  it  is  apparent  that  Eqs. ' 25 *  and  *22)  are  not  related 
by  the  Gaussian-motnent  theorem.  We  define  the  normalized 
intensity  correlation  as 

»  .  .  /u.y  */i.t  -  Ax.;.  +  Ay  - - 1  - 

A*  Ax- .  Ay  *  = - — - -  •  2*5  • 

The  quantity  ■  /  may  be  found  from  Eq.  *22>  with  Ax  -  Ay 
=  0.  After  introducing  sum  ana  difference  coordinates  in  the 
last  integral  of  Eq.  *25*.  there  results 

A.^x.  A.-.  ■  -  jt|  J[J1“  /»«€.  in* 

x  expf — ~  Axi  +  Ay  7'J  dia7j 
.l_(T;r.,7,^.7, 


where 


n.  2 1. -di  dn  . 


-jx: 


P'i.  7"  -did 7. 


ana 


‘  ;  4-  •»'  =  l-  :  C.  f 


The  rirst  term  -j  Eu.  2"  >  :s  'he  *1aus?:an  c«  Rtrihutitut  '•«  rhe 
intensity  correlation,  w-nereas  ‘he  -ther  term  represents 
non -Gaussian  effects. 

It  is  instructive  to  consider  the  imensitv  correlation  in  two 
limiting  cases.  First,  w  hen  the  speckle  size  of  a*g.  7*  is  much 
greater  than  the  scattering  aperture  size.  *  ,  7*  =  1  wuhm 

*»•'  'iom.tin  of  integration.  in>cr*;:vg  'his  n  Eu  '2”  irni 
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making  use  of  the  autocorrelation  theorem,  we  obtain 


x  expj - >  A-tF 

t  - 


AvijiI  didnl  -  1 
]  I 


This  normalized  correlation  starts  at  the  value  >  when  Ax  - 
Ax  -  0  ‘which  is  the  same  as  the  normalized  variance  of  the 
K  distribution  when  .V  «  l » and  then  decays  to  unity  for  large 
Ax  or  Ax .  Correlations  never  die  out:  hence  h x.y  i  is  spatially 
stationary  although  spatially  nonergodic.  Phvsicaily.  when 
the  speckle  size  is  much  greater  than  the  scattering  aperture 
size,  the  intensity  in  the  aperture  is  spatially  constant,  ai- 
though  this  constant  varies  over  the  ensemble  with  a  nega¬ 
tive-exponential  probability  distribution.  Moreover,  the 
mean  intensity  in  the  far  field  is  proportional  to  the  intensity 
present  n  the  scattering  aperture.  Equation  *?>[ » is  therefore 
the  intensity  correlation  of  a  Gaussian  speckle  pattern  whose 
mean  intensity  varies  as  a  negative-exponential  variable  over 
the  ensemble.  Thus  it  is  not  surprising  that  a  correlation 
exists  between  widely  separated  points. 

When  yciS.  is  considerably  narrower  than  the  scattering 
pupil,  from  Eq.  ‘27)  we  have 


+  -V-  V’l  d£d»j 


7*0.  o.  "  •  :k 

— ~ —  JJ  eXf>' - i  did” 


0)  rr-  .  ,  . 

T  JJ-. 


Ir  addition  to  the  Gaussian  term,  rhe  second  term  represents 
me  contribution  of  the  fine  structure  in  c  T  -■  to  the  intensity 
structure  in  the  far  field.  The  last  term  of  expression  ■  :>*2 » is 
an  energy -conservation  term  rh.it  r»pr«ent.«  power  rbirtua- 
tions  in  the  scattered  light  as  a  whoi«.  This  arise?  for  similar 
reasons  as  the  constant  term  arose  in  expression  <.  although 
the  nonergoaic  effects  are  now  consider  aoiy  weaker. 

F  naliv. 7  uo^s.::  ~  to  fir..,;  a  cer.-ri.  r'.::rer«:  r: :  r  *::-r  ^ 

parameter  or  :ne  X  uUtribution  in  :ne  manner  discussed  .r. 
Section  2.  Comparing  Eq.  27  >  w  ith  A*  *  A  .  *  •  to  me  ex¬ 
pression  for  the  nurmalized  variance  >f  Eu.  r*.  it  is 
straight  forward  :«»  snow  that 


The  expression  for  may  indeed  he  shown  to  be  euuai  to 
:ne  normalized  variance  of  Gaussian  speckle  intensity  that  has 
been  integrated  over  rhe  scattering  aperture.-  '  The  nor¬ 
malized  irianceof  Eu.  ■  l^i  may  then  he  thought  of  is  having 
".V"  ontrinutions:  the  Gaussian  speckle  contr.bution  *»:  unity 
::t  addition  to  a  term  that  represents  fluctuations  sn  tr.e  ner 
ui  Aer  ■[  T.e  scattered  iignt. 


SUMMARY 

•  statistical  properties  of  coherent  light  that  has  been 
ter  '  Aice  nave  teen  :n*  -voigated  in  'heorv.  It  has  been 


-down  that,  if  each  individual  scattering  gives  rise  to  Gaussian 
speckle  by  itself,  the  probability  densities  that  iesenbe  the 
doubly  scattered  light  are  approximately  K  distributions.  In 
general,  the  K  distributions  predict  larger  amplitude  and  in¬ 
tensity  fluctuations  than  arise  in  Gaussian  speckie.  The 
spatial  intensity  correlation  of  the  douciv  scattered  light 
consists  of  a  Gaussian  term  m  addition  to  terms  that  represent 
non -Gaussian  effects.  Although  the  intensity  correlations 
are  statistically  stationary,  they  do  not  die  out  for  large  spatial 
separations:  hence  the  doubly  scattered  light  is  not  spatially 
ergodic. 

The  derivation  of  the  K  distribution  of  doubly  •scattered 
light  amplitude  has  not  been  rigorous,  as  it  has  made  use  of 
a  rather  idealized  mode!  of  a  Gaussian  speckie  pattern. 
However,  we  believe  that  a  better  theory  would  he  consider¬ 
ably  more  difficult  than  the  intuitive  theory  presented  here. 
It  is  expected  tnat  the  K  distribution  approximates  the  exact 
probability  distribution  of  doubly  scattered  light  in  the  same 
sense  that  the  gamma  variate  approximates  integrated 
Gaussian  speck. e  intensity,  since  ?imiiar  idealizations  are 
made  in  both  cases.  Nevertheless,  the  ultimate  test  of  validity 
of  the  theory  presented,  a?  always,  wou.d  be  through  com¬ 
parison  with  experiment. 
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Correlation  properties  of  light  produced  by  quasi-thermal 

sources 
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It  :$  well  known  mat  narrow- -jana  thermal  Sight  can  be  simulated  by  moving  a  grouna -glass  oiate  in  front  ._>!  a  ia?er 
beam  >a  so-cailea  quasi -tnermai  source-  In  this  Letter,  we  show  tnat.  when  time  integration  of  intensity  occurs, 
tne  spatiai  correlation  of  integrated  intensity  trom  a  quas.-therm.il  source  aoes  not.  .n  ienerai.  benave  as  it  would 
tor  a  reai  thermal  source.  In  particular,  time  integration  can  increase  "he  spatial  coherence  are3. 


1.  INTRODUCTION 

Shortly  after  ‘he  invention  of  the  laser.  Martienssen  and 
Spiiler *  described  a  quasi-thermal  source  with  an  adjustable 
coherence  time  between  10“'  and  1  sec.  This  source  consists 
■t  a  r  fating  diffusing  disk,  such  as  a  ground-giass  oiate.  ii- 
.  urn  mated  by  coherent  light,  e.g..  a  laser  beam.  The  field 
produced  by  this  source  has  circular  complex  Gaussian  sta¬ 
tistics.--  provided  that  certain  restrictions  are  met.  The 
spatial  coherence  properties  of  the  scattered  field  are  governed 
by  the  Van  Cittert-Zernike  theorem.3*'  and  the  temporal 
properties  are  governed  by  tne  transit  time  of  the  diffuser 
: r.roucn  tne  laser  beam  and  by  a  Doppier-snift  term  for  non- 
norma,  angles  of  ooservation.'7 

Recently,  rotating  diffusers  of  a  more  controlled  nature7  ' 
have  been  used  in  experiments  designed  to  iiiustraie  the 
concept  of  quasi- homogeneous  sources-1,  and  aiso  in  studies 
■f  me  coherence  of  radiation  scattered  by  gratings  covered  by 
a  it:: user.11 There  is  j  close  correspondence  between 
speckle  and  coherence  trccry/  *  :-;4  and  the  theory  of  ume- 
varytr.g  speckle*'-'1  ?  is  particuiariv  relevant  to  a  study  of  this 
relationship. 

lit  mis  Letter  we  show  tnat  certain  spatiutemporai  statistics 
>f  *he  light  produced  by  quasi -thermal  sources  are  quite  dif¬ 
ferent  fnm  those  of  reai  thermal  sources,  such  as  a  prima.-v 
incoherent  source  or  spectrally  filtered  blackbody  radiation. 
This  difference  resuits  from  the  deterministic  motion  of  the 
diffuser,  which  generally  produces  an  amplitude  space-time 
.ross-correlation  function  that  is  no:  reducible  to  a  product 
at  temporal  and  spanai  correlations.  We  illustrate  this  dif¬ 
ference  by  showing  that  the  normalized  spatial  correlation 
function  of  time-integrated  intensttv  increases  in  width  as  the 
integration  time  increases.  If  the  intensity  distribution  across 
■he  quasi-rhermai  source  is  Gaussian  e.g..  direct  iaser  illu¬ 
mination'.  then  the  space-time  cross  correction  c  reducible: 
.n  *his  :ase.  the  quasi -thermal  source  ana  a  true  thermai 
source  ;y  have  the  same  space-rime  behavior  nut  for  quite 
different  reasons. 

2.  GENERAL  THEORY 

\  juasi^hermai  *.»urce  is  nn-iuced  by  iilummanng  a  rtgtdiv 
rj:>:at:ng  cr  iina-guis.-  p.-i'e  a::::  t  rv.-.n  *«  :ir-«m. <.:;»•  •;>  me 


wave  «see  Fig.  :  i.  The  area  illuminated  is  controlled  by  an 
aperture  .-<•£.  t  such  that  this  area  is  much  larger  than  the 
correlation  area  of  tne  diffuser  surface  but  still  sufficiently 
smail  to  fulfill  the  Fraunhofer  condition  at  the  observation 
piane.  a  distance  c  from  the  source. 

If  the  diffuser  is  constrained  to  move  transversely  to  the 
upticai  axis,  then'for  small  field  angles  Doppier  effects  can  be 
ignored,  ind  since  the  time  variations  introduced  by  the  dif¬ 
fuser  are  much  -i.-wer  than  the  natural  fluctuations  of  the 
light,  the  complex  amplitude  aiune  provides  an  adequate  de¬ 
scription  of  the  optical  field  Assuming  that  the  diffuser  is 
rough  compared  with  the  illumination  wavelength,  then  the 
phase  of  the  scattered  wave  will  be  uniformly  distributed 
between  and  r.  and.  since  the  aperture  was  chosen  to  en¬ 
compass  many  correlation  areas,  a  large  number  of  scattering 
centers  will  contribute  to  the  field  at  each  observation  point. 
Under  these  conditions,  the  complex  amplitude  in  the  far  field 
will  obey  circular  comolex  Gaussian  statistics.--3  which  may 
be  fully  described  by  the  space-time  amplitude  correlation 

.A * •  x . . ;  i.4 « x  -  Ax- . -  A . .  *  -  A: )  • . 

wnere  denotes  an  ensemble  average,  it  .s  assumed  here 
that  the  optical  field  is  wide-sense  stationary  in  time  ana 
quasi-3taiioiiui>  in  apace,  that  is.  over  a  certain  range  of  ob 
nervation  points  ix. i.  governed  by  the  correlation  properties 
of  the  diffuser,  the  space-time  amplitude  correlation  is  in¬ 
dependent  of  x  and  ;  We  will  aiso  be  ir.terestea  in  the 
space-time  intensity  cross  correlation 

A/'.r.  /• . :  JA7'.r  -  Aar. +  Ay.  .*  -  A: )  ■ 

=  .A  * •  x .  y . :  i.A •  x  t  Ax .  ;*  -  Ay .  ;  -  Af  >  : '1> 
where  A i  =  i  -  I  and 

/  =  .A * ' x . ;  .  ;  i .A ' x . \ . ; '  <2> 

Now  jet  us  reiar*  these  correlations  to  tne  -tjustics  of  the 
diffuser.  W e  assume  that  the  coordinate  system  is  chosen  so 
that  the  diffuser  motion  is  purely  along  the  £  axis,  with  velocitv 
c.  If  the  scattered  amplitude  immediately  after  the  diffuser 
at  time  r  =  0  is  •!■£.  m  then  at  time  *  it  will  be  ct£  -  :•[.  77 1- 
bince  •  he  ••rxervation  plane  i>  ::i  ‘he  Fraunr.oier  -e^ime.  the 
-.'ipptex  inu’is^-.Hte  >  :;vvn  -»«■■  * 
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AiAx.  A>.  n  = 


4  j::vj::::-7—  - 


—  'd:  'd; "  i7) 


This  can  be  simplified  to  a  sinde  integral'20 


•  ‘i/Of  N APERTURE 

X  I  1 

^  \  MOVING 

0  If r USER 

F:a.  i.  A  quasi-thermal  >«>urce  is  produced  by  illuminating  i  diffuser 
muvmg  nenind  an  aperture. 


=  —  expitx[;'  +  tx- -r  v-i/2j/2|  JJ  a i^  -u,m 

X  „•*«£'.  ri'iexpi—ikixi'  —  v n ' *  cid*  an .  ■  3* 
where  X  is  the  wavelength  and  k  is  the  wave  number  of  the 
light:  the  amplitude  cross  correlation  follows  directly.  As¬ 
suming  -hat  the  diffuser  is  finely  and  uniformly  ground,  we 
may  expect  ai£.  n)  to  be  a  statistically  stationary  delta -cor¬ 
related  process:  that  is.  it  has  a  correction  function  that  de¬ 
pends  only  on  coordinate  differences  and  that  can  be  modeled 
by  a  Dirac  delta  function.  This  assumption  can  be  shown*  ‘ 
to  result  in  a  normalized  space-time  intensity  correlation  of 
the  form 

t  t  U/(x.  v.?U/(x  +  Ax.  •.  Av.  :-r  An) 

X*  Ax.  Av.  An  = - a - — r - ; - 

</' 2 


1  !  cr~m  I-  L^:  \  .  f-  u^t 

•51  JOu  -'-rn'Tl 


x  exoi  —  itfiAxt  -  Aym  x  sdE'd^l 


1  r(  l  A;  —  r\\ 

x-^-r,-7J-r  (! — 


Together  Eqs.  i4i  and  i3)  express  the  time-averaged  in¬ 
tensity  correlation  for  spatial  separations  Ax  and  A\  at  a  lag 
time  r  from  an  aperture  v4i$.  rj)  normally  illuminated  by  a 
monochromatic  plane  wave  of  wave  number  k  and  filled  by 
a  fine  diffuser  that  is  rigidly  translating  with  velocity  c  in  the 
+5  direction.  Equation  iSi  shows  that  time  integration  ef¬ 
fectively  convolves  the  instantaneous  correlation  with  a 
blurring  function  that  increases  the  temporal  width.  Further. 
if  the  instantaneous  intensity  correlation  is  not  reducible  'i.e.. 
does  not  factor  into  the  product  of  space  and  time  functions', 
then  time  integration  can  also  affect  the  spatiai  extent  of  the 


3.  APPLICATION  TO  A  RECTANGULAR 
APERTURE 

To  demonstrate  this  phenomenon,  consider  a  rectangular 
aperture 


v>  =  rect'^. o  irecf  '9) 

w  here  rec:<x  is  the  standard  rectangle  function  of  width  1. 
From  a  simple  geometrical  analysis  one  may  show  that 


:  rec:  T_  '  v.  i  b »  for  !  i  A:  i  <  c 


S»  jJ* 


1 5 *  Hence  the  instantaneous  intensity  cross  correlation  is 


i  jsmi'l-  iA:!  an. 72  Ax  \j  aim  tpA\/ Xj » j-  ,  , 

:  - - - - - - — 1  tor  if  A:  |  a  <  1 

•>-  !  Tit  \;  Ti.  A.- 


\|  Ax  Av.  An  =  ') 


the  effect  *f  *:me  integration,  cons.der  the 


• .  m.  e  ■  a  v  e  r  a  g  ea  .  n  t  e  r.  s :  t  v 


where  T  •.>  the  integrate  r.  jnd  the  bar  denotes  a  time- 
I'.enged  quantity.  S-nce  .'  <  nuener.dem  jf  time,  aupivir.g 


c.*.  abating  .>  :::m  c.q.  •?». 


t  recti.;  7  ? rect «  -  t>.j-d;d~  =  .«b.  •!-> 


and  defining  the  dimensionless  coordinates 
*;  Ax  t>A; 
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size.  leads  to  the  relation 
\ix«.\  f,  r» 

fsin  s-'I  -  if  A: ! .  a  »x.  sin  srv,|- 


r\,  ] 


=  0 


for  ;i- A*  |  a  <  1 
otherwise. 

(14) 


Note  the  space-time  coupling  that  prevents  factoring  \\xs, 
v« .  r)  into  separate  space  and  time  functions.  Applying  Eq. 
•  S>  yields 

r  l  j'siaTv/i-  !A:-ri\ 

!  L  l1 - H 

x  [  1151 


•wnere 

A: .  =  maxi r  -7 


A:  =  min*  r  -  T.  c 


To  simplify  this  expression,  let  us  introduce  a  parameter  3 
that  measures  the  restive  amount  of  time  integration: 


3-- 


•7  a. 


A,so.  since  tr.e  space-time  coupling  aftects  oniy  tr.e  x.  com¬ 
ponent  of  the  correlation,  let  as  consider  oniy  separations 
along  this  direction  u.e..  set  % .  =  0*.  Finally,  by  choosing  a 
new  variable  of  integration  :  =  A:  T.  we  obtain 


\*x..  0.  ~ 


— ri* 


ni 


« IT* 


wnere 

=  max' 


; .  -  mm*  r  T  -  1. 1.  J). 


Equation  ■  IT «  can  be  solved  analytically  or  numerically  :o 
yieic  th?  time- averaged  intensity  correlation  for  different 
values  of c  The  time  integration,  has  two  significant  effects: 
the  reduction  ji  the  variance  me  the  spatial  broadening  of  the 
correlation. 

The  .ariioce  /.*  cero-t'^ir.t  •a.-ie  oi  tne  correlation  :s  given 
by 


*  l  -  Ji i  | 


iid» 


where  t;  and  ire  giver,  in  Eq.  « l T >.  As  is  shown  ;n  Fig.  2. 
increasing  3  reduces  the  variance.  This  reduction  of  the 
variance  implies  that  the  far  field  becomes  more  incoherent 
with  increased  time  averaging.  This  effect  is  well  known  and 
n  fact  :s  used  :•>  reduce  speckle  m  coherent  imaging  svs- 
•ems.  n  - ; 

The  -ecor.d  erfec:  .s  '.te  spreacinx  »f  the  -panai  correlation. 
T"  snow  *r.:s  mo-t  ■.'.ear...  .s  rer.omuiize  *ne  :;me-iver- 
ageri  nter.sm.  rre;ar:or.  *■  r.imir.ate  the  cnar.gtr.g  variance 
m.a  ?eiect  v.e  m.:r-  ^pat-a.  correlation  obtained  by  netting  r 

*  -.  In  Fig.  :ne -enurmauzea  correlation  \tx..  0.  d*  <?-'  :s 
pitted  tor  three  ‘  Lues  of  !.  The  case  3  —  »')  corresponds  to 
i  jrionarv  -iitt’u^r  xstn  mv  amount  of  time  averaging  or. 
more  irrnort.intiv  :,w  ms*  mtaneous  intensity  correlation  of 

*  t:  :*•  •  r;-~  ■<  -  i  inn  >  ~  I *'•'  -rum  \aji 


n 

Fig.  2.  Variance  of  the  time-averaged  intensity  cross  correlation  from 
j  quasi-thermai  source.  3  ~  i*j  T  a  measures  the  amount  of  time 
integration. 


Fig  Time-averaged  spatial  intensity  correlation  of  a  quasi - 
thermai  source  wi:n  a  rectangular  aperture.  The  curves  are  for  var- 
vu?  a:n"un:«  *>f  time  integration.  ;  -  r*.  1.  LOO. 

relation  beyond  the  instantaneous  form.  One  also  sees  tr.M 
the  case  3  *  :  already  represents  a  significant  amount  of  time 

4.  APPLICATION  TO  A  GAUSSIAN  APERTURE 

Quite  after,  the  diffuser  is  directly  illuminated  with  a  laser 
beam;  in  this  case,  the  appropriate  aperture  function  is 

i T  ^  ;  expj'i"  -*-  *19) 

where  ’  reoresencs  the  waist  size  of  the  beam.  Following  an 
analysis  similar  to  that  of  Section  3.  one  obtains  the  instan¬ 
taneous  in*ensi?v  .'r  ss  correlation 


exn 


’  exp 


\* 


•wnere.  .n  this  case. 


ve  <t»e  u.)’ 


T7A.C 

•VC 

;e  rrersitv 


t-A. 
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nrr.e- averaged  correlation.  However.  tms  res-i::.*  :r-  n: 
special  properties  of  the  exponential  function  :*'rs  n«*.- 
ref.ee:  the  genera;  nature  qua>i-;her:r.a.  sources 

5.  DISCUSSION 

The  behavior  of  the  spatial  correlation  function  of  time-in¬ 
tegrated  intensity  from  a  uuasi-thermai  source,  described  :n 
section  3.  is  quite  different  from  :r.at  of  a  true  thermal  source. 
Light  propagated  from  a  thermal  source,  such  as  a  spectrally 
filtered  biackbody  with  the  same  intensity  at  all  points  on  the 
source,  always  retains  the  reducimiity  property  •  i.e.. .:  remains 
cross -spectrally  pure*,  provided  that  a  certain  path  restriction 
is  obeyed.-1  Thus  the  shape  of  the  spatiai  intensity  correla¬ 
tion  is  unaffected  by  time  averaging. 

The  effect  of  time  integration  on  the  spatiai  correlation  was 
studied  because  of  its  relevance  to  the  original  experiments 
>f  Han  bury  Brown  and  Twiss----'1  >n  intensity  interterometry. 
(n  those  experiments,  the  time  averaging  was  unavoidable,  and 
it  was  assumed  that  the  space-time  coherence  function  was 
reducib.*:  in  effect,  it  was  assumed  that  the  spectral  intensity 
across  me  steilar  source  was  constant.  L‘ r.der  this  condition 
of  reducibility.  the  shape  of  the  spatial  correlation  function 
was  unaffected  by  time  integration,  and  the  usual  Van  Cit- 
tert-Zermke  relationship  could  be  used  to  estimate  *.he  an¬ 
gular  diameter  of  the  source.  As  we  showed  in  Section  3  and 
in  Fig.  3.  similar  experiments  using  a  quasi-thermai  source 
would  lead  to  erroneous  estimates  of  the  diameter. 

The  analysis  of  Section  0  also  illustrates  the  difference  be¬ 
tween  finite  averages  over  time  and  over  an  ensemble.  For 
example,  were  the  diffuser  to  move  in  stepwise  fashion  during 
the  time  integration,  and  if  each  step  presented  a  completely 
new  section  of  the  diffuser  to  the  illumination  region,  then  the 
spatial  correlation  of  integrated  intensity  would  retain  a 
constant  shape:  that  is.  a  finite  ensemble  average  does  not 
yield  the  same  resuit  as  a  finite  time  average  with  uniform 
diffuser  motion,24  Of  course.  :n  the  general  case,  we  should 
assign  a  \  etocity  function  v»;i  ;o  cescrine  the  motion  o!  tne 
diffuser  and  use  the  full  analytic  signal  reoresenution  for  the 
light. 

Al:h  ‘Ugh  we  have  reported  in  this  Letter  niy  or  the  c r.ar.ge 
r  -nape  .t  tne  spatial  correlation  function  »f  time-integrated 
.r.tensity  from  a  quasi-thermai  source,  it  is  obvious  that  mere 

a  similar  effect  on  the  temporal  correlation  function  when 
soatiai  integration  occurs. 
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Unique  phase  recovery  from  a  single  two-dimensionai  intensity  data  set  deoends  on  the  complex  function  s  being 
reoresentea  by  a  globally  irreducible  entire  function.  Functions  of  two  complex  variables,  in  general,  are  likeiy  to 
be  irreducible,  but  no  conditions  have  been  stated  to  ensure  this  except  for  objects  consisting  of  specific  arrays  of 
points.  A  condition  based  on  Eisenstem's  criterion  for  irreductbiiitv  is  given  here  that  requires  two  reference 
points  in  the  object  plane. 


[n  one  dimension,  it  is  .veil  known  that  the  extent  of 
the  ambiguity  of  phase  functions  that  can  be  associated 
with  an  observed  modulus  distribution  i  scattering  data, 
image  data,  or  a  coherence  function!  is  expressed  by  the 
distribution  of  complex  zeros  of  the  associated  analytic 
function.  Unique  phase  recovery  is  ensured  through 
zero  location,  for  example,  by  using  a  second  intensity 
or  prior  knowledge  about  the  object,  or  by  the  guarantee 
of  a  zero-free  half-plane,  for  example,  through  the  ad¬ 
dition  of  a  reference  wave.- 

In  two  dimensions,  the  field  before  detection  is  again 
analytic,  and  the  phase  ambiguity  can  be  expressed  by 
the  numoer  of  non-seif-eon.iugate  irreducible  factors  in 
the  Osgood  products 

F'Zi  =  Q  [F-,ig  .V  <  ;=i;.,*.>|. 

where  F^<:  >  are  globally  irreducible  factors.  are 
convergence  factors.  are  polynomials,  and  lm  are 
integers.  It  has  been  shown  that  the  set  of  polynomial 
functions  of  two  variables  and  given  degree  is  a  set  of 
measure  zero1:  thus  one  is  tempted  to  assume  that  in 
general  Fiz  i  will  be  irreducible,  i.e..  that  .V  -  1.  [f  this 
is  the  case,  then  a  phase  unique  to  within  trivial  factors 
can  be  associated  with  the  observable  |F"tX|.  x>)|- 

However.  one  cannot  assume  that  F>  z  i  is  always  ir¬ 
reducible.  or  that  reducibie  F <:>  are  unimportant.’  as 
has  been  demonstrated.’ 6 

it  shouid  be  noted  that  the  zeros  ot  F1;  i  are  lines  in 
■-'i.  space  and  thus  extend  throughout  that  space. 
The  use  or'  the  Hiibert  transform  to  attempt  to  construct 
airi  from  iogjFi-'ii  will  resuit  in  a  function  that,  in 
general,  is  not  even  analytic,  in  distinction  from  the 
one-dimensional  case.  Real  and  conjugate  symmetric 
iactors  can  occur  that  do  not  contribute  to  the  phase 
ambiguity,  and  for  simplv  shaped  apertures  and  sup¬ 
ports  one  might  expect  "he  asvmptotic  zeros  to  reflect 
\”.e-e  -n.ueu  o'  i  reducible  "motion. 


Phase-Retrieval  Methods  in  Two  Dimensions 

!n  practice,  we  have  data  not  on  continuous  variables 
but  only  a  finite  number  of  discrete  samples.  Only  with 
an  infinite  number  of  samples  can  a  unique  represen¬ 
tation  of  fir)  be  found;  with  a  finite  number  of  data 
points  an  infinite  ambiguity  is  possible  unless  some 
estimate  for  F <zl  is  selected  on  the  basis  of  prior 
knowledge  or  a  chosen  model.8 

Phase- recovery  algorithms  considered  to  date  include 
the  two-defocus  method  and  those  of  Gerchberg  and 
Saxton  and  Fienup.  The  uniqueness  of  the  first  two 
methods,  which  require  two  sets  of  modulus  data,  has 
been  discusseGT  In  practice,  with  sampled  data,  con¬ 
vergence  to  the  unique  solution,  if  the  methods  converge 
at  all.  is  not  guaranteed.  Fienup's  method  requires  only 
me  modulus  data  set  and.  ideally,  knowledge  of  the 
object  support. Only  for  a  nunredundam  point  array 
object  can  one  easily  deduce  the  object  support  from  the 
autocorrelation  support,  and  in  this  special  case  one  can 
also  directly  determine  the  point  amplitudes11:  exam¬ 
ples  of  nonredundant  arrays  have  been  given  by 
Colay.1- 

U'e  consider  here  the  case  for  w  hich  only  one  modulus 
data  set  is  available.  The  iterative  techniques  listed 
above,  and  hybrid  versions  of  them,  have  been  com¬ 
pared  in  detail.1 1  but  for  their  convergence  ratn.er  than 
for  possible  uniqueness.  However,  uniqueness  of  phase 
is  guaranteed  :f  we  adopt  a  model  for  the  object  based 
on  the  Fourier  transform's  being  an  irreducible  poly¬ 
nomial  of  degree  determined  by  the  number  of  data 
points.  * 

Irreducible  Polynomials 

A  polvnomial  of  total  degree  .V  in  two  variables  wili 
require  '.V  -  pi.Y  -  J:  2  coefficients  ind.  thus  ’his 
number  of  .’.a; a  points  -.I  represent  ■:  musneiy  It  we 


i \Y?>r: n SvJ  ir>»m  OpiJis  l,riit*rv  \  **».  K-;-r  i.ir-. 
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have  .V-  data  points,  then  we  may  assume  that  the 
maximum  degree  in  each  variable  is  .V  —  1;  thus  the  .V- 
coefficients  that  3re  associated  with  this  polynomial. 
We  wish  to  ensure  irreducibility  of  this  polynomial. 
The  example  given  by  Bruck  and  Sodin14  in  which  a 
reference  point  is  placed  to  one  side  of  a  one-dimen¬ 
sional  object  array  of  points  ensures  irreducibility  but 
is  of  limited  interest. 

If  the  object  support  is  not  known,  then  the  simplest 
step  is  to  assume  a  constraint  for  irreducibility  outside 
a  simply  shaped  region  within  which  the  object  is  known 
to  be  confined.  If  the  objeet  support  is  known,  a  more 
appropriate  and  specific  constraint  can  be  introduced, 
and.  in  addition,  it  may  be  possible  to  model  the  object 
by  a  polynomial  of  higher  degree  and  thus  achieve 
higher  resolution.  The  following  is  a  sufficient  condi¬ 
tion  for  irreducibility  of  F (ai,  jo),  a  complex. 

Eisenstein's  Criterion. 13  Consider  F (a.,  z>)  as  a 
polynomial  in  i.e., 

ffji.jj)  =  a.)(*->)  +  at(g})at .  . .  aV-i(e>Mrv_1. 

Thus  the  coefficients  are  polynomials  in  cj.  If  there 
exists  a  prime  (irreducible)  factor  p (zd,  which  divides 
Oil,  a  i .  .  .  a.v->  but  not  a.v-i,  and  if  p5(;  >)  does  not  di¬ 
vide  a,),  then  Fizi,  zd  is  irreducible.  In  C  the  only 
prime  is  of  the  form  a  >  +  b.  where  b  is  complex. 

Consider  the  general  form  of  a  polynomial  in  two 
variables  having  maximum  powers  -I  and  K  in  z ,  and 

flat,  zg)  =  H  £  /ij,  fela^ij". 
o  o 

The  coefficients  of  the  polynomial  are  samples  of  the 
object,14  We  can  construct  an  irreducible  polynomial 
in.  for  example,  the  following  way.  Assume  that  the 
region  containing  the  object  support  is  a  rectangle  de¬ 
fined  by  0  5  j  5-7-1  and  1  5  k  5  K.  A  single  reference 
point  at  It/. Of  ensures  irreducibility.  provided  that  the 
point  at  1 0.  1)  is  nonzero.  The  simplest  prime,  a  ,,  di¬ 
vides  all  coefficients  except  that  of  the  a  ^  term.  *id  a  r 
does  not  divide  the  af!  coefficient. 

Figure  1  shows  the  locaticn  of  the  reference  points  A 
and  3  at  i  J.  Oi  and  (0.  1).  respectively.  Points  A  and  B 
should  be  nonzero.  Clearly,  if  the  object  support  is 
known,  it  may  be  possible  in  special  cases  to  choose  a 


Fig  1.  Sufficient  conditions  for  a  two-dimensional  array  to 
be  irreducible  are  satisfied  when  the  object  is  contained  within 
the  shaded  support  and  points  A  and  B  are  nonzero. 
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c;  'd, 

Fig.  2.  The  test  object  iai  is  a  64  X  64  element  array  with  the 
magnitude  of  the  brightest  point  normalized  to  one  and  point 
B  of  Fig,  1  arbitrarily  set  to  one.  The  result,  after  250  itera¬ 
tions.  of  applying  the  Fienup  algorithm  directly  to  the  Fourier 
modulus  and  support  of 'at  is  shown  in  i  bi  Although  certain 
general  features  are  recognizable,  the  image  has  a  noisy  ap¬ 
pearance.  which  is  onlv  slightly  reduced  by  continued  itera¬ 
tion-  Including  point  A  of  Fig.  1  ensures  a  unique  solution, 
and  the  Fienup  algorithm  converges  rapidly.  Pictures  fc)  and 
'dl  show  the  resuits  after  20  ireraiions  for  A  =  100  and  A  =  10, 
respectively. 


point  on  its  perimeter  is  S  ana  then  select  an  optimum 
location  for  A  chosen  by  rotating  the  support  and 
redefining  the  axes:  irreducibility  is  maintained  under 
any  linear  transformation. 

The  reference  function  introduced  can  be  arbitrarily 
close  to  the  object  support,  provided  that  the  Eisenstein 
criterion  is  satisfied.  The  method  ha.,  similarities  to 
off-axis  holography,  a  holographic  reconstruction  failing 
because  of  the  overlap  of  the  autocorrelation  and 
cross-correlation  terms.  The  object  support  may  be 
such  that  this  is  naturally  satisfied. 

Implementation  of  Phase-Retrieval  Methods  on 
Irreducible  Polynomials 

Having  shown  that  our  object  model  generates  an  irre¬ 
ducible  polynomial  of  degree  compatible  with  the 
number  of  data  points  available,  we  still  have  to  find  a 
way  of  recovering  the  unique  phase  from  the  modulus 
data.  It  has  yet  to  be  proved  that,  when  only  one  pos- 
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<»bie  phase  function  exists,  the  Fienup  algorithm,  if  it 
converges,  does  converge  to  the  correct  phase.  Never¬ 
theless.  we  have  compared  object  reconstructions  by 
using  this  algorithm  with  and  without  the  reference 
points  of  A  and  B.  These  are  illustrated  in  Fig.  2.  The 
results  are  encouraging,  showing  a  rapid  convergence 
with  the  reference  points  when  there  is  no  sign  of  con¬ 
vergence  to  the  correct  solution  without  them.  The 
computer  simulations  indicate  that,  when  a  unique 
phase  exists,  there  is  no  advantage  in  imposing  the 
positivity  constraint  (when  relevant )  other  than  to 
speed  up  the  rate  of  convergence. 

Conclusions 

It  has  been  argued  that,  despite  the  likelihood  ofirre- 
ducibility  for  functions  of  more  than  one  variable,  the 
lack  of  consistent  success  of  phase- retrieval  algorithms 
suggests  that  irreducibility  should  be  guaranteed  be¬ 
forehand.  In  addition,  because  of  the  inevitable  limi¬ 
tation  of  discrete  data,  a  model  is  adopted  of  a  finite- 
degree  irreducible  polynomial  consistent  with  the 
available  data.  The  Eisenstein  criterion  provides  one 
particular  sufficient  condition  for  irreducibility;  nec¬ 
essary  conditions  do  not  appear  to  exist,  but  other  suf¬ 
ficient  conditions  may* exist. 

Having  imposed  the  irreducibility  criterion  by  adding 
nonzero  reference  points  to  the  object,  we  found  that  the 
Fienup  algorithm  quickly  converged  to  the  correct 
missing  phase.  This  therefore  offers  a  possible  means 
for  analyzing  the  Fienup  method  to  determine  necessary 
conditions  for  its  unique  convergence.  An  analysis  in 
terms  of  alternating  orthogonal  projections  onto  the 
boundaries  of  convex  sets16  suggests  that,  without  ad¬ 


ditional  constraints.  Feinup’s  algorithm  could  reach  ail 
solutions  that  are  band  limited  and  have  a  given  mod¬ 
ulus:  thus,  if  the  number  of  solutions  is  guaranteed  to 
be  one.  the  method  will  work. 

This  work  was  supported  by  the  L'.S.  Air  Force  Office 
of  Scientific  Research  under  grant  AFOSR  51  0003. 
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Photon-correiation  experiments  have  verified  the  theoretical  prediction  of  3altes  ec  a:  that  a  pnase  ^ratine  niaden 
by  a  diffuser  can  be  detected  by  correlation  measurements.  We  have  additionally  demonstrated  that  a  simpler 
method  of  detecting  the  presence  of  the  grating,  valid  for  arbitrarily  fine  diffusers,  is  to  measure  the  temporal  auto¬ 
correlation  of  the  intensity  of  the  scattered  field  at  a  single  point. 


c 


In  a  series  of  recent  theoretical  papers.1-10  Bakes  and 
co-workers  have  shown  that  the  presence  of  a  phase 
grating  placed  behind  a  diffuser  can  be  detected  by 
correlation  (coherence)  measurements  of  the  scattered 
radiation,  even  when  a  simple  intensity  measurement 
does  not  reveal  the  grating. 

In  this  Letter,  we  present  measurements  of  the 
strengths  of  the  correlation  peaks  as  a  function  of  the 
diffuser  and  grating  parameters  obtained  using  pho¬ 
ton-correlation  techniques:  our  results  confirm  Baites's 
theory.1-*3  We  also  report  measurements  of  temporal- 
correlation  functions  in  which  the  presence  of  the 
grating  manifests  itself  as  a  cosinusoidal  modulation. 

Measurements  are  made  in  the  far  field  of  the  grat¬ 
ing-diffuser  plane  (see  Fig.  1).  In  the  absence  of  the 
grating,  the  diffuser  alone  would  give  a  broad  diffraction 
cloud  of  width  inversely  proportional  to  the  correlation 
length  L:  the  sinusoidal  phase  grating  in  the  absence  of 
the  diffuser  would  give  a  series  of  diffraction  orders  with 
an  angular  separation  inversely  proportional  to  the 
grating  period  b.  With  both  grating  and  diffuser 
present,  the  diffraction  pattern  consists  of  a  series  of 
coherently  superposed  diffraction  clouds  centered  at 
each  diffraction  order  of  the  grating,  as  shown  in  Figs. 
1  and  2.  If  the  racio  Lb  is  smaii  enough  'L  b  <  0.331. 
then  the  average  intensity  distribution  does  not  reveai 
the  presence  of  the  grating,  as  show  n  in  Fig.  3(c). 

Using  one-dimensional  notation,  we  model  the  com¬ 
plex  amplitude  in  the  scattering  plane  as  the  product 

L'(f)  =  (1) 

where  P(f)  is  a  real  pupil  function.  .pifi  is  the  random 
phase  that  is  due  to  the  diffuser,  and  Tt£ )  is  the  trans¬ 
mission  function  of  the  phase  grating.  In  our  case. 

P(f)  -  1 2) 

where  a  is  the  beam  width,  and 

Tii)  =  exp(i  iv  sim2”f  6  > j.  >3) 

where  a  is  the  optical  depth  and  6  is  the  period  of  the 
grating.  In  our  experiments,  a  =  0.33  mm,  a  ~  0.85.  and 
b  -  5.1  and  9.3  urn. 

The  diffusers  were  made  in  photoresist  by  multiple 
exposure  to  Gaussian  speckle  patterns111-:  this  pro¬ 
duces  i  surface  height  with  a  Gaussian  probability 
-:i.stri button  of  standard  ieviatnui  n.  .mu  j  r,aussian 


correlation  function  of  parameter  equal  to  h,.  If  Hi,  2 
X.  it  can  be  shown  that  the  correlation  function  of  the 
complex  amplitude  transmittance  of  the  diffuser  is  also 
approximated  Gaussian,  with  width  equal  to  L  (Ref. 
13): 

<exp|i[©(f;>  -  off2l|i>  *  expi-ii  -  L-).  (4) 

where 


X  is  the  wavelength  (633  nmi.  and  n  is  the  refractive 
index  of  the  photoresist  i  =  1.67).  In  our  experiments, 
L  =  1.3.  2.5,  3.3.  6.4,  7.1,  and  10.3  pm. 

For  computational  simplicity  we  expand  the  grating 
transmission  T(f)  in  a  discrete  Fourier  series: 

=  expfi  a  sin<2~f/£>)| 


=  E  g„expu'2-nf/6).  (6) 

n  —  — 

where  g„  =  Jnia i,  the  Bessei  function  of  the  first  kir.J 
of  order  n  and  argument  a. 

The  correlation  fi-t-,,  xi)  of  the  complex  amplitude 
in  the  far  field  is  given  by.  ignoring  the  unimportant 
phase-factor  and  scaling  constants. 


Fixi,  x->\ 


J '  J'  (L'(fi)£.'**,fei) 
X  exp  ^ ltltl  ~ 


df;df:, 


1 7) 
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Fig.  2.  Theoretical  average 
intensity  in  the  far  field  of 
phase  grating-diffuser  com¬ 
binations:  <a>  L.  b  =  1.0.  i  b, 
L,b  =  0.50.  and  tel  L.b  = 
0.33.  t L  is  the  1/e  correla¬ 
tion  length  of  the  complex 
amplitude  transmittance  of 
the  diffuser  and  o  is  the  pe¬ 
riod  of  the  sinusoidal  phase 
grating). 


and  the  normalized  correlation  is  defined  by 


x-i) 


_ r ix .t  ■) _ 

[Tlx  1.  X I )  f<X  >,  X  2 )  ] 1 '  - 


(3) 


Defining  the  sum  and  difference  coordinates  in  the  far 
field,  x  =  (x  |  +  Xi)/2  and  Ax  »  >.ri  —  x  >).  and  the  an- 
guia i  sum  and  difference  coordinates,  s  =  x/R  =  ( sin  d, 
t  sin  dg)/2  and  7  =  Ax//?  =  sin  -  sin  we  find  that 
a  straightforward  calculation  yields 


fraction  orders.  The  angular  width  of  the  correlation 
peaks  is  equal  to  lira  r:.  or  a  speckle  diameter:  note  that 
these  peaks  are  usually  very  narrow  compared  with  the 
intensity  peaks.  i«ta «  <kL 

Measurements  of  the  peaks  of  the  normalized  in¬ 
tensity  cross-correiation  were  made  for  the  antisym¬ 
metric  scan  ie.i  =  \,b>.  using  standard  photon-corre¬ 
lation  equipment  described  eisewhere  :6  The  diffuser 
was  rigidly  translated  across  the  illuminated  region,  and 
the  spatial  correlation  at  the  two  angies  was  estimated 
from  measurements  of  the  •emporal  cross-correiation 
at  zero  time  lag.  The  angular  width  of  the  correlation 
peaks  does  equal  i  ho  f*.  as  found  'approximately!  by 
•iauch  and  Bakes-*;  these  results  are  not  repeated  here. 
The  experimental  values  of  the  peak  of  the  normalized 
intensity  era.  -correlation  are  plotted  in  Fig.  3  for  eight 
different  values  of  the  ratio  Lib.  where  L  is  the  corre¬ 
lation  length  of  the  complex  amplitude  transmission  of 
the  diffuser  and  b  is  the  grating  period:  the  theoretical 
curve  (Eqs.  1 9 >— i  111)  is  also  plotted  in  Fig.  3. 

The  agreement  between  theory  and  experiment  in 
Fig.  3  is  excellent.  It  should  be  noted  that,  for  values 
of  L  b  S  0.33.  the  average  intensity  distribution  as 
shown  in  Fig.  2  does  not  reveal  the  presence  of  the 
grating;  however,  the  intensity  correlation  still  has  a 
measurable  value  for  L,  b  i  0.15.  so  there  is  a  smail  but 
important  range  of  values  0.15  S  L,b  S  0.33  where  the 
grating  is  revealed  by  correlation  measurements  but  not 
by  average  intensity  measurements. 

As  our  experimental  apparatus  measures  temporal 
cross-correlations  of  dynamic  speckle  intensities,  we 
shall  expand  the  previous  i  r  =  0)  theory'-1*  and  allow  the 
diffuser  to  have  a  linear  velocity  v  =  vg  +  c,i),  where  f 
and  n  are  unit  vectors, 


7 !  S .  71  = 


V 


g^exp 


,,  , 

(m  -  n),\ 

-1 

1  1  k'V 

1 -it n  +  n)\ 

•> 

~  a 

0 

! 

S~  b 

[ 

2tt2L-  1 

|E!«-i2exp 

i>- 

■2-2L2(  x7  nA'i’H’-  ->J  f 

“Is  2_t]|  £:*--*xpi- 


wnere  k  =  2~/.\. s  +  7/2  =  sin  s  -  7/2  =  sin  3,,  and- 
we  have  made  use  of  the  fact  that  a  »  h  in  evaluating 
the  denominator. 

Photon -correlation  measurements1*  estimate  the 
normalized  correlation,  defined  bv 


c-  ,  ,  ;/ix,»/(x-:)> 

C/lX,,!  J1  =  — - — - -  1. 

Ulxi))<hx>)> 


'101 


Since  a  »  L.  the  far-field  speckle  has  Gaussian  statis¬ 
tics.  so  the  intensity  and  amplitude  correlations  are 
simply  related15: 


C/(xt,  Xj!  =  , -y i x t ,  x>)|2. 


ill, 


Although  the  sums  in  Eq.  '91  appear  quite  formi¬ 
dable.  it  turns  out  that,  for  gq  =  ./,uvi.  a  »  0.35,  oniv 
the  terms  0.  ±1.  and  ±2  are  significant.  The  average 
intensity  Tlx.,  x,,  s  Tls  =  sin  d,.  7  =  01  shows  broad 
peaks  centered  on  the  grating  diffraction  orders:  the 
angular  width  of  these  peaks  is  equal  to  ikL)~K  isee  Fig. 
2).  The  amplitude  cross-correlation  in  the  so-called 
"antisymmetric  '  scan.’  Tur,.  -x.,  =  T'.i  =  0.  7  =  2 
sir,  1, ,.  shows  scarp  correlation  peaks  whenever  sin  •> 
-  s<n\ib>.  i.e„  whenever  me  correlates  pairs  of  jif- 


r  S_Z_  n.M-: 


'  9) 


oIi>  t  s'  ‘l;  =  i'5  - 


The  only  difference  here  is  that  the  spatiotemporai 
correlation  of  the  complex  amplitude  transmission  of 
the  diffuser  is  given  by 

(exp(i!<a[3;(tl.  tji</>l  -  oU:' t  +  r).  rj2it  +  r i] j> > 
=exp[-(l5i  -  i;  -  t'jH- 

+  hi  -  >J2  ~  f,risV2iJI.  (12) 

where  7 i,  i  \.  L  is  defined  by  Eq.  i5i.  and  time  sta- 
tionaritv  is  assumed.  The  expression  for  the  amplitude 
cross-correlatior  evaluated  at  coordinates  is,,!).  7t.0. 
ri  becomes 
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Fig.  3.  Peak  values  of  the  intensity  c.-oss-correlation  mea 
sured  at  angles  (  -Do.  Do)  as  a  function  of  Lib. 


Fig.  4.  The  temporal-intensity  autocorrelation  function 
measured  at  the  center  of  the  far  field  with  parameters  L  - 
1  Mm,  b  =  9.2  Mm.  a  =  0.33  mm.  vs  *  50  mm  sec-1,  and  r,  *  560 
mm  sec-1.  Note  that  the  period  of  the  modulation  is  b/i':. 


where  sin  D0  =  \/b.  The  imaginary  part  of  y  has  an 
identical  form  to  expression  (13)  except  that  the  cosine 
is  replaced  by  a  sine. 

A  more  complete  analysis  of  the  spatiotempora! 
correlation  [expression  1 13)]  will  be  given  in  a  forth¬ 
coming  paper.  Here  we  evaluate  and  present  a  mea¬ 
surement  of  the  intensity  autocorrelation  at  the  canter 
of  the  diffraction  field: 


ment  of  the  intensity  temporal-correlation  function. 
Figure  4  shows  an  example  of  such  a  measurement, 
which  is  in  excellent  agreement  with  theory. 

The  physical  origin  of  the  modulation  can  be  under¬ 
stood  by  considering  a  diffuser  correlation  cell,  of  linear 
dimension  L.  moving  across  the  phase  grating  of  period 
6.  For  L  «  b.  each  diffuser  element  has  added  to  it  a 
periodic  phase  component,  which  gives  rise  in  the  far 
field  to  a  strong  cosinusoidal  modulation  of  period  b/vs. 
As  L  increases,  the  diffuser  element  still  has  a  periodic 
component  added  to  it.  but  the  strength  of  the  compo¬ 
nent  is  now  smaller  since  it  is  the  value  of  the  phase  of 
the  grating  averaged  over  a  distance  L  :  thus  the  modu¬ 
lation  disappears  as  Lib  —  ». 
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diffuser  to  move  across  a  single  spatial  period  of  the 
grating.  The  strength  of  the  modulation  depends  on 
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7.  Stellar  Speckle  Interferometry 

J.  C.  Dainty 
With  19  Figures 


The  use  of  optical  interferometry  to  determine  the  spatial  structure  of 
astronomical  objects  was  first  suggested  by  F/zeau  in  1868  [7.1].  Stellar 
interferometers  measure,  in  modem  terminology,  the  spatial  coherence  of 
light  incident  upon  the  Earth,  and  the  object  intensity  (or  some  parame¬ 
ter  such  as  its  diameter)  is  calculated  using  the  van  Cittert-Zemike 
theorem  [7.2].  Fizeau’s  suggestion  led  to  the  development  of  specialized 
long  baseline  interferometers-,  Michelson’s  stellar  interferometer  [7.3, 4] 
directly  applied  Fizeau’s  method  (amplitude  interferometry),  whilst  the 
intensity  interferometer  of  Hanbuhy  Brown  and  Twtss  [7.5]  enabled  the 
squared  modulus  of  the  spatial  coherence  function  to  be  measured  for 
thermal  sources. 

Until  recently,  single  optical  telescopes  were  used  in  a  conventional 
(non-interferometric)  way,  their  spatial  resolution  being  limited  to  ap¬ 
proximately  170*  due  to  the  presence  of  atmospheric  turbulence  or 
"seeing”.  In  1970,  Laeeywe  invented  the  technique  of  stellar  speckle 
interferometry  [7.6],  in  which  diffraction-limited  resolution  is  obtained 
from  a  large  single  telescope  despite  the  seeing.  The  diffraction-limited 
angular  resolution  da  of  a  telescope  of  diameter  D  operating  at  wave¬ 
length  a  is  conveniently  expressed  by  the  Rayleigh  criterion, 

da- 1.22  J,  (7.1) 

yielding  approximately  07025  at  a  -400nm  for  a  4m  telescope.  The  first 
results  by  Labeyjue  and  collaborators  were  published  in  1972  [7.7]  and 
since  then  approximately  250  papers  on  speckle  interferometry  have  been 
published  [7.8], 

Labeyrie’s  important  contribution  was  to  recognize  that  the  speckles 
formed  at  the  focus  of  a  large  telescope  have  an  angular  size  determined 
by  diffraction,  Le.  their  smallest  dimension  is  given  by  (7.1).  Diffraction- 
limited  information  about  an  astronomical  object  can  therefore  be 
extracted  from  short-exposure,  narrow-band  images  by  an  appropriate 
method  of  data  reduction. 

’  One  arc  second. 


J 

\ 


J.  C.  Dainty 


256 


This  chapter  is  divided  into  six  sections.  The  basic  principles  are 
outlined  in  non-matbematical  terms  in  Sect  7.1,  and  this  is  followed  by  a 
detailed  mathematical  discussion  of  the  technique  in  Sect.  7.2.  In 
astronomy,  the  objects  under  observation  are  often  faint  and  only  a 
limited  observing  time  is  available,  so  (hat  the  question  of  signal-to-noise 
ratio  is  very  important;  this  is  evaluated  in  Sect.  7.3.  In  Sect.  7.4  we 
discuss  the  problem  of  finding  images  (or  maps)  of  astronomical  objects 
using  speckle  data.  This  is  an  area  of  considerable  activity  at  the  moment 
both  by  theoreticians  and  observers.  The  equipment  required  to  imple¬ 
ment  speckle.interferometry  is  described  in  Sect  7.5 ;  this  section  includes 
a  discussion  of  the  technique  of  one-dimensional  infra-red  speckle 
interferometry  which  has  proved  so  fruitful  in  recent  years.  Finally,  we 
conclude  with  a  brief  summary  of  the  astronomical  results  produced  by 
speckle  interferometry — these  range  from  measurements  of  asteroids  to 
quasars. 

Certain  topics  have  been  deliberately  omitted  or  are  considered  only 
very  briefly.  Other  methods  of  interferometry,  such  as  rotation-shearing 
interferometry  [7.9]  and  long  baseline  interferometry  [7.10,  15],  are  not 
considered.  The  discussion  in  Sect  7.4  of  the  phase  problem  is  incomplete 
due  partly  to  the  uncertainty  in  the  held  at  the  moment ;  a  more  complete 
exposition  of  this  subject  may  be  found  in  the  review  paper  by  Bates 
[7.11]  which  is  complementary  in  content  to  this  chapter.  Earlier  reviews 
of  stellar  interferometry  may  be  found  in  [7.12-15];  some  useful 
references  are  also  contained  in  two  conference  proceedings  [7.16,  17], 


7.1  Basic  Principles 

Figure  7. 1  shows  highly  magnified  images  of  an  unresolvabie  (“point”) 
and  a  resolved  star  taken  using  a  targe  telescope  with  an  exposure  time  of 
approximately  10* 2  s  through  a  filter  of  bandwidth  10  nm.  In  the  case  of 
the  point  source  (upper  row),  the  image  has  a  speckle-like  structure  and  it 
is  found  that,  as  with  conventional  laser  speckle  patterns,  the  minimum 
speckle  “size"  is  of  the  same  order  of  magnitude  as  the  Airy  disc  of  the 
telescope.  A  long-exposure  image  is  simply  the  sum  of  many  short- 
exposure  ones,  each  with  a  speckle  structure  that  is  different  in  detail,  and 
is  therefore  a  smooth  intensity  distribution  whose  diameter  is  typically 
170  in  good  seeing.  Long-exposure  images  of  the  point  source  and 
resolved  star  of  Flo  7  i  the":  little,  if  any,  Tuc 

minimum  speckle  size,  on  the  other  band,  is  approximately  07025  for  a 
4  m  telescope  at  a  mean  wavelength  of  400  nm ;  by  extracting  correctly  the 
information  in  short-exposure  images,  it  is  possible  to  observe  detail  as 
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Fi^  7.1.  Short  exposure  photographs  of  an  unresolved  point  source  (upper  row)  and  a 
resolved  star,  i-Ohonis.  (lower  row)  taken  on  a  4  m-ciass  telescope.  The  exposure  tune  and 
filter  bandpndth  are  '.0_  1  s  and  lOnm.  respectively  courtesy  of  B.  L.  Morgan  and  R.  J 
Scaddan.  Imperial  College.  London) 

small  as  the  limit  imposed  by  diffraction  and  not  be  limited  to  the  1"0 
resolution  of  conventional  images. 

A  laboratory  simulation  illustrating  the  basic  method  is  shown  in 
Fig.  7.2  for  an  unresolved  star,  binary  stars  of  two  separations,  and  a 
resolved  star  (shown  as  a  uniformly  illuminated  disc).  A  large  number  of 
short-exposure  records  are  taken,  each  through  a  different  realization  of 
the  atmosphere,  typical  examples  being  shown  in  row  B.  For  a  binary 
star,  each  component  produces  an  identical  speckle  pattern  (assuming 
—  w«»«4  -.wUowiww  rvhnfnn  noise)  and  a  "double-soeckle”  effect 
may  be  visible  in  each  short-exposure  image  in  favourable  circumstances. 
The  optical  diffraction  pattern,  or  squared  modulus  of  the  Fourier 
transform,  of  a  typical  short-exposure  record  is  shown  in  row  C  for  each 
object  The  signai-to-noise  ratio  is  low  for  a  single  record  and  may  be 
improved  by  adding  many  such  diffraction  patterns  (row  D).  The  unre¬ 
solved  object  has  a  diffraction  halo  of  relatively  large  spatial  extent  the 
binaries  give  fringes  of  a  period  inversely  proportional  to  their  sepa¬ 
ration,  and  the  resolved  object  gives  a  diffraction  halo  whose  diameter  is 
inversely  proportional  to  the  diameter  of  the  object  By  taking  a  further 
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Fourier  transform  of  each  ensemble-average  diffraction  pattern  we 
obtain  the  average  spatial  (or  angular)  autocorrelation  of  the  diffraction- 
limited  images  of  each  object  (row  E). 

The  term  “speckle  interferometry"  was  adopted  by  Gezari  et  ai. 
[7.7],  The  interferometer  is,  in  fact,  the  telescope — light  from  all  parts  of 
the  pupil  propagates  to  the  image  plane  where  it  interferes  to  become  a 
speckle  pattern.  In  other  forms  of  stellar  interferometry,  the  light  in  the 
pupil  is  combined  in  a  different  way,  for  example,  using  a  rotation¬ 
shearing  interferometer.  The  beauty  of  the  speckle  technique  is  that  the 
interferometer  (i.e.,  the  telescope)  is  already  constructed  to  the  required 
tolerances. 

7.2  The  Theory  of  Speckle  Interferometry 

7.2.1  Outline  of  Theory 

For  each  short-exposure  record,  the  usual  quasi-monochromatic,  isopla- 
natic  imaging  equation  applies,  provided  that  the  angular  extent  of  the 
object  is  not  too  large1 : 

f(s,0)=  fj 

-  30 

or,  in  notation, 

f(a,0)-O(<x,0)@P(a,0),  (7.2) 

where  /(a,  ff)  is  the  instantaneous  image  intensity  as  a  function  of  angle 
(a,/)),  0(x$)  is  the  object  intensity,  P( 3,0)  is  the  instantaneous  point 
spread  function  of  the  atmosphere/teiescope  system  normalized  to  unit 
volume,  and  ®  denotes  the  convolution  integral. 

As  we  demonstrated  in  Sect  7.1.  the  analysis  of  this  data  may  be 
carried  out  in  two  equivalent  ways.  In  the  angular,  or  spatial,  domain,  the 
ensemble  averaged  angular  autocorrelation  function  of  the  image  is 
found;  this  is  defined  as 

ri»  /  rr  Hn'  /mivi,  /r  *  own' i tr\ . 

.  \-i  / 

or,  in  notation, 

C,(«,0)*</(ct,0)*/(a,0)>,  (7.3) 


Throughout  this  review,  the  object  and  image  plane  coordinates  are  taken  to  be  angles 
(a,  the  coordinates  in  the  Fourier  transform  plane  being  angular  frequencies 
(arc  sec"  ll 
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where  *  denotes  angular  autocorrelation.  Combining  ( 7.2  and  3)  yields 
the  following  relationship  between  object  and  image  autocorrelation 
functions. 

=  *«*.£)>.  (7.4) 

where  C0(a,ff)  is  the  angular  autocorrelation  function  of  the  object 
intensity.  Note  that  (7.4)  for  the  object  and  image  autocorrelation 
functions  is  similar  in  form  to  (7.2)  for  object  and  image  intensities,  but 
with  an  impulse  response  equal  to  <Pfa.fl)'*  Pfo,|?)>. 

In  the  angular  (or  spatial)  frequency  domain,  the  average  squared 
modulus  of  the  Fourier  transform  of  the  image  intensity  is  found :  this  is 
correctly  referred  to  as  the  average  energy  spectrum,2 

$,(u,i>)a<|i(u,p)|2>,  (7.5) 

where 

i(u,r)a  J"f  H<^ff)txp[~2m(ua  +  vp'\]dad^.  (7.6) 

•  -» 

Combining  (7.2, 5  and  6)  yields  the  following  simple  relationship  between 
the  energy  spectrum  of  the  image  and  that  of  the  object  $0(u,c): 

<Pl(u,v)=‘<P0(u,v)-jm(u,  c).  (7.7) 

where 


^■(u,u)a<|T(u,u)l2>, 

and  77u,  u),  the  instantaneous  transfer  function,  is  equal  to  the  Fourier 
transform  of  the  pomt  spread  function, 

7)u,u)=»  j'J  Piet,  ff)  exp[  -  2tn(ua  +  .  (7.8) 

-  » 

Because  of  the  similarity  between  (7.7)  and  the  Fourier-space  isopla- 
natic  imaging  equation  (in  which  image  frequency  components  are  equal 
to  object  frequency  components  multiplied  by  an  optical  transfer  func¬ 
tion  [7.19]),  the  quantity  f{u,  v)  is  referred  to  as  the  transfer  function  for 
speckle  interferometry  or  speckle  transfer  function.  Equations  (7.4  and  7) 
in  the  real  (angular)  and  Fourier  (angular  frequency)  domains  re- 


1  The  energy  spectrum  of  a  function  equals  the  squared  modulus  of  its  Fourier  transform.  If 
the  function  is  a  realization  of  a  square-integrable  non-stauoniry  random  process,  an 
ensembie^soeraged  energy  spectrum  can  be  defined  as  m  1 7.SV  A  realization  of  a  stationary 
random  process  docs  not  possess  a  Fourier  transform,  but  a  power  spectrum  can  be 
defined  in  terms  of  a  generalized  Fourier  transform  [7 .18], 
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spectively  are  completely  equivalent ;  (7.7)  is  simply  obtained  by  taking 
the  Fourier  transform  of  both  sides  of  (7.4). 

The  conventional  (“long-exposure")  image  intensity  is  found  from 
(7.2)  by  ensemble  averaging : 

<i(a,  0)>  »  0(a,  0)®  <P(a,  /})> ,  (7.9) 

where  {Pi a.^))  is  the  average  point  spread  function  of  the  atmo¬ 
sphere/telescope  system.  In  Fourier  space,  (7.9)  becomes 

<i(u,i>)>-o(u.e)<T(u,u»,  (7.10) 

where  o(u,  v )  is  the  Fourier  transform  of  the  object  intensity,  and  <7Tu,u)> 
is  the  average,  or  long-exposure,  transfer  function. 

Comparing  conventional  long-exposure  imaging,  (7.10).  to  speckle 
interferometry,  (7.7),  it  is  clear  that  the  resolution  of  conventional 
imaging  is  governed  by  the  form  of  the  average  transfer  function 
<T(u,u)>,  whereas  in  speckle  interferometry  the  relevant  transfer  function 
is  •^'(u,i))»<|7Tu,cHJ>.  In  the  following  sections  we  shall  show  that  the 
latter  function  retains  high  angular-frequency  information  that  is  lost  in 
conventional  imaging.  However,  it  must  be  remembered  that  Xiu,  v)  is  a 
transfer  function  for  energy  spectra,  whereas  <T(u,u)>  is  a  transfer 
function  for  Fourier  components;  the  loss  of  Fourier  phase  information 
in  speckle  interferometry  is  a  severe  limitation  to  its  usefulness  and 
possible  methods  of  retrieving  the  Fourier  phase  will  be  discussed  in 
Sect.  7.4. 


7.2.2  The  Long- Exposure  Transfer  Function 

To  find  the  optical  transfer  function  of  a  system,  we  must  consider  the 
imaging  of  a  quasi-monochromatic  point  source  as  in  Fig.  7.3.  For  an 
isoplanatic,  incoherent  imaging  system,  the  optical  transfer  function 
TTu,c)  is  equal  to  the  normalized  spatial  autocorrelation  of  the  pupil 
function 

J  Hi c,  rtH'ii  +Xu,n-r  Xc)di  4,7 

7Tu.ll)*  — - ; - ,  (7.U) 

IHit.rDfdidr, 

~  TO 

where  (u,»)  are  angular  frequency  coordinates,  (i.rj)  are  distance  coor¬ 
dinates  in  the  pupil  and  X  is  the  mean  wavelength  [7.20],  The  pupil 
function  is  the  complex  amplitude  in  the  exit  pupil,  relative  to  a 
reference  sphere  centered  on  the  Gaussian  focus,  due  to  a  point  source 
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Fig.  7.3.  The  formation  of  an  instantaneous  image  of  a  point  source  through  the  atmosphere 


and  in  the  case  of  propagation  through  the  turbulent  atmosphere  may  be 
written  as 


(7.12) 

where  is  the  complex  amplitude  of  light  from  a  point  source  that 
has  propagated  through  the  atmosphere  and  H 0(c,  n)  is  the  pupil  function 
of  the  optical  system  alone. 

Substitution  of  (7.12)  into  (7.11)  gives 


j )  Aii,  + lu,  rj + i.v)H0 (?,  +  -iu,  n + 'iodc  dn 


T\u.v)* 


U  IMi.nflHoii.nrdidn 


(7.13) 


The  long-exposure  or  average  transfer  function  is  found  by  averaging 
(7.13).  The  lower  line  is  simply  the  intensity  of  light  integrated  over  the 
telescope  pupil  and  is  effectively  constant  for  a  large  telescope  and/or 
wealt  scintillation.  We  also  assume  that  4(4,  ij)  is  a  (wide-sense)  stationary 
process  [i.e„  its  mean  and  autocorrelation  function  in  (7.13)  are  inde¬ 
pendent  of  the  i,rj  coordinates],  so  that  the  expression  for  the  long- 
exposure  transfer  function  becomes  [7.2l] 

<Tfu,  tt)>  »  TJiu,  e)T0(«,  ti) ,  (7.14) 

where  T,(u,o)  is  the  atmospheric  or  •’seeing"  transfer  function. 

<4(c,'T)4*(j-t-Ai4.>f-FAt))> 

<|4(«,  it)!*) 


r,(u,v) 


(7.15) 
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and  T0(u,  v)  is  ihe  optical  transfer  function  of  the  telescope  alone, 

» 

] )  Had,  nlH'd  T  AU,  rj  +  *v)di  dy 

T0(u,  u)»  —  — - - - ■  (7.16) 


Thus  the  long-exposure  transfer  function  Is  equal  to  the  product  of  the 
transfer  functions  of  the  atmosphere  and  telescope. 

A  detailed  discussion  of  the  atmospheric  transfer  function  and  other 
relevant  properties  of  turbulence  may  be  found  in  [7.22-25],  particularly 
in  the  comprehensive  review  by  Roddier  [7.24].  For  a  Kolmogorov 
spectrum  of  turbulence,  the  average  transfer  function  is  rotationaliy 
symmetric  and  is  given  by 


T,(w)-exp 


(7.17) 


where  w=*  i/ti2  +  v2  and  the  parameter  r0,  first  defined  by  Fried  [7.22],  is 
equal  to  the  diameter  of  the  diffraction-limited  telescope  whose  Airy  disc 
has  the  same  area  as  the  seeing  disc.  The  parameter  r0  plays  an  important 
role  in  both  long-exposure  imaging  and  speckle  interferometry ;  it  can  be 
shown  that  [7.24] 

r0  x  A‘,3(cosy)J'5 ,  (7.18) 

where  y  is  the  zenith  angle.  Typical  values  of  r0  lie  in  the  range  5  to  20  cm 
at  a  good  observing  site  in  the  visible  range;  since  an  r0  value  of  10cm  at 
A  »  500 nm  is  equivalent  to  r0»3.6m  at  a  =»  10 pm,  it  follows  that  a  4m 
class  telescope  is  severely  seeing-limited  in  the  visible  but  essentially 
diffraction-limited  at  10  pm. 

The  angular  '■diameter"  of  the  seeing  disc,  or  seeing  angle  to,  is  defined 
by 


coa-i,  (7.19) 

ro 

and  is  therefore  proportional  to  A" l' 3.  At  A  »  500 nm  and  r0  =»  10 cm.  the 
seeing  disc  has  a  diameter  of  approximately  5*  10"  s  rad  or  1  TO. 

Measurements  of  the  long-exposure  transfer  function  and  the  param¬ 
eter  r0  have  been  reported  by  Dainty  and  Scaddan  [7.26],  Roddier 
[7.27],  and  Brown  and  Scaddan  [7.28]  and  there  is  good  agreement 
with  (7.17). 
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7. 2-3  The  Speckle  Transfer  Function 


The  transfer  function  of  speckle  interferometry,  cHu,  «)- <|T(u,  c)|2>, 
relates  the  average  energy  spectrum  of  the  image  to  that  of  the  object 
Using  (7.13),  we  can  write  |T(u,u)|2  as  |T(u,v)|2«j*'(u,t>)/J,  where 


Jjf(u,  tl)«  f  If  J  »/,)/!*(«!  +  AU.7,  -l-Al>M*(4  J.tfj) 

-  20 

•  .4(«  2 + Xu,  n  2 + Au)/f0(i ,,  n ,)//;(«' ,  +  au,  ^ ,  +  ad) 
■  H ;({ J,  n  i)H0(i  2+*u,ril  +  Xv)dilditlde2dri2 


and 

*-[//  M(«,'rtl2IH0(«,»f)|2d5d>t 

1-20 


(7.20) 


As  before,  A{<;,rj)  is  assumed  to  be  a  stationary  random  process  with 
weak  scintillation;  for  convenience  we  define  <UI2>  =  1  and  the  pupil 
area  y, 

y=  \H0[i,n)\2didri  (7.21) 

-  X 

(this  is  the  true  pupil  area  for  an  unapodized.  or  clear,  pupil). 

With  the  substitution  4'  =*42  -  and  n'  =rj2  - rj,,  (7.20)  yields  the 
following  expression  for  the  speckle  transfer  function : 

X 

r(u.v)~y-1  J’j  . 

-  X 

where  -M  is  a  fourth-order  moment 

_ar(u,  V ; n')  a  <  .41 4 1 , 7  , M' ’(4  t  +  au,  7 v  +  akM1 *(4  t  7 !  f  n‘) 

-.4(<;l+c'  +  Au,ft1+7'-t-Aii)>  (7.22) 


and 

X 

jj'fu.t i;4',;r')»  j'j'  H0(4,,tf1)H;(41-(-;.u,»rl+Av) 

-  x 

•tf*(4i  +4'.'r,+7W()(4l  -rf +i.u,nl+n'+  At>W4,<fcr, . 

Pearly,  the  quantity  -4T  characterizes  the  atmospheric  contnbution  and 
Jf  the  telescope  contnbution  to  the  speckle  transfer  function. 

Further  simplification  of  (7.22)  requires  that  an  assumption  about  the 
joint  probability  distribution  of  the  process  .4(4,7)  be  made.  The  most 
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satisfactory  distribution  is  the  log  normal,  in  which  the  log  modulus  and 
phase  each  have  a  Gaussian  probability  density.  Korff  [7.29]  evaluated 
the  speckle  transfer  function  using  this  model  and  results  will  be  shown 
below;  however,  neither  this  model  or  the  zero-scintillation  versions  of  it 
[7.24]  have  a  simple  analytical  solution  and  require  extensive  numerical 
calculations. 

In  order  to  illustrate  in  a  qualitative  way  the  form  of  the  speckle 
transfer  function,  we  shall  assume  that  /t(c.tj)  is  a  complex  Gaussian 
process  [7.30],  This  is  a  poor  assumption  in  good  seeing,  although  it 
Improves  as  the  seeing  deteriorates;  this  assumption  also  violates  the 
weak  scintillation  requirement  for  normalization.  For  a  complex 
Gaussian  process,  the  fourth-order  moment  of  (7.22)  reduces  to  a  product 
of  second-order  moments 

=  +  Xu,rjl+Xvl) 

■  <  A‘fi ,  +  n  t  +  n')MZ  , + c' + Xu,  n ,  +  n‘ + *t>» 

+<4(c„>rl)-4*(ifl  +«',»?,  +n')> 

+AU.1J,  +auM{c1  ■*•{'  + Xu, if,  +n'- t-Xv))  , 
which,  when  substituted  into  (7.22)  yields 

s 

JT(u,v)~\T,(u,v)\z\Ta(u,u)i2  +y2  f|  X,n  X) I2 

-  ® 

■jr[u,v,?,n')d?d>!'.  _  (7.23) 

Now  |  T^i'fX.  ,f/x)|2  is  of  width  of  order  r0l  X  and  yf  is  essentially  constant 
for  such  values  of  ff.  if',  provided  that  ]/  ui-t  v1  <i D-ra)/X.  The  second 
term  of  (7.23)  therefore  reduces  to 

j"f  \T,(i’/X,n';X)\2di'dri'  x  Jtflu.  c;  0, 0) ,  (7.24) 

-  ® 

except  for  ]/ u1  +  u2  >{D-r0)/X. 

The  first  integral  in  (7.24)  can  be  evaluated  using  (7.17)  to  give 
0. 109m^ ;  the  quantity  Jffu,  v ;  0,  0)  is  simpiy 

jf'fu,o;0,0)-  ||  \H0{ivrfl)\i\H0(it  +  Xu,r]l-rXv)\1diidif,, 

-  » 

which,  when  multiplied  by  5'’" 1  is  the  diffraction-limited  optical  transfer 
function  T0 (u, o)  for  an  unapodized,  or  clear,  pupil;  and  finally,  the 
remaining  1  equals  4/ftD2. 


I«M|  <|T(wJ|*>  log<|l|*> 
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Thus  the  expression  for  the  speckle  transfer  function  reduces  to 
Tiu,  o)  - 1<  n*  u)>|2  +  QAlSirJD)2  T0(u,  v) ,  (7.25) 

or,  defining  the  number  of  speckles  as 


*,,-2.3 


/(nii)*|<T(u,i;))(J  +  -pTIj(u,  y). 


(7.26) 


In  both  equations  it  is  assumed  that  ]/ul  +  v~  £(D-r0)/X. 

The  essential  feature  of  the  speckle  transfer  function,  (7.25  or  26),  is 
that  there  is  a  term  proportional  to  the  diffraction-limited  optical  transfer 
function,  that  extends  almost  up  to  the  diffraction-limited  cut-off  D/X; 
expressions  (7.25  and  26)  indicate  that  this  result  is  independent  of 
telescope  aberrations  [7.30],  although  there  is,  in  fact,  a  weak  dependence 
on  aberrations  to  be  discussed  in  Sect  7.2.4.  With  Ds  4  m  and  r0  *0.1  m. 


Fig.  7.4.  (a)  Comparison  of  the 
speckle  transfer  function  predicted 
by  the  log  normal  model  with  terms 
(1)  and  (2)  of  (7.26)  for  the  complex 
Gaussian  model  for  D/r0  » 10  and 
100  [7.49].  (b)  Comparison  of  the 
speckle  transfer  function  predicted 
by  the  log  normal  model  with  ex¬ 
perimental  results  [7.32] 


o 
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the  number  of  speckles  Slf  is  approximately  3.7  x  10J,  indicating  that  the 
diffraction-limited  information  in  the  image  may  be  carried  with  a  low 
signal- to-noise  ratio.  However,  the  normalization  of  (7.25,  26)  to  unity  at 
zero  spatial  frequency  gives  a  misleading  impression  of  the  signal-to- 
noise  ratio  which  is  best  evaluated  by  other  methods  (Sect.  7.3). 

Since  (7.25,  26)  are  based  on  the  assumption  that  A(i,  if)  is  a  complex 
Gaussian  process,  they  give  only  the  qualitative  behaviour  of  the  transfer 
function.  The  speckle  transfer  function  can  be  calculated  using  the  log 
normal  model  and  these  results  are  compared  to  (7.26)  in  Fig.  7.4a  for 
D/r0  *  10  and  100  [7.49] ;  the  main  differences  lie  in  the  region  between 
the  low-  and  high-frequency  terms.  In  fact,  at  low  spatial  frequencies,  the 
correct  asymptotic  form  of  the  speckle  transfer  function  is  |<  7">SEI2,  where 
(T>n  is  the  so  called  “short -exposure"  average  [7.22,  29]  (Le.,  the 
average  when  each  point  image  is  re-centered).  Careful  measurements  by 
AatE  et  al  [7.31]  and  Chelu  et  al.  [7.32]  are  in  excellent  agreement  with 
the  log  normal  model,  particularly  if  the  effect  of  the  central  obstruction 
and  the  (small)  effect  of  defocus  are  allowed  for.  Fig.  7.4b  shows  the  result 
of  a  measurement  in  the  infra-red. 


7.2.4  Effect  of  Aberrations 


Telescope  aberrations  have  two  potential  effects  on  the  speckle  transfer 
function,  ff  they  are  very  severe,  optical-path  differences  greater  than  the 
coherence  length  of  the  light  may  be  introduced  and  this  would  lead  to  a 
strong  attenuation  of  the  transfer  function.  A  proper  analysis  of  this  effect 
requires  a  detailed  consideration  of  temporally  partially  coherent  imag¬ 
ing;  this  is  not  carried  out  here  since  the  effects  in  normal  circumstances 
are  small,  as  the  following  analysis  shows. 

Consider  the  simplest  aberration — defocus — of  magnitude  m  waves  at 
the  edge  of  the  pupil;  the  longitudinal  and  angular  transverse  ray 
aberrations  Jz  and  da,  respectively,  are  given  by 


and 


dz- 


da-- 


8  mXf1 
"~Dr~ 

8  mX 


(7.27) 


Under  most  observing  conditions,  focus  can  be  established  to  a  tolerance 
da  of  less  than  170,  giving  a  maximum  value  of  m  of  approximately  52  for 
a  4m  telescope.  The  coherence  length  ic  of  light  of  bandwidth  dX  is  given 
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approximately  by 

P 

ls  Syr,  (7.28) 

a*. 

and  with  typical  bandwidths  (dx -20  nm,  x»500nm)  it  is  clear  that  lt 
>mx  In  practice,  aberrations  only  introduce  path  differences  greater 
than  the  coherence  length  if  the  bandwidth  is  large  or  the  aberrations  are 
severe. 

Aberrations  also  affect  the  shape  of  the  speckle  transfer  function  in 
the  quasi-monochromanc  case;  their  effect  reduces  as  the  ratio  D/r0 
increases  and  disappear  in  the  limit  D/r0-»oo.  The  effect  of  several 
aberrations  was  investigated  by  Dainty  [7.33]  using  the  complex 
Gaussian  model  for  the  atmospheric  turbulence.  More  precise  calcu¬ 
lations  for  defocus  and  astigmatism  were  made  by  Roddier  et  ai.  [7.34] 
using  the  log  normal  model  and  were  compared  to  the  measurements  of 
Karo  and  Schnhderman  [7.35],  These  results  are  shown  in  Fig.  7.5 :  it 
should  be  emphasized  that  the  defocus  in  this  case  was  made  artiiically 
large  to  illustrate  the  effect,  with  ms6.4x  corresponding  to  an  angular 
transverse  ray  aberration  (of  extremal  rays)  of  das3?3. 

For  aberrations  other  than  defocus,  intuitive  reasoning  based  on  the 
approximations  necessary  to  obtain  (7.25,  26)  suggests  that  the  effect  of 
aberrations  is  small  if  the  seeing  disc  is  larger  than  the  point  spread 
function  due  to  telescope  aberrations  alone.  Thus,  a  telescope  of  poor 
optical  quality  achieves  diffraction-limited  angular  resolution  if  suf- 


Fig.  7.5.  Solid  linn — theoretical  speckle  transfer  functions  for  D/r0  » 19. 2  in  focus  and 
defocused  by  6.4*.  Broken  line— curve  observed  by  Karo  and  Schneidennan  under 
defocused  conditions  [7.54] 
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ficiently  severe  atmospheric  turbulence  (real  or  artificially  induced)  is 
present  [7.30],  Unfortunately,  poor  seeing  (small  r0)  also  results  in  a  low 
signai-to-noise  ratio  (Sect.  7.3). 


7.Z5  Effect  of  Exposure  Time 

In  practice,  each  image  is  the  resuit  of  a  finite  exposure  time  At,  which 
always  has  the  effect  of  attenuating  the  speckle  transfer  function.  Let  the 
instantaneous  point  spread  function  at  time  t  be  denoted  Pfx,  P,  t)  and  the 
instantaneous  transfer  function  be  7"(u,  u,  t).  The  speckle  transfer  function 
for  instantaneous  exposures  (dr-»0)  is  defined  by 

^■(u,u)*<|T(u,u,r)|J>.  (7.29) 

whereas  for  an  exposure  time  At  it  is  equal  to 

^,(u,u)»  ■^jj(T’(u,u.t)T(u,v,t')}dtdt' .  (7.30) 

The  term  <  •  >  in  (7.30)  is  called  the  temporal  cross-energy  spectrum  and 
plays  an  important  role  in  time-integration  effects.  Assuming  temporal 
stationarity  of  the  process  TTu,  v,  t ),  (7.30)  may  also  be  written 

^,(u,t7)»-^  j  ^1  —  ^j<T*(u.n,f)7Tu,p.r  +  r)>dr.  (7.31) 

The  finite  exposure  time  speckle  transfer  function,  fM(u,  v),  is  always  less 
than  (or  equal  to)  the  instantaneous  transfer  function  T(u,ti),  as  the 
following  analysis  shows  [7.36].  The  Schwartz  inequality  implies  that 

|<  r(u,  t>,  r)7Tu,  ti,  r  +  r)>|  S  <|7T(b,  t>,  t)|J> 

so  that,  using  (7.31), 

rju,  v)  s  Jt  J  (l  -  ~)  |<  ■ T*{u. v,  t)T[u, V.  t  +  r)>idT 

-<|7fu,r,r)|2>ar(u.n). 

i.e„ 


(7.32) 
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This  is  a  general  result  which  is  independent  of  the  detailed  nature  of 
the  turbulence.  The  magnitude  of  the  attenuation  of  ^"(u, »)  due  to  an 
exposure  time  dr  depends,  from  an  experimental  point  of  view,  on  the 
form  of  the  temporal  cross-energy  spectrum  <  T*tu,  u,  t)T{u.  v,  t  + 1)> ;  only 
qualitative  estimates  of  this  function  have  been  reported  £7.37], 

The  temporal  cross-energy  spectrum  is  equal  to  the  Fourier  transform 
of  the  spatially  averaged  space-time'1  intensity  correlation  function. 


<T*(u,t',r)77u,w,r-t-r)> 


(P\a,  0,  t)P(a  +  dot,  &  +  J0.  r  +  r»dadfl 1 


■exp[  -  2iri(uda  +  Bd/l)]ddadJ0 . 


(733) 


where  <F(a,/?,  r^fa+dct,  0-dfl.  r  +  t)>  is  the  space-time  cross- 
correlation  function  of  the  instantaneous  point  spread  function.  A  few 
measurements  of  the  spatially  integrated  space-time  cross-correlation 
function  have  been  made  [7.38,  39].  They  show  that,  in  general,  this 
function  is  not  cross-spectrally  pure,  so  that  it  cannot  be  written  as  the 
product  of  two  separable  functions  of  (u,u)  and  t. 

<T*[u,v,tmU'V,t  +  z)>  +  T(u,v)at).  (7.34) 


t  (This  result  is  referred  to  in  Sect  7.3.3  on  the  optimum  exposure  time.) 

When  da  =  d/?=0,  the  space-time  cross-correlation  is  simply  equal 
to  the  temporal  autocorrelation  of  the  point  spread  function 
(P[<x,0,t)P{oL,P,t  +  T)y.  Several  measurements  of  this  function  have  been 
reported  [7.38-41]  and  a  sample  of  results  taken  at  Mauna  Kea,  Hawaii, 
are  shown  in  Fig.  7.6;  the  average  correlation  time  of  the  image  intensity 
was  15  ms  (61  cm  telescope).  In  site  testing  for  new  locations  for  stellar 
interferometry,  it  is  important  to  measure  both  the  spatial  and  temporal 
properties  of  seeing. 

Although  it  is  the  cross-energy  spectrum  that  most  directly  influences 
the  effect  of  a  finite  exposure  time  dr,  from  a  more  fundamental  point  of 
view  the  important  quantity  is  the  fourth  order  correlation  function  of 
the  complex  amplitude  in  the  pupil : 

■Am(i+i2,n+'li,i  +  rM(i  +  { 3>  n  +  7  J.  r  +■ 1)>  (7.35) 

3  As  gives  is  (7.33),  this  is  as  angle- uine  correlation  function ;  the  name  space-tune  is  more 
widely  used  distances  (x,y)  is  the  image  plane  being  related  to  angles  iou£)  by  x-a f, 
y—0f,  where  /  is  the  focal  length. 
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r  Is) 

Fig.  7.6.  Temporal  image  intensity  autocorrelations  over  5  nights  at  Mauna  Kea,  Hawaii, 
measured  using  a  61  cm  telescope  [7.39] 


[compare  with  the  expression  for  .K  in  |7.22)].  For  both  complex 
Gaussian  and  log  normal  complex  amplitude,  this  fourth  order  moment 
is  determined  by  the  behaviour  of  the  second  order  moment.  Roddier 
and  coworkers  [7.42,  43]  have  calculated  the  effect  of  a  finite  exposure 
time  on  the  speckle  transfer  function  using  the  log-normai  model  and  the 
assumption  that  the  complex  amplitude  .-Kc,  n,  t)  moves  rigidly  across  the 
telescope  pupil  (the  Taylor  approximation).  For  a  velocity  v  along  the  ; 
axis. 


<A(i,  if,  e)Ama  +•  A(,  f!  +  Jn,  t  +  t)>  «•  /(dc  -  in,  dif) ,  (7.36) 

For  a  telescope  of  diameter  D.  a  velocity  v  of  the  turbulence  implies  a 
characteristic  image  time  scale  of  D/v;  the  results  in  [7.42]  show  that  the 
attenuation  of  the  transfer  function  is  not  too  severe  provided  that  dr 
<D/u. 

Spado-temporal  measurements  (of  Ml2)  imply  that,  in  addition  to  the 
rigid  transladon  described  by  (7.36),  there  is  also  a  strong  decorrelation 
due  to  “boiling"  of  A({,i f,  t).  This  can  be  explained  by  a  multilayer  model 
for  the  turbulence  [7.24]  with  a  velocity  distribution  dt>  of  the  atmo¬ 
spheric  layers;  this  leads  to  a  characteristic  time  scale  of  r^'dii  and  a 
uniform  attenuation  of  the  high-frequency  part  of  the  speckle  transfer 
function. 

Karo  and  SchneiderMa.n  [7.44]  have  measured  the  effect  of  a  finite 
exposure  time  on  the  speckle  transfer  function ;  their  results  obtained  on 


272 


J.  C  Dainty 


the  1.6  m  telescope  at  Maui,  Hawaii,  are  shown  in  Fig.  7.7.  Unfortunately, 
the  spatio-temporal  atmospheric  data  required  to  compare  these 
measurements  with  theory  were  not  available.  However,  the  uniform 
attenuation  suggests  that  the  wavefront  “boiling”  dominated  over  simple 
rigid  translation  and  implies  a  time-scale  consistent  with  ra/du3i20ms. 


7.2.6  Effect  of  Finite  Bandwidth 

A  finite  bandwidth  dx,  centered  at  I,  has  two  effects  both  of  which 
attenuate  the  speckle  transfer  function.  These  effects  are  identical  to  those 
observed  in  polychromatic  laboratory-generated  Fraunhofer  plane 
speckle  patterns  discussed  in  Chap.  3.  The  two  effects  are  (i)  a  radial 
dispersion  effect  similar  to  that  produced  by  a  grating  and  (ii)  a  loss  of 
speckle  contrast  caused  by  atmospheric  (or,  possibly,  telescope  induced) 
optical  path  differences  being  comparable  to  the  coherence  length 
fc  aP/d2  of  the  radiation. 

In  accordance  with  simple  first  order  grating  theory,  a  spread  of 
wavelengths  AX/Z  causes  a  spread  in  diffraction  angles  dcu/cD, 

Jco  Jx 
(3  A 

Taking  <3  to  be  the  seeing  angle  Xjr0  (7.19),  and  defining  co„  to  be  the 
angular  diameter  of  a  speckle  ( a  a/0),  we  find  that  the  fractional  radial 


75. 


T 


Stellar  Speckle  Interferometry  273 

elongation  of  speckles,  Jcu/o0  at  the  seeing  angle  to  be  given  by 

Jen  Ja  D 
ct>0  a  r0 ' 

To  determine  a  criterion  for  the  maximum  permissable  value  of  zU,T,  we 
require  that  dai/ai0  <  1,  yielding 


(7.37) 


In  order  to  calculate  a  criterion  for  coherence  length  effects  to  be 
negligible,  we  require  a  formula  for  the  root-mean-square  optical  path 
fluctuation  <r,(<)  between  two  points  spaced  Z  apan  in  the  telescope 
pupil;  the  Kolmogorov  theory  [724]  predicts  that 


<r.(<)  30.42a 


(7.38T 


in  which  <r.(i)  is  in  fact  independent  of  wavelength  since  r0x a6'5.  Thus 
over  a  telescope  aperture  of  diameter  D  we  may  estimate  er.  by 
substituting  Z  »Z)  in  (738);  requiring  that  the  coherence  length  fc><r.,  we 
obtain 


(739) 


Other,  more  stringent,  criteria  have  been  suggested  [7.23].  For  a  typical 
r0  -0.1  m  and  D»4m,  criteria  (7.37,  39)  yield 


<0.025 . 


<0.111, 


implying  that  the  chromatic  dispersion  effect  is  dominant  and  that,  for 
X — 500  run,  the  bandwidth  d2  should  be  less  than  12.5  nm. 

Measurements  by  Kako  and  Schnhdeman  [7.44]  with  0/^314 
show  no  discemable  effect  on  the  speckle  transfer  function  for  Ja/a 
<0.06;  this  is  consistent  with  [Ja/a],  <0.07  given  by  criterion  (7.37). 
Even  for  dA/1 3  0.1 4,  the  mid-frequenctes  of  X(u,v)  were  attenuated  by 
only  a  factor  of  two. 

Since  the  chromatic  dispersion  effect  is  important,  it  may  be  worth¬ 
while  to  design  a  relay  optical  system  that  removes  the  dispersion  [7.45]. 


t 
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Various  optical  systems  have  been  suggested  for  this  [7.46],  but  they 
suffer  by  having  a  very  small  effective  field  angle  and  no  design  has  yet 
been  successfully  incorporated  into  a  speckle  camera  system. 

7.2.7  Isopiantdty 

If  a  linear  system  is  non-isoplanatic  (Le.,  if  its  point  spread  function 
depends  on  both  object  and  image  coordinates),  then  the  elementary 
convolution  relationship  of  (7.2)  is  replaced  by 

/(<*.#-  fj  O(0t'.  m<x  -  o',  -  /T ;  x\  F)da!d? ,  (7.40) 

*  20 

where  P(da,d j8;ot',/n  is  the  instantaneous  point  spread  function  for  an 
object  point  at  (a',/}').  There  is  now  no  meaningful  concept  of  an 
instantaneous  transfer  function  or  a  speckle  transfer  function.  However, 
defining  T[ u,»;a',fi’)  to  be  the  Fourier  transform  of  Pfa-of.  of,  &") 
with  respect  to  the  variables  (a,  fi),  the  average  image  energy  spectrum 
<P,(u,  v)  reduces  to 


<hl(u,u)»<|i(u,B)|1>-  ff  Cc(«t.^)<7T(u.»;a',^ 

■  T*(u, » jaf  -a,,/)'  exp[ - 2jri(ua,  +  vB^da^dp l ,  (7.41) 

where  ■a-ot'  and  fi,  »/)-/?'. 

If  the  function  TXu,  v ;  a',  p)  is  independent  of  the  object  point  (ct'.fi'), 
Le.  the  imaging  is  isoplanatic,  then  (7.41)  simplifies  to  the  usual  result 

<P,(u,0)»$o(u,u)<|7Tu,u)|2>.  (7.7) 

However,  according  to  (7.41),  there  is  no  longer  a  simple  relationship 
between  object  and  image  properties,  and  the  form  of  the  cross-spectrum. 

<7T  <t*;a',^nu.»;*'-sl.0'-fit)> 

between  speckle  patterns  produced  by  two  point  sources  separated  by 
angle  (avPl)  plays  an  important  role. 

K.omt  et  aL  [7.47],  Shapiro  [7.48],  and  Fried  [7.49]  have  in¬ 
vestigated  this  problem  using  the  log-normal  model  for  atmospheric 
turbulence.  However,  a  more  complete  analysis  can  be  carried  out  if  the 
complex  Gaussian  model  of  the  wavefront  is  used,  as  shown  by 
Roddier  et  al  [7.50],  Using  a  multiple-layer  model  for  the  turbulence. 
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they  estimate  the  “atmospheric  isoplanatic  angle"  Sco  to  be  given  by 

<50)30.36-^-,  (7.42) 

where  Jh  is  a  measure  of  the  altitude  dispersion  of  the  turbulent  layers 
[7.30],  This  simple  relationship  does  not  reveal  the  fact  that  high  angular 
frequencies  decorrelate  more  rapidly  than  lower  ones  as  the  angle  of 
separation  (a,,  0 ,)  increases,  but  gives  a  good  estimate  of  the  extent  of  the 
isoplanatic  region.  Based  on  measured  profiles  of  the  variation  of 
turbulence  with  altitude  (see  Vemin  in  [7.42]),  predicted  isoplanatic 
angles  were  in  the  range  179  to  574  over  six  nights  at  Haute  Provence 
Observatory,  with  an  average  of  37 1  [7.50]. 

Several  measurements  of  the  isoplanatic  angle  or  related  quantities 
have  been  reported  [7.37,  51-53].  The  values  vary  widely,  the  most 
reliable  quantitative  estimates  being  in  the  range  175-570  [7.51,  52],  Le. 
the  same  order  of  magnitude  as  the  theoretical  predictions.  Qualitative 
estimates,  based  on  the  successful  implementation  of  speckle  holography 
[7.37,  53],  indicate  some  correlation  of  image  intensity  for  stars  as  far 
apart  as  2270. 


7.2.8  Self-Calibration  of  Speckle  Interferometry 

In  order  to  recover  the  energy  spectrum  of  the  object  0(u,  o),  the  average 
energy  spectrum  of  the  image  $,{u,  v)  is  divided  by  the  speckle  transfer 
function 

4>o(u,u)-<0|(u,u)/T(u,u).  (7.43) 

In  practice,  the  speckle  transfer  function  is  estimated  by  fading  the 
average  energy  spectrum  for  a  point  source  (or  reference  star). 
Unfortunately,  as  we  have  seen  in  previous  sections,  the  speckle  transfer 
function  depends  on  a  number  of  atmospheric  parameters  (such  as  r0  and 
time  scale)  and  these  parameters  themselves  vary  considerably  over  both 
short  (-seconds)  and  long  (-hours)  periods  of  time.  Under  stable 
atmospheric  conditions,  application  of  (7.43)  is  straightforward,  but 
under  (more  typical)  unstable  conditions,  the  use  of  (7.43)  can  lead  to 
considerable  errors  in  the  estimation  of  the  object's  spectrum.  This  is  less 
critical  for  measurements  of  simple  structural  features  of  an  object  (e.g., 
the  vector  separation  of  a  binary  star)  but  crucial  for  photometric 
features  (e.g.,  magnitude  difference  of  a  binary  star). 

Two  approaches  to  this  problem  have  been  suggested.  The  first  is  to 
make  simultaneous  measurements  of  r„  and  use  the  established  theory  to 
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predict  the  form  of  the  speckle  transfer  function  [7.24],  The  measure¬ 
ments  of  Ajme  et  ai  [7.31]  and  Cuelu  et  al.  [7.32]  suggest  that  the 
instantaneous  (dr-»0),  narrowband  (d-i— 0)  speckle  transfer  function  can 
be  predicted  for  an  aberration- free  telescope,  but  in  practice  focussing 
errors,  aberrations,  the  finite  exposure  time  and  other  effects  may 
influence  it  Nevertheless,  this  appears  to  be  a  promising  technique, 
particularly  in  the  infra-red  where  the  second  approach  is  less  reliable. 

The  second  approach,  originally  suggested  by  Worden  and  cowork¬ 
ers  [7.54,  55],  involves  subtracting  the  cross-correlation  of  uncorrelated 
images  from  the  autocorrelation  of  individual  frames.  Let  I(a,  0)  be  an 
instantaneous  short-exposure  image  and  I'(a,  fi)  be  another  instantaneous 
short-exposure  image  taken  some  time  after  the  first  one  so  as  to  be 
uncorrelated  with  it ;  then,  denoting  the  result  by  CJfa,  /?), 

Qx, /J) -<;(«,£)* /(a.  0)> 

-</(«,0W'(a,0)>.  (7.44) 

In  fact,  no  second  image  is  required,  since  (7.44)  is  exactly  the  same  as 
[t56] 


Q  <x.j3)-</(a,/?)x/(a,0)> 

-</(«.£)>*  <f(M)>.  (7.45) 

Le.  the  average  of  the  angular  autocorrelation  minus  the  autocorrelation 
of  the  average  image. 

These  equations  may  equally  well  be  written  in  the  angular  frequency 
domain,  giving  a  resultant  image  energy  spectrum  <P',(u.  v), 

01(u,u)-#olu,ti)^"’(u,ii),  (7.46) 

where  the  transfer  function  for  this  technique  is  given  by 

r\u,  »)-<|T(u,  0)1 *>  - 1<  rtu,  u»|J .  (7.47) 

The  original  hypothesis  [7.45]  was  that  the  shape  of  c)  is  inde¬ 
pendent  of  atmospheric  seeing,  and  this  is  correct  for  the  complex 
gaussian  model  of  the  pupil  amplitude  as  can  be  seen  by 

substituting  (7.26)  into  (7.47): 

/"'(u,».)«  —  7J,(u,i>),  (7.48) 

where  i Vlp  is  the  number  of  speckles  ( a2.3(0/r„)2),  and  Td(u,i;)  is  the 
diffraction-limited  transfer  function. 
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Two  factors  combine  to  invalidate  this  result  for  the  lower  angular 
frequencies.  First,  as  remarked  upon  earlier,  the  asymptotic  form  of  the 
low  frequency  dependence  of  the  speckle  transfer  function  is 
|<7"(u,t>)>sg|2,  where  <7'>SE  is  the  average  transfer  function  of  centroided 
(tilt-removed)  images;  this  could  be  taken  into  account,  in  principle,  by 
centroiding  each  image  [7.56]  or  by  other  methods  [7.57], 

Second,  the  additive  form  (7.26)  of  the  speckle  transfer  function  is  not 
predicted  by  the  more  accurate  log-normal  model,  and  the  end  result  is  to 
invalidate  this  method  for  frequencies  (u,  u)  less  than  approximately  the 
seeing  limit,  i.e.  (u,t>)£iyx  [7,55,  58].  When  D/rg  is  large,  say  >  10,  the 
seeing-limited  frequencies  constitute  only  a  small  fraction  of  the  available 
frequency  plane  and  this  method  may  be  the  most  satisfactory  way  of 
self-calibration.  But  in  the  infra-red,  where  D/rg  <  10,  it  is  not 
appropriate. 


73  Signal-to-Noise  Ratio 

In  the  visible  region  of  the  spectrum,  the  signal-to-noise  ratio  of  a 
measurement  and  the  limiting  magnitude  of  speckle  interferometry  are 
ultimately  determined  by  the  fluctuations  imposed  by  the  atmospheric 
turbulence  and  the  quantum  nature  of  radiation.  Although  early  film- 
based  speckle  cameras  were  limited  by  other  types  of  noise,  the  improve¬ 
ment  in  detector  technology  over  the  past  decade  has  made  available 
detectors  that  are  photon-noise  limited  [7.59].  Thus  in  this  section  we 
shall  discuss  only  the  fundamental  noise  sources  relevant  to  visible  light 
speckle  interferometry  (the  infra-red  case  is  discussed  in  Sect.  7.5.2). 

Let  Q  be  some  quantity  that  is  to  be  estimated  by  speckle  in¬ 
terferometry  ;  Q  may  be  (a)  a  point  in  the  energy  spectrum  v)  of  the 
object,  (b)  a  point  in  the  autocorrelation  function  C0(x,  0)  of  the  object,  or 
(c)  a  parameter  derived  from  the  autocorrelation  function  or  energy 
spectrum,  such  as  the  diameter  of  a  star,  binary  separation  or  magnitude 
difference. 

We  define  the  signal-to-noise  ratio,  SNR,  of  this  measurement  as 


SNP.u  va*ue  quantity 

standard  deviation  of  estimate  ’ 
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where  var(0*<QJ> -<Q>J  is  the  variance  of  Q.  In  the  analysis  that 
follows,  the  SN'Rs  relate  to  an  estimate  of  Q  based  on  a  single  frame  of 
data  Normally,  one  would  take  M  frames  of  data  and,  provided  these  are 
statistically  independent,  the  overall  SNR  for  the  M  frames  (SNR)W,  is 
simply  given  by 

(SNR)*-SNRMl'J.  (7.50) 

The  signal-to-noise  ratio  is  the  inverse  of  the  relative  error  of 
measurement  and  in  a  given  astronomical  application  we  would  nor¬ 
mally  be  interested  in  the  relative  error  on  some  parameter  (such  as 
diameter),  as  in  (c).  However,  each  problem  has  its  own  specific  parame¬ 
ters  of  interest  and  to  keep  our  results  as  general  as  possible  we  shall 
consider  the  SNR  of  the  energy  spectrum  or  autocorrelation  function. 

Several  investigations  of  the  SNR  of  a  measurement  of  the  autocor¬ 
relation  function  have  been  made  [7.33,  57,  60-63]  and  the  review  in  the 
first  edition  of  this  volume  [7.12]  outlines  this  approach.  However,  it  has 
been  shown  [7.64]  that  the  autocorrelation  and  energy  spectrum  ap¬ 
proaches  give  exactly  equivalent  signal-to-noise  ratios,  although  the 
detailed  expressions  show  little  apparent  similarity.  The  decision  whether 
to  use  the  autocorrelation  method  or  the  energy  spectrum  method  of  data 
reduction  should  be  based  on  operational  considerations  and  not  on 
SNR  considerations.  Thus  in  the  following  subsection  we  evaluate  only 
the  SNR  of  the  energy  spectrum  of  the  object. 


7.3.1  Signal-to-Noise  Ratio  (SNR)  at  a  Point  in  the  Energy  Spectrum 

The  SNR  at  a  point  in  the  energy  spectrum  was  first  evaluated  by 
Roddier  [7.65]  and  subsequently  in  more  detail  by  several  authors 
[7.66-69]  and  reviewed  in  detail  in  [7.70].  In  this  analysis  we  shall  use 
one-dimensional  notation  for  simplicity,  and  it  is  convenient  to  deal  with 
energy  spectra  of  the  image  and  object  that  are  normalized  to  unity  at 
zero  angular  frequency,  denoted  by  #,(u)  and  <P0(u),  respectively.  These 
are  related  in  the  usual  way, 

*,(«)- tPoful^fu),  (7.51) 

where  the  speckle  transfer  function  J^iu)  in  the  frequency  range  of 
interest  is  given  by  (7.26): 


N,„  A  A 


(7.26) 
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We  model  the  ;th  image,  Oj( a),  as  an  inhomogeneous  or  compound 
Poisson  process  which  has  a  rate  proportional  to  the  classical  image 
intensity  /j(a),  i.e., 

Dj(«)=*  t.  5(«-aik). 

k-1 

where  each  deita  function  represents  a  detected  photon  event,  ijk  is  the 
location  of  the  fcth  event  in  the  ;'th  frame  and  S1  is  the  number  of 
detected  photons  in  the  ;  th  frame.  In  an  observation,  the  squared 
modulus  of  the  Fourier  transform  |dj(u)|2  is  computed  for  each  frame.  It  is 
straightforward  to  show  that  the  average  of  this  is  given  by  [7.66] 

<ldj(u)|2>  » iV2<j,(u)  +  iV ,  (7.52) 

where  ,V  is  the  average  number  of  detected  photons  per  frame.  It  follows 
that  the  energy  spectrum  of  the  photon  data  <|dj(u)|2>,  is  a  biased 
estimate  of  0,(u)  to  the  presence  of  the  ,V  term ;  in  the  realistic  case  in 
which  the  photon  events  are  not  delta  functions  but  have  a  unit  volume 
spread  function  S( a),  the  second  term  would  be  ,V|s(u)|2. 

There  are  two  estimators  Q  whose  average  yield  an  unbiased  estimate 
of  the  image  energy  spectrum.  One  possibility  is  to  subtract  the  average 


number  .V  from  each  |dj(u)|2, 

Q1-|dj(ii)|2-,V,  (7.53) 

and  the  second  possibility  is  to  subtract  the  actual  number 

QJ-|di(u)|2-,Vj.  (7.54) 

In  either  case,  the  average  values  of  Q  are  unbiased  estimators, 

<Qi>-«22>-‘V2«,(U).  (7.55) 

For  the  first  estimator,  the  variance  is  equal  to  [7.67] 

variQ ,)  -  iV  +  iV2  +  2(2  +  <V)Af3  <j,(u)  +  :V2$,(2u)  +  N‘<$2(u) .  (7.56) 


As  in  all  problems  of  this  type,  the  fluctuation  at  frequency  u  is  influenced 
by  the  value  of  the  energy  spectrum  at  frequency  2  it  At  exceedingly  low 
light  levels  ,V <5 1  (probably  of  no  practical  interest!),  the  SNR  per  frame 
for  estimate  Q,  is,  using  (7.49,  55  and  56), 

SNR  =  iV3,2<®,(u),  .V<U.  (7.57) 
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The  use  of  definition  (7.53)  for  the  estimate  Q.  has  the  disadvantage 
that  the  r.oise  associated  with  Q,  contains  a  contribution  arising  from  Sjt 
the  actual  number  of  photons  per  frame.  These  fluctuations  axe  related  to 
the  brightness  of  the  object  and  not  to  its  structure.  If  one  is  interested  in 
the  morphology  of  the  object,  Q1  is  a  better  estimate ;  its  variance  is  given 
by  [7.69] 

vai<22 ) -iVJ  +  N%(2  u)  +  2 jV3*,(«)  +  N'^fu) .  (7.58) 


If  we  consider  only  frequencies  u  >  ■$  D/a,  the  second  term  in  (7.58)  can  be 
ignored,  yielding  a  SNR  per  frame  of 


SNR- 


N*,(u) 

1  +  N$,(u) ' 


(7.59) 


Equation  (7.59)  is  the  general  expression  for  the  signal-to-noise  ratio 
at  any  point  (u>^D/a)  in  the  energy  spectrum  of  the  image.  If  the  speckle 
transfer  function  is  known  exactly  (this  is  never  true  in  practice),  then 
(7.59)  is  also  the  SNR  at  a  point  in  the  energy  spectrum  of  the  object. 
Substituting  (7.26,  51)  into  (7.59),  and  defining  the  average  number  of 
detected  photons  per  speckle  n  as 

(7.60) 

we  find  that  the  SNR  per  frame  becomes 


,V  N  It, 


iV.. 


2.3 \D 


SNR  8TD(u)<»0(u) 

i-t-srD(u)d>0(u)- 


(7.61) 


Two  limiting  cases  are  of  interest:  very  bright  objects  and  very  faint 
ones. 

(i)  For  very  bright  objects,  such  that 
nT0(u)#0(u)»  1 , 


then. 


SNR  3  1 .  (7.62) 

Note  that  the  SNR  per  frame  cannot  exceed  unity  in  speckle  in¬ 
terferometry  and  this  is  one  of  the  disadvantages  of  the  speckle  technique, 
compared  to  pupil  plane  interferometry,  for  bright  objects. 
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Fig.  7.8.  The  variation  of  SNR  per  frame  with  the  average  number  of  detected  photons  per 
frame  V  for  O/r0  - 10.  20.  and  40.  for  7*0<p0  *0.05  [7.70] 


(ii)  For  very  faint  objects,  such  that 
nTD(u)40luM  1 


then 


SNR3iV$,(u) 

3n7^(u)i0(u),  (7.63) 

where,  as  before,  X  is  the  average  number  of  detected  photons  per  frame 
and  n  is  the  average  number  per  speckle.  This  particularly  simple  formula 
for  the  SNR  per  frame  at  a  point  (u>iDU)  in  the  energy  spectrum  of  the 
object  is  in  practice  valid  for  all  fainter  objects. 

An  example  of  the  variation  of  SNR  per  frame  as  a  function  of  X  is 
shown  in  Fig.  7.8  for  D/r0  » 10,  20.  and  40.  For  faint  objects,  the  SNR  is 
proportional  to  r%,  so  that  there  is  a  strong  dependence  of  SNR  on  the 
seeing  On  the  other  hand,  since  the  average  number  of  photons  per 
speckle  (7.60)  is  independent  of  telescope  diameter,  the  SNR  at  a  point  in 
the  energy  spectrum  is  also  independent  of  telescope  diameter,  for  faint 
objects.  Of  course,  a  larger  telescope  yields  more  independent  points  in 
the  energy  spectrum. 
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7J.2  Optimum  Exposure  Time 

In  the  low-light-level  case,  the  SNR  at  a  point  in  the  energy  spectrum  for 
M  statistically  independent  frames  is,  from  (7.50,  63), 

(SNR)„3  |/M.V$,(u).  (7.64) 

It  appears  at  first  sight  that  a  larger  exposure  time  (Le„  increasing  ,V) 
leads  to  a  higher  SNR;  however,  this  is  true  oniy_ up  to  an  optimum 
exposure  time,  after  which  the  decrease  in  M  and  <P,(u)  dominates.  The 
optimum  exposure  time  has  been  evaluated  by  Walker  [7.62],  and 
O’Donnell  and  Dainty  [7.71], 

Let  the  exposure  time  be  denoted  by  dr,  the  experiment  time  by  T, 
and  the  photon  rate  by  n  =  N/dt;  then,  assuming  that  neighboring 
exposures  are  always  statistically  independent*  (7.64)  can  be  re-written  as 

(SNR)„  3  H  l/lili  <PLJ1(u) ,  (7.65) 

where  <P,  Jt(u)  is  the  measured  image  energy  spectrum  for  an  exposure 
time  dr.  The  temporal  behaviour  of  the  image  intensity  has  been 
discussed  in  SecL  7.2.5 ;  there  we  showed  that  the  measured  image  energy 
spectrum  may  always  be  written,  see  (7.31), 

Jr  ^  I1  <'*(“•  (7.66) 

Both  theory  and  experiment  show  than  in  general,  the  cross-spectrum 
<i*(u,r)i(ii,r  +  T)>  is  not  separable.  On  the  other  hand,  measurements 
[7.39]  indicate  that  the  approximation,  see  (7.34), 

<i*(u,t)*u,r  +  r)>3*I(u)C(T)  (7.67) 

may  not  be  unreasonable  under  typical  observing  conditions;  in  (7.67), 
0,(u)  is  the  normalized  instantaneous  energy  spectrum  and  Cfr)  is  the 
normalized  temporal  autocorrelation  function  of  the  stellar  image  (some 
measurements  are  shown  in  Fig.  7.6).  Substituting  (7.66, 67)  into  (7.65)  we 
obtain 

(SNR)„ 3 <P,(u)2n |/SJ(,-M)  C(r)dT .  (7.68) 


4  Clearly,  neighboring  exposures  cannot  be  statistically  independent  unless  Jr  >  correlation 
time  of  the  image  intensity ;  when  there  are  only  a  small  number  of  detected  photons  per 
frame,  however,  there  is  an  approximate  statistical  independence  for  neighboring  frames. 
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Relative 

SNR 


Fig  T9.  Relative  SNR  at  a  point  in  the  power  spectrum  as  a  function  of  the  length  of  the 
individual  short  exposures  for  two  models  of  the  time-correlation  of  the  unage  intensity. 
The  overall  time  of  observation  is  assumed  to  be  constant  and  it  is  also  assumed  that  the 
average  number  of  detected  pbotons  per  speckle  is  very  much  less  than  one  [T71] 


In  Fig.  7.9,  the  SNR  is  plotted  as  a  function  of  exposure  time  for  two 
models  of  the  temporal  correlation  function  C(r),  Gaussian  and  negative 
exponential,  each  having  a  1/e  correlation  time  of  re ;  the  Gaussian  model 
appears  to  give  a  better  fit  to  the  experimental  data  of  Fig.  7.6.  It  can  be 
seen  that  the  overall  SNR  is  highest  for  exposure  times  dt  equal  to  1.6tc 
for  the  Gaussian  model  and  Zlts  for  the  exponential  one.  This  is 
somewhat  larger  than  might  be  expected  and  certainly  much  larger  than 
desirable  at  high  light  levels  where  photon  noise  is  negligible.  Since  the 
SNR  decreases  rather  slowly  for  exposure  times  longer  than  s2re,  we 
can  also  conclude  that,  if  there  is  some  doubt  as  to  the  value  of  re,  longer 
rather  than  shorter  exposures  should  be  used. 


7J3  Limiting  Magnitude 

Labeyrie  concluded  his  original  paper  on  speckle  interferometry  [7.6] 
with  the  comment  that  “the  technique  appears  to  be  limited  to  objects 
brighter  than  my»7".  It  was  quickly  recognized  by  Labeyrie  and  others 
that,  in  fact,  the  faintest  objects  that  can  be  resolved  by  this  technique  are 
a  factor  of  10s  fainter,  of  apparent  visual  magnitude  in,  320. 

Any  estimate  of  the  limiting  or  just-observable  magnitude  depends  on 
the  criterion  adopted  for  “just-observable”  as  well  as  on  the  usual 
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parameters  such  as  detector  quantum  efficiency,  bandwidth,  exposure 
time  and  so  on.  Three  examples  are  given  below:  an  estimate  of  the 
complete  object  energy  spectrum,  the  detection  of  a  binary  star,  and  the 
measurement  of  the  diameter  of  a  star.  In  each  case  we  define  a  factor  F 
to  be  the  product  of  the  exposure  time  Jf[s],  the  optical  bandwidth 
[nm]  and  the  quantum  efficiency  q  of  the  detector, 

FmAtAXq.  (7,69) 

We  also  use  the  fact  that  a  source  of  apparent  visual  magnitude  m„  gives 
rise  to  an  average  number  of  detected  photons  per  m1  per  frame,  of 
[7.72] 


Ha  =  F  10>»-o*-v<,  (7.70) 

Estimation  of  the  Object  Energy  Spectrum 

At  low  light  levels,  combination  of  (7.50.  63  and  70)  gives  a  SNR  of 
(SNR)„  -  M l' 2  ^  F  10‘8  "  0  i"'"  jo.435  ( j  <^0Cu)T0(u> . 

which  can  be  re-arranged  to  give  [7.70] 

m,  =»  18.8  + 15  log/  - 15  log(SNR)M  +•  1.25  logAf 

+  151og[<h0(u)7J>(u)]  +  51ogr0.  (7.71) 

For  ro=»0.1m,  .Vf»103,  4r=0.02s,  4x  =  25nm.  q—0.1,  ifo(u)rD(u)»0.2 
and  a  limiting  (SNR)W  =*5,  (7.71)  predicts  a  limiting  apparent  visual 
magnitude  of  approximately  m. » 1 3.3,  corresponding  to  approximately 
300  detected  photons  per  frame  in  a  4m  telescope.  Note  that  the  limiting 
magnitude  defined  in  this  way  is  independent  of  telescope  diameter  and 
depends  quite  strongly  on  the  seeing  parameter  r0,  in  fact,  the  de¬ 
pendence  on  ra  is  stronger  than  (7.71)  indicates  since  the  bandwidth  and 
exposure  time  both  change  with  r0  [7.23]  (Sects.  7.15,  6).  The  value  mv 
•  13.3  is  a  conservative  estimate  of  the  limiting  magnitude  for  many 
purposes,  since  it  is  based  on  the  criterion  that  the  SNR  have  the  value  5 
at  every  point  in  the  energy  spectrum. 

Detection  of  Binary  Stars 

Using  a  formula  for  the  SNR  based  on  the  autocorrelation  approach 
[7.61,  70],  in  which  the  estimated  quantity  is  the  height  of  the  binary  star 
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autocorrelation  peak  above  its  local  background,  we  can  derive  tbe 
following  limiting  magnitude  for  a  binary  wbose  components  are  equally 
bright: 

m,  - 17.3  + 15  logf  - 15  log(SNR)  M  + 1.25  log  1W 

+ 15  logi) + 15  logr0 .  (7.72) 

Substituting  the  same  parameters  as  above  now  leads  to  a  limiting 
magnitude  m,  - 17.6,  corresponding  to  approximately  5  detected  photons 
per  frame  an  average.  By  increasing  the  number  of  Independent  frames  to 
10*  and  slightly  increasing  the  exposure  time  and  bandwidth,  binaries  as 
faint  as  nt,»20  should  be  observable. 

The  limiting  magnitude  predicted  by  (7.72)  has  been  effectively 
achieved  by  Hege  et  ai.  [7.73]  in  their  measurement  of  the  16.2 
magnitude  component  of  the  triple  quasar  PG  1115  +  08  using  approxi¬ 
mately  20,000  independent  frames. 

Estimation  of  Object  Diameter 

Walker  [7.57]  has  made  a  comprehensive  study  of  the  accuracy  with 
which  the  diameter  of  an  object  can  be  estimated  by  speckle  in¬ 
terferometry,  assuming  a  known  limb  darkening  profile  of  the  star.  His 


F*  7.  io.  Limiting  magnitude 
m,  a»  a  function  of  the  desired 
fractional  accuracy  for  a  typi¬ 
cal  set  of  observing  parame¬ 
ters  on  a  4m-cia*a  telescope 
(observing  period :  2000  s) 

[7.58] 


results  are  summarized  in  Fig.  7.10  for  a  collection  of  observing  parame¬ 
ters  that  are  similar  (but  not  identical)  to  tbe  previous  two  cases.  For  1  % 
statistical  error  in  a  diameter  whose  value  is  075.  tbe  limiting  magnitude  is 
approximately  m,«16.  Of  course,  other  deterministic  effects  such  as 
those  due  to  atmospheric  calibration  are  not  included  in  this  or  previous 
cases. 
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7_3.4  Space-Time  Speckle  Interferometry 

In  the  analysis  of  the  optimum  exposure  time  in  Sect.  7.3.2,  we  found  that 
exposures  as  long  as  twice  the  temporal  correlation  time  of  the  image 
could  be  optimum  from  the  point  of  view  of  signal-to-aoise  ratio.  Such 
long  exposure  times  result  in  attenuation  of  the  high  angular  frequency 
components  in  the  measured  energy  spectrum,  and  those  remain  un¬ 
corrected,  Another  drawback  of  the  straightforward  speckle  method  is 
that  no  use  is  made  of  the  fact  that  photons  detected  at  the  end  of  one 
exposure  are  associated  with  essentially  the  same  classical  intensity  as 
those  detected  at  the  beginning  of  the  next  exposure;  thus  there  is  a 
potential  loss  of  information. 

“Space-time"  speckle  interferometry  [7.71,  74]  is  an  extension  of 
speckle  interferometry  that  includes  correlations  in  the  time  domain  as 
well  as  in  the  spatial  or  angular  domain.  In  one  such  scheme,  the 
temporal  cross-energy  spectrum  <i*(u,u,t)i(u,u,r-t-t)>  is  estimated  and 
used  to  fmd  an  estimate  of  $,(u,  i>)  that  is  not  biased  by  the  effects  of  a 
finite  exposure  time.  However,  the  signal-to-noise  ratio  of  this  technique 
does  not  appear  to  be  any  higher  than  that  associated  with  the  ‘optimum 
exposure  time”  method  [7.71],  It  does  not  appear  to  be  worthwhile 
implementing  space-time  speckle  interferometry  unless  other  benefits  can 
be  found  (such  as  obtaining  object  maps  [7.74]). 


7.4  Reconstruction  of  the  Object  Intensity 

The  fundamental  equation  of  speckle  interferometry  relates  the  average 
energy  spectrum  of  the  image  4>,(u,  o)  to  that  of  the  object  <Pa(u,  u), 

<fit(u,v)=m<P0(u,v)^’(u.v),  (7.7) 

where  T(u,  o)  is  the  speckle  transfer  function.  Under  favorable  conditions 
this  equation  can  be  inverted  to  yield  an  estimate  of  the  object  energy 
spectrum 

40(u,u)a|o(u,u)|I 

Of<x,/?)exp[  —  2ni(au-t-fJc)]dad/J|  ,  (7.73) 

where  Of  a,  /T)  is  the  angular  distribution  of  object  intensity  and  of  u,  v)  is  its 
Fourier  transform.  It  should  be  noted  that,  by  the  van  Cittert-Zemike 
theorem  [7.2],  ofu,  t>)  is  a  spatial  coherence  function  (strictly,  the  mutual 
intensity)  and  lofu,  v)l  is  often  called  a  visibility  function. 
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It  is  impossible,  in  general,  to  calculate  a  unique  object  intensity 
0(a,  0)  from  a  knowledge  of  only  its  energy  spectrum  <P0(u,  v) ;  this  simple 
fact  cannot  be  stressed  too  strongly.  In  some  special  cases,  unique 
reconstruction  of  0(0,0)  is  possible  ;  in  a  second  set  of  special  cases, 
unique  reconstructions  can  be  formed  almost  always ;  and  in  a  third  set  of 
special  cases,  additional  information  is  available  that  enables  a  unique 
solution  to  be  found. 

The  object  energy  spectrum  40(u.  it)  contains  no  obvious  information 
about  the  phase  of  the  Fourier  transform  of  Ota,  0)  and  for  this  reason  the 
problem  of  reconstructing  the  object  intensity  from  u)  is  referred 
to  as  the  “phase  problem"  Phase  problems  arise  in  many  branches 
of  physics — scattering,  x-ray  diffraction,  coherence  theory  and 
microscopy — and  a  detailed  review  is  beyond  the  scope  of  this  chapter 
(see  [7.75,  76]).  Our  renew  will  be  strictly  limited  to  the  phase  problem  as 
it  occurs  in  the  measurement  of  angular  coherence  functions  by  stellar 
speckle  interferometry;  short  reviews  of  this  may  be  found  in  [7.12-15, 
77]  and  a  comprehensive  review  was  given  by.  Bates  [7.1 1],  It  is 
interesting  to  note  that  some  of  the  earliest  work  on  the  phase  problem 
by  Lord  Rayleigh  [7 .78]  and,  in  the  modem  era,  by  Wolf  [7.79]  was 
also  concerned  with  coherence  theory. 

The  plan  of  this  section  is  as  follows.  In  SecL  7.4.1  we  discuss  the 
basic  reason  for  the  ambiguity  of  the  phase  problem.  The  next  two  Sects. 
7.4.2,  3  deal  with  attempts  at  object  reconstruction  from  the  energy 
spectrum  only,  whilst  in  Sects.  7  4.4-7  we  describe  other  methods  that 
incorporate  information  in  addition  to  the  energy  spectrum.  The  subject 
is  summarized  in  SecL  7.4.8.  The  review  is  limited  to  the  speckle  method 
of  stellar  interferometry ;  in  this  regard  it  should  be  noted  that  there  is 
increasing  evidence  [7.9,  80-82]  that  other  methods  of  stellar  in¬ 
terferometry  are  probably  more  appropriate  for  object  reconstruction. 


7.4.1  Ambiguity  of  the  Phase  Problem 

An  essentially  theoretical  restriction  in  the  phase  problem,  which  is 
always  satisfied  in  practice,  is  that  the  object  intensity  O(a,0)  has  a  finite 
angular  extent  with  support  (2a.  2b);  thus  otu,v)  is  the  finite  Fourier 
transform. 

«  b 

ofu, »)»  J  j"  Ota, 0) exp[  -  2si( ua  - v0)] dadf} .  (7.74) 

-■  ~b 

It  can  be  shown  that  the  analytic  continuation  of  olu.ii)  to  the  complex 
plane,  otz,,z 3)  where  rp  z2  are  complex  variables,  is  an  entire  function  of 
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exponential  type.  Such  functions  are  completely  specified  by  their 
(complex)  zeros.  The  zeros  provide  a  unifying  concept  for  the  study  of  all 
phase  retrieval  methods;  their  Importance  in  interferometry  was  dis¬ 
cussed  by  Bates  [7.83]  and  in  a  more  general  context  by  Ross  and 
colleagues  [7.85-87].  Although  the  zeros  are  the  unifying  concept,  they 
are  not  necessarily  of  practical  value  in  computer-based  algorithms  due 
to  the  complexity  of  determining  their  locations. 

Before  discussing  the  reason  for  the  ambiguity  of  the  phase  problem, 
we  should  note  that  certain  phase  ambiguities  do  not  affect  the  form  of 
the  object  Intensity  and  are  ignored  in  the  following  analysis.  Defining 
the  phase  of  o(u,it)  as  phase  {otu,  »)},  we  are  not  concerned  with  the 
following  variants: 

phase  -t-  <p,  where  0  is  a  constant,  (7.75a) 

phase  {o(u.t!)}+2jt<iia,  +o0,), 

where  (a,,/?,)  is  a  constant  vector.  (7.75b) 

-  phase  (o(u,v)}.  (7.75c) 

The  addition  of  a  constant  phase,  (7.7Sa),  does  not  alter  the  object 
intensity  0(ct,0);  the  second  variant,  (7.75b),  leads  to  a  shifted  object 
0(a+3,,  0+/),);  the  third  case,  (7.75c),  gives  0(— a,  -0),  which  is  a  180° 
rotated  version  of  the  object.  In  the  discussion  below,  these  trivial 
ambiguities  are  ignored. 

Our  approach  to  describing  the  phase  problem  is,  following  Bruck 
and  Sod  in  [7.88],  to  represent  the  object  by  a  finite  number  of  samples, 
equally  spaced  (for  simplicity)  by  J  on  a  grid  of  (iV  + 1)  by  (M  + 1 )  points. 
Defining  new  complex  variables  »,  and  w2 

w1  »exp(-23rizld),  Wj=exp(-2mzjd),  (7.76) 

the  Fourier  transform  ofw,,  w2)  can  be  written  as  a  finite  polynomial  in 
and  Wj 


V  M 

rwjz  z 


0(nd  — a,md  —b)  w]w% . 


The  terms  w]**  and  merely  define  the  (a, 0)  origin ;  ignoring  these, 
and  simplifying  the  notation  we  write 

Z  Z  <7-77) 
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The  most  important  feature  of  (7.77)  is  that  the  (discrete)  Fourier 
transform  of  the  object  intensity  can  be  written  as  a  finite  polynomial  in 
the  complex  variables  w,  and  w,,  the  coefficients  of  the  polynomial  being 
the  sampled  values  of  the  object  intensity.  In  this  approach  to  the 
phase  problem,  the  mathematics  of  polynomials  is  important;  note, 
however,  that  this  approach  is  less  general  than  required  by  the  original 
problem,  which  was  for  continuous,  not  discrete,  object  functions. 

Consider  now  the  one  dimensional  case, 

Z  (7.77a) 

,-o 

A  one-dimensional  polynomial  can  always  be  factorized,  or  reduced,  into 
prime  factors, 

olwJ-C  I!  (wt  —  p,  (7.78) 

j-i 

where  C  is  a  constant  and  J  are  the  roots  or  zeros.  The  V  zeros  and  the 
constant  C  completely  determine  the  Fourier  transform  otw,)  and  hence 
the  object  0„.  If  the  object  is  real,  as  in  the  present  case,  the  zeros  lie  on 
the  unit  circle  or  in  complex  conjugate  pairs  around  the  unit  circle  and 
only  tV/2  zero  locations  are  required  to  specify  the  object;  positivity 


Fig.  7.11.  la)  a  real  positive  object,  lb)  zeros  of  its 
Fourier  transform,  ic)  zeros  of  its  energy  spec¬ 
trum  icourtesy  of  B.  J.  Bramesl 
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requires  that  no  zeros  lie  on  the  positive  real  w,  axis.  Figures  7.11a 
and  b  illustrate  these  results. 

In  a  similar  manner,  we  can  represent  the  energy  spectrum  40(u)  as  an 
analytic  function  o(zt)o*(zf);  the  conjugate  function  to  oiwj  is  just 
oU/w,)  so  that  <Pa(*j  can  be  written  as  a  polynomial  of  degree  2;V : 

*oK)-CJ  fl  K  - ", -  !/<;)■  (7.79) 

;*  i 

That  is,  the  complex  zeros  of  $0(w,)  consist  of  the  original  ,V  zeros  of  the 
object  transform  plus  their  inverses.  This  is  illustrated  in  Fig.  7.11c. 

Thus,  the  essence  of  the  phase  problem  is  that,  without  some  basis  for 
choosing  between  the  correct  zero  and  its  inverse,  we  could  construct  2MU 
equally  valid  sets  of  N  zeros  each  representing  a  real,  possibly  positive, 
object  In  the  one-dimensional  case,  there  is  no  unique  solution  to  the 
phase  problem,  in  either  a  theoretical  or  practical  sense;  additional 
information  is  required  to  find  the  object  intensity. 

Consider  now  the  two-dimensional  case,  where  the  Fourier  transform 
of  the  object  intensity  can  be  written  as  a  polynomial  in  two  complex 
variables. 


ofWj.Wj)-  £  £  (7.77) 

**0*i«0 

Napier  and  Bates  [7.89]  were  the  first  to  find  that  a  unique  solution  to 
the  phase  problem  was  more  likely  to  occur  in  this  case.  In  one 
dimension,  ambiguity  resulted  from  the  factorizability  of  the  polynomial 
(7.77a);  in  two  dimensions,  as  shown  by  Bruck  and  Sodin  [7.88], 
ambiguity  may  also  exist  if  the  two  variable  polynomial  (7.77)  is 
factorizable  (or  reducible)  and  the  degree  of  ambiguity  is  determined  by 
the  number  of  non-self-conjugate  irreducible  factors.  However,  there  is  a 
very  smail  probability  that  any  two-dimensional  polynomial  is  reducible; 
in  fact,  reducible  polynomials  in  two  dimensions  are  a  set  of  measure  zero 
[7.90].  Thus  one  is  tempted  to  assume  that  the  two-dimensional  phase 
problem  has  a  unique  solution  “almost  always”. 

The  uniqueness  of  the  two-dimensional  phase  problem  is  the  subject 
of  much  current  research.  The  results  of  applying  the  algorithms  to  be 
described  in  Sect.  7.4.3  strongly  suggest  that  effectively  unique  solutions 
may  exist  for  certain  objects,  although  of  course  it  is  always  possible  to 
produce  counter-examples  [7.91,92],  Fiddy  et  ai  [7.93]  and  Fienup 
[7.94]  have  used  Eisenstein's  ineducibility  theorem  to  define  one  particu¬ 
lar  class  of  objects  for  which  a  unique  solution  is  guaranteed. 
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There  are  three  basic  approaches  to  solving  the  phase  problem  in 
stellar  speckle  interferometry.  In  the  first,  it  is  assumed  that  something 
about  the  object  is  known.  For  example,  for  a  symmetric  object  intensity 

Ofo,0)-O(— ot.-0),  (7.80) 

the  Fourier  transform  o(u,v)  is  purely  real  and  continuity  arguments 
enable  it  to  be  found  from  jo(u,ti)|;  a  rotationally  symmetric  object  is 
included  in  this  category.  Speckle  holography,  to  be  discussed  in  the  next 
subsection,  also  assumes  that  the  object  has  a  known  property.  In  the 
second  approach,  one  assumes  that  the  two-dimensional  phase  problem 
is  almost  unique  and  seeks  an  algorithm  to  recover  the  object  intensity 
from  the  modulus  information  alone.  In  the  third  approach,  additional 
information  is  extracted  from  the  speckle  images  in  a  number  of  different 
ways  (Sects.  7.4.4-7). 


7.4.2  Speckle  Holography 

The  technique  of  speckle  holography,  in  its  original  and  most  elementary 
form  [7.95,  96],  relies  on  the  presence  of  a  reference  object,  preferably  a 
point  source.  Let  the  object  field  be  written  as  the  sum  of  a'point  centered 
at  the  origin  and  the  object  under  investigation  0,(o, (j)  centered  at 


CM<x,#-<5(a)d(£)  +  Ol(a-aI,0-01).  (7.81) 

The  spatial  autocorrelation  of  (7.8l)  consists  of  four  terms 

Co(a,0)»  fj  +  W 

-  ® 

+  f  f  o ,  («\  mo ,  (o' + «,  r + pw  dr 

a 

+  O,(«-«l,0-0,)  +  Ol(-*-*1,  -jS-iS,).  (7.82) 

The  first  two  terms  are  located  in  the  region  of  the  origin,  the  third  is  the 
object  centered  at  (a,,#,)  and  the  fourth  term  is  a  180°  rotation  of  the 
object  centered  at  (-a,, -/?,).  Provided  that  x,  >3a/2  and  jSx>lbl 2, 
where  the  object  extent  is  (a,  b),  the  third  and  fourth  terms  are  separated 
in  angle  from  the  first  two  and  a  reconstruction  of  the  object  is  obtained 
(with  the  180°  rotatic  i  ambiguity).  Whgelt  [7.97-99]  has  demonstrated 
that  this  is  a  useful  astronomical  technique  and  Fig.  7.12  shows  an 
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Fig.  7.12.  Speckle  holography  of 
ADS  3358  [7.98] 


•  •• 
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ADS  3398  A-B-C 

example  of  the  reconstruction  of  a  triple  star  using  speckle  holography. 
The  extent  of  the  atmospheric  isoplanatic  angle  is  dearly  important  in 
speckle  holography  (Sect.  7.2.7). 

If  the  reference  point  is  not  separated  by  the  “holographic  distance" 
then,  in  general,  the  object  intensity  cannot  be  reconstructed  un¬ 
ambiguously  unless  further  information  is  available.  For  example,  Liu 
and  Lohmann  [7.100]  suggested  using  the  long-exposure  image  as  a 
mask,  and  Baldwin  and  Warner  [7.101]  used  the  knowledge  that  one 
star  is  brighter  than  the  others  to  unravel  the  object  (star  clusters)  from 
the  autocorrelation  function.  Indeed,  if  the  object  consists  of  a  discrete  set 
of  points  and  no  vector  separation  between  points  occurs  more  than  once 
(i.e.,  non-redundant  spacings)  then  a  unique  solution  to  the  problem 
exists  [7.102,  103].  In  another  special  case  described  by  Bruck  and 
Sodin  [7.87],  a  one-dimensional  object  can  be  reconstructed  uniquely 
provided  that  the  reference  point  is  not  in  line  with  the  object  in  the  two- 
dimensional  plane.  The  irreducibility  criterion  described  by  Foody  et  al. 
[7.93]  also  involves  the  use  of  reference  points  less  than  the  usual 
holographic  distance. 
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Weigelt  [7.104,  105]  has  suggested  a  technique  called  “speckle 
masking”  that  is  related  to  holography  in  the  sense  that  the  speckle  short- 
exposure  images  axe  preprocessed  to  yield  an  approximation  to  the 
instantaneous  point  spread  function.  In  a  more  general  sense,  the  speckle 
masking  method  involves  the  determination  of  the  triple  correlation 

C,(ot,  0;xo, 0o)a</(a,ft- /(a  -  0  -  0O)  *  /(a,  ft> , 

from  which  the  triple  correlation  of  the  object, 

C0(cc,  0 ;  *0,  /?„)  a  [0(a,  0)  ■  Ota -ao,0-  ft)]  *  0(a,  ft . 

can  be  determined  by  subtraction  of  bias  terms  [7. 105],  Depending  upon 
the  complexity  of  the  object,  it  is  possible  to  determine  0(a,  ft  from  the 
triple  correlation  C0(a,ft,a0,j30J. 

7.4-3  Modulus— Only  Algorithms 

In  this  approach  to  object  reconstruction  in  stellar  speckle  interferom¬ 
etry,  it  is  implicitly  assumed  that  the  two-dimensional  problem  does  have 
a  unique  solution.  Three  algorithms  that  attempt  to  recover  this  solution 
are  described  below.  Any  result  produced  by  these  algorithms  is  therefore 
subject  to  two  uncertainties:  a)  did  a  unique  solution  to  the  phase 
problem  exist,  even  in  principle?  b)  if  it  did  exist,  did  the  algorithm 
converge  to  this  solution?  Strictly  speaking,  uniqueness  of  the  solution  to 
the  two-dimensional  phase  problem  is  not  guaranteed  and  none  of  the 
algorithms  described  here  have  been  shown  to  always  converge  to  the 
unique  solution  when  one  is  known,  a  priori,  to  exist.  On  the  other  hand, 
the  overwhelming  proportion  of  experimental  evidence  suggests  that,  for 
simple  objects,  some  of  these  methods  are  successful  in  reconstructing 
object  maps. 

Iterative  Algorithm 

Fienup  has  suggested  a  number  of  iterative  algorithms  [7. 106—110]  for 
computing  the  object  intensity  from  a  knowledge  of  only  the  modulus  of 
its  Fourier  transform  and  an  estimate  of  the  support  of  the  object.  Two 
possible  schemes  are  shown  in  Fig  7.13.  The  first  scheme,  called  the  error 
reduction  method  because  the  mean  square  error  between  iterations 
always  decreases  [7.1 10],  is  a  generalized  form  of  the  Gerchberg- 
Saxton  algorithm  [7.111].  Starting  with  an  estimate  of  the  object 
intensity  at  the  kth  iteration  Ok(o,  ft,  the  transform  6k(u,o)  is  calculated. 
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The  modulus  of  this  transform  is  replaced  by  the  given  modulus,  forming 
a  new  estimate  dk(u,  o)  that  -satisfies  the  constraints  of  the  problem  in  the 
Fourier  transform  domain.  This  is  inverse-transformed  to  give  a  new 
estimate  of  the  object  6k(a,0)  which  is  set  to  zero  in  the  region  where  the 
object  is  known  to  be  zero  and  set  equal  to  zero  where  negative  object 
values  exist,  thus  forming  a  new  estimate  <?k  .  ,(«.  0)  which  is  the  starting 
point  for  the  next  cycle.  In  practice,  the  error  reduction  algorithm 
converges  very  slowly  and  it  is  generally  most  useful  when  applied  with 
one  of  the  “input-output"  algorithms. 

The  second  scheme  is  shown  in  Fig.  7.13b  and  is  called  the  “input- 
output"  algorithm.  The  oniy  difference  between  this  and  the  error 
reduction  scheme  lies  in  how  the  next  starting  input  Ok.  i(o,0)  is  derived 
from  the  previous  output  estimate  O'k(cL,0)  and  input  (5k(a,  /?).  To  a  first- 
order  approximation,  a  small  change  in  the  input  gives  a  small  change  in 
the  output  proportional  to  that  in  the  input  (plus  nonlinear  terms);  thus, 
by  changing  the  input  it  should  be  possible  to  drive  the  output  in  the 
desired  direction.  The  most  satisfactory  version  of  this  scheme,  called  the 
hybrid  input-output  algorithm  is 

0**  P)  when  object  constraints  satisfied 

*Ok(a,0)  — y<7k(a,/I)  when  not  satisfied, 
where  y  is  a  parameter,  typically  on  the  order  of  unity. 


(7-83) 
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Fig.  7.14.  (A)  Original  object:  (B).(C)auu8pf«  of  simulated  degraded  images:  iDI  Fourier 
modulus  estimate  computed  from  degraded  images:  (E)  image  reconstructed  using  iterative 
algorithm  [7.110] 


A  discussion  of  the  relative  merits  of  different  iterative  algorithms  is 
given' in  [7.110];  at  the  present  time,  these  algorithms  are  still  rather  ad 
hoc  and  their  success  appears  to  depend  to  some  extent  on  the  skill  of  the 
programmer.  Figure  7.14  shows  some  results  obtained  by  Fienup.  These 
algorithms  tends  to  successfully  recover  the  object  intensity  for  simple, 
but  non-symmetric,  objects ;  the  shape  of  the  support  of  the  object  also 
appears  to  affect  the  success  of  die  iterative  method.  It  should  be  stressed 
that  this  (and  other)  algorithms  can  fail  to  converge  to  the  correct 
solution  for  complicated  objects. 

Phase  Closure  Algorithms 

Bates  and  coworkers  [7.112-114]  have  suggested  an  algorithm  that,  in 
its  original  form,  may  be  useful  as  a  starting  point  for  the  Fienup 
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algorithm  [7.115-117],  and  in  a  future  unproved  form  may  be  valuable 
on  its  own.  Consider  an  array  of  ,V  by  Vf  values  of  the  Fourier  transform 
of  an  object  (for  a  real  object  of  size  N  by  N,  M  =»  (V/2  + 1) ;  the  aim  of  this 
algorithm  is  to  calculate  the  phases  of  each  point  allowing  any  one 
point  (usually  the  origin)  to  be  set  to  zero.  Bates  and  coworlcers  suggested 
the  following  two  step  procedure : 

i)  Estimate  the  magnitude  of  the  ((V-l)  by  M  phase  differences 
along  the  u-axis,  !0,-,  tj-  0<J  and  the  N  by  (Af-  1)  u-phase  differences 

0i.,*,-0J- 

ii)  Compute  the  N  by  M  phases  from  the  magnitudes  of  these  (2NM 
-N—  M)32 NM  phase  differences. 

Let  us  assume,  for  the  moment,  that  step  (i)  is  possible  and  see  how 
phase  closure  might  be  used  to  determine  the  phases.  Consider  the 
rectangle  comprising  the  first  four  points  (0,0),  (1,0),  (1, 1),  and  (0, 1)  and 
assume  that  the  magnitudes  of  the  four  phase  differences  are  known : 


0i.o -0o.  al  “Vi* 
01.1-01.  ol“V2, 
0i.i-0o.il-V3, 

0o.i-0o.ol"VV 


(7.84) 


Clearly,  we  can  set 

flo.o  "0  '  (7.85a) 

and 

0l.o»  +Vi-  (7.85b) 

(If  in  fact  9l  „  m  -  v,,  the  object  reconstruction  will  be  rotated  by  180°.) 
Proceeding  around  the  rectangle  anti-cloclcwise. 

0i.i*Vi±Vi  (7.85c) 

and  this  leads  to  four  possible  values  of  90  ,, 

0Q.1  "Vi  ±Vi±Vj-  (7.85(1) 

On  the  other  hand,  going  directly  from  (0,0)  to  (0, 1)  yields 

(7.85e) 


Bates  [7. 112]  argued  that  only  one  of  the  four  solutions  (7.85d)  will  equal 
one  of  the  two  solutions  (7.85e),  thus  determining  the  phases  at  each  of 
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the  four  points.  If  this  is  the  case,  then  this  procedure  could  be  repeated 
for  all  points  in  the  Fourier  plane  and  the  object  intensity  could  be  found 
by  inverse  Fourier  transformation.  Since  the  number  of  phase  difference 
magnitudes  is  roughly  twice  the  number  of  phases,  it  may  be  possible  to 
use  the  methods  mentioned  in  Sect  7.4.7  for  improving  the  phase 
estimates. 

Even  if  the  above  step  (ii)  works,  it  is  still  necessary  to  find  the 
magnitudes  of  phase  differences,  step  (i).  These  can  be  estimated  by 
oversampling  the  modulus  in  a  scheme  in  which  the  Shannon  in¬ 
terpolation  formula  is  replaced  by  two  point  interpolation  [7.112];  this 
provides  only  a  crude  estimate  of  the  phase  differences  (for  example,  a 
large  proportion  have  to  be  set  equal  to  0  or  «)  and  requires  improve¬ 
ment  for  reliable  object  restoration  by  itself.  Combined  with  a  modified 
Fienup  algorithm  that  incorporates  a  preprocessing  step  to  remove  the 
strong  central  lobe  in  the  Fourier  plane,  this  technique  has  been  shown 
[7.116,  117]  to  produce  excellent  reconstructions  of  simple  objects. 

Maximum  Entropy  Algorithm 

In  general  terms,  the  maximum  entropy  method  reconstructs  the 
smoothest  object  intensity  distribution  consistent  with  the  available  data. 
It  was  first  suggested  for  use  with  phaseless  data  by  Gull  and  Daniell 
[7.113] ;  as  with  the  other  algorithms,  there  is  of  course  no  way  that  the 
maximum  entropy  algorithm  can  resolve  any  inherent  ambiguities 
[7.119].  If  there  are  ambiguities,  this  method  restores  the  smoothest 
object  map. 

7.4.4  Use  of  Exponential  Filters 

The  ambiguity  of  the  phase  problem  arises  because  the  2.V  zeros  of  the 
object  energy  spectrum  consist  of  the  S  zeros  associated  with  the  Fourier 
transform  of  the  object  plus  their  inverses.  Given  only  the  2N  zeros  of  the 
energy  spectrum,  it  is  impossible,  in  general,  to  select  the  correct  zeros 
from  each  zero  pair.  By  making  a  second  measurement  of  the  energy 
spectrum  of  a  modified  object  intensity  distribution  [the  original  Ola,  0) 
multiplied  by  exp(-2itan),  where  a  is  a  constant],  it  is  possible  to 
unambiguously  recover  the  correct  iV  zeros  and  hence  the  object  intensity 
itself  This  was  first  suggested  by  Walkhi  [7.120]  and  Wood  et  al 
[7.121], 

The  basic  principle  of  the  method  is  shown  in  Fig  7,15.  where,  for 
illustration,  there  are  only  three  sets  of  zeros.  The  zeros  corresponding  to 
the  original  object  are  shown  as  solid  circles  •  and  their  inverses  as  C ; 
given  only  the  object  energy  spectrum  it  is  impossible  to  determine  which 
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is  the  “correct"  one.  When  the  object  is  multiplied  by  expi  -  2.taa),  a>0, 
the  zeros  in  terms  of  the  z-variable  move  from  :t  to  -  ia.  and  in  terms  of 
the  ^-variable,  w—expf -2mzd),  from  w,  to  w;exp(2;tad);  that  is,  the 
correct  zeros  all  move  radially  outwards  by  a  constant  factor,  as  shown  in 
Fig.  7  .15  (•-•■).  The  energy  spectrum  of  the  modified  object  contains 
both  these  zeros  (■)  and  their  inverses  (C) ;  given  both  pairs  of  zeros  (•,  0, 
■  and  ~)  the  comet  zero  (•)  can  always  be  located.  Although  our 
description  has  been  in  terms  of  one  dimension,  the  uniqueness  of  the 
solution  also  applies  to  the  two-dimensional  case. 

In  astronomy,  it  is/of  course,  impossible  to  place  an  exponential  filter 
over  the  object!  Walker  [7.122]  showed  that  this  is  not  necessary  and 
that  the  exponential  filter  may  be  placed  in  the  image  plane.  Denote  the 
instantaneous  usage  intensity  by  l(a.  /J)  and  the  exponential  filter  trans¬ 
mittance  by  G(a,/J).  The  energy  spectra  of  the  unage  intensity  and  the 
modified  image  intensity  (/(a,0)G((x,/?))  are 

*,(ZA  c)|  J<|7Tu,  till1)  (7.5) 

and 

*i(u,  u)  -  <|i(u,  u)@g(u,  u)|2> 

-<|{o(u,p)7Tu,B)}®p(u,»)|2>.  (7.86) 

where  ®  denotes  convolution  and  the  other  symbols  are  defined  in  Sect. 
7.2,1. 

Provided  that 


G(a,  +*,,0,  •+■  0})  *  G(«,,  /?,)G((Xj,  fl2) , 


(7.87) 
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Fig.  7.16.  (a)  test  object;  (b)  a  short  exposure  point  spread 
function;  (c)  a  short  exposure  image; (dHg) reconstructions 
using  respectively  10.  25.  SO.  and  100  simulated  point  and 
object  exposures  [7.123] 


which  is  satisfied  by  the  real  exponential  function,  the  convolution  of 
(7.86)  simplifies  to  yield 

*'i(“.D)*,|o'(u.»)l2  <|T(u,e)|1>  (7.88) 

where, 

o'(u,u)™o(u,  u)@g(u,  v) 
and 

Hu,  o)  *  7Tu,  o)@  g{u,  v) . 

Assuming  that  the  forms  of  the  two  transfer  functions  <|7Tu,t;)l2>  and 
<|7'(u,  oX2>  can  be  found  (using  a  reference  star,  for  example),  we  can  find 
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the  energy  spectra  of  the  object  and  of  the  modified  object  which  are 
sufficient  data  for  a  unique  solution  to  the  phase  problem. 

Having  shown  that  a  unique  object  reconstruction  can  be  found  from 
|o(u,  oil2  and  |o'(u,  p)|2,  there  remains  the  problem  of  finding  a  practical 
two-dimensional  algorithm  that  converges  to  this  unique  solution. 
Walker  [7.122,  123]  has  used  an  extended  version  of  the  Fienup 
algorithm  that  includes  both  sets  of  Fourier  constraints.  Figure  7.16 
shows  an  example  of  reconstructions  obtained  by  Walker  in  a  computer 
simulation,  using  this  algorithm.  It  should  be  noted  that  this  proposed 
method  of  object  reconstruction  uses  only  a  single  set  of  data  for  the 
object  and  for  the  reference,  as  the  exponential  filter  can  be  applied 
numerically  on  the  raw  data. 

7.4.5  Shift  and  Add 

The  short-exposure  speckle  images  shown  in  Fig.  7.1  are  of  an  un resolv¬ 
able  star  in  the  upper  row  and  a -Ononis,  or  Beteigeuse,  which  is  a  red 
giant  star  in  the  lower  row.  In  simplistic  terms,  each  “speckle”  in  both  sets 
of  images  may  be  regarded  as  an  “image” ;  for  the  upper  row,  it  is  an 
image  of  a  point  source  and  for  the  lower  row  it  is  an  image  of  x-Orionis. 
Such  reasoning  led  Harvey  and  cowotkers  [7.124,  125]  to  obtain  the 
first  diffraction-limited  map  of  a  star  other  than  our  own  sun. 

In  the  original  method,  a  few  bright  speckles  are  selected  from  each 
exposure  and  superimposed  with  the  aid  of  a  digital  microdensitometer 
and  computer.  Figure  7.17  shows  the  Tesult  of  this  process  for  a  point 
object  (a)  and  z-Onoms  in  the  continuum  (b)  and  TiO  absorption  band 
(c);  clearly  the  giant  star  is  resolved  and  the  difference  |(b~c)|  indicates 
possible  temperature  variation  over  the  surface  of  the  star.  McDonnell 
and  Bates  [7.126]  have  applied  superresoiution  techniques  to  produce 
an  enhanced  image  of  Beteigeuse  from  this  data 

This  approach  to  forming  object  maps  has  been  extended  by  Bates 
and  Cady  [7.127, 128]  in  a  technique  they  call  “shift  and  add”.  Let 
denote  the  coordinates  of  the  center  of  the  brightest  speckle  in  the  jth 
image;  each  image  is  shifted  such  that  is  at  the  origin  and  then 

added  to  all  other  similarly  shifted  images,  giving  the  result 

«<*.«- x?  t  (7.89) 

iV  jmx 

This  process  is  carried  out  for  both  the  object  under  study  and  a  reference 
star;  the  image  of  the  object  is  de-convolved  using  that  of  the  reference 
and  an  algorithm  such  as  “CLEAN"  [7.129].  A  theoretical  study  [7.130] 
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Fig.  7.  17A-D.  Diffraction -limned  images  computed  from  short  exposure  photographs  by 
LrNOs  et  aL  [7-124],  (A)  unresolved  star  (y-Ori).  (B)  a-On  or  Betelgeuse,  in  the  continuum. 
(O  a -On  in  the  TiO  band  and  (D)  the  difference  image  ( BMC).  The  contour  levels  are  5  %  of 
the  peak  intensity  (AMO;  »n  (D)  the  interval  is  2X  with  the  broken  curve  indicating  that 
the  continuum  is  brighter 


has  recently  confirmed  that  diffraction-limited  information  is  preserved 
in  the  shift  and  add  method. 

7.4.6  Phase  Avenging 

In  the  technique  of  speckle  interferometry,  the  Fourier  transforms  of  the 
instantaneous  image  intensity  and  the  object  intensity  are  related  by 

i(u,  o) «  o(u,  »)T(u,  u) ,  (7.90) 

where  7Tu,b)  is  the  instantaneous  transfer  function.  The  quantities 
<[i(u,  bH2)  and  <|7Tu,u)(i>  are  measured  and  an  estimate  of  the  object 
energy  spectrum  |o(u,e)|2  is  obtained.  Taking  the  logarithm  of  (7.90)  we 
obtain 


phase{i(u,u)}  —  phasefotu,  b)}  +  phase{  7Tu,  v)} 


(7.91) 
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and,  taking  the  average 

<phase{i(u,  u)}> =phase{o(u,  »)}  +<phase{  T(u,  »)}> ,  (7.92) 

where,  in  ail  eases,  the  phase  is  the  vaiue  in  the  interval  -  x  to  x.  Thus, 
provided  that  <phase{T(u,  o)}>  is  known  (or  zero),  the  phase  of  the  object 
transform  can  be  obtained  from  the  average  phase  of  the  image 
transforms;  this  method  was  first  suggested  by  McGlamery  [7.131]. 

Using  arguments  based  on  the  central  limit  theorem,  it  is  not  difficult 
to  show  that,  for  Di>r0  and  angular  frequencies 

r0/A<(tt,u)<(O-r0)/A, 

the  quantity  Tiu, u)  is  a  circular  complex  Gaussian  random  process;  it 
follows  that 

<phase{  Tfu,u)}>  =«0, 

and  that  the  phase  (7Tu,u)}  folded  into  the  primary  interval  —it  to  it  is 
statistically  uniformly  distributed. 

The  crucial  step  in  implementing  the  phase-averaging  method  is 
therefore  the  determination  of  the  “unwrapped’’  phase  (i.e.,  that  in  the 
interval  -  x  to  x)  from  the  phase  in  the  primary  interval  -it  to  it.  In 
principle,  this  may  be  done  by  assuming  continuity  of  the  phase  and 
following  it  out  from  the  origin  where  it  can  be  assumed  to  be  zero.  This 
procedure  is  subject  to  error  when  the  modulus  |i(u,ti)|  is  small; 
O’Donnell  [7.36]  has  shown  that  the  root-mean-square  absolute  error  a 
in  the  unwrapped  phase  is  given  approximately  by 


where  iV  is  the  average  number  of  detected  photons  per  frame  and  i(u,  ti)  is 
the  Fourier  transform  of  the  instantaneous  image  intensity  normalized  to 
unity  at  the  origin.  Clearly,  a  small  value  of  |i(u,  till  leads  to  a  large  error. 
For  example,  for  a  point  object  [<f0(u,t>)=“  1]  at  an  intermediate  fre¬ 
quency  [To(u,u)=0.3]  and  a  large  telescope  {D/r0s 40),  an  average  value 
of  liifu,  o)|  is  on  the  order  of  10' :,  implying  iV  >  8  x  10*  detected  photons 
per  frame  for  a  phase  error  of  less  than  0.25  rad. 

Despite  the  above  analysis,  computer  simulations  of  the  phase 
averaging  method  have  shown  some  promise  [7,132.  133],  particularly 
for  providing  a  starting  point  to  the  Fienup  algorithm.  Other  algorithms 
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for  phase  unwrapping  have  been  suggested  by  Tribolet  [7.134]  and 
Swan  [7.135];  in  the  latter,  the  average  phase  is  calculated  without 
explicit  unwrapping.  Finally,  Mertz  [7.74]  has  suggested  following  the 
phases  of  the  angular  frequency  components  in  time  in  order  to  find  their 
average  value;  the  error  has  not  yet  been  evaluated  for  this  approach. 


7.4.7  Knox-Thompson  Method 

In  this  method,  first  suggested  by  Knox  and  Thompson  [7.136, 137],  the 
cross-energy  spectrum  of  the  image  intensity  is  computed;  following  the 
notation  of  Sect.  7.2.1 

<*u>V(u'\0> 

-o(u',  »W,  o')  <  TV,  »')T*(u",  u")> .  (7.94) 

Taking  logarithms  of  each  side  and  equating  imaginary  parts,  we  find 
that. 


phase  {<i(u,u)i*(u-t-du,tM-dt>)>} 

»  phase  (o(u,  u)}  —  phase  {<%u  +  du,v  +  Av)} 

-t-phase  {<7]u,e)T'(u  +  du,D  +  du)>} ,  (7.95) 

where  we  have  made  the  substitutions 

du«u"-u'  and  -  u'  in  (7.94). 

Thus,  provided  that 

i)  (T\u,v)T*{u+Au,o+Av)'>  «t»0  and 

ii)  phase  {<T(u,  c)T*(u-t-du,  ti  +  d»)>)  is  either  known  or  zero,  it  is 
possible  to  find  phase  differences  in  the  object  spectrum.  This  information 
is  then  used  to  find  the  phase  of  the  object  spectrum  and  hence  the  object 
intensity  (if  the  energy  spectrum  is  known).  In  the  following  we  show 
that  (i)  is  satisfied  when  (u,  o)<rJk  and  that  phase 
{<7]u,e)T*(u-t-du,u  +  dt;)>}  is  approximately  zero;  we  then  discuss  how 
the  phase  difference  information  can  be  used  to  restore  the  actual  phases. 

To  evaluate  the  quantity  < T[u',v')T*{u',v')'>  we  use  a  similar  ap¬ 
proach  to  that  given  in  Sect  7.13  to  evaluate  the  approximate  speclde 
transfer  function.  In  particular,  it  is  assumed  that  the  complex  amplitude 
of  the  wave  in  the  telescope  pupil  from  a  point  source  is  a  circular 
complex  Gaussian  process.  Instead  of  (7.23)  we  now  have  the  following 
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expression  for  < T(u’,b')T,(u".  »")>'■ 

<T(u>')T*(u'>")> 

-  T0(u',  v’)T?(u, u")T,(u, u')7?(u",  vl 

*y"  !fi!  t-(t-  f )  ^  (f  +d‘T  * 

•  1. 1  I  +  i? ,  +  2,r;2) 

■  Hoa  1+Xu\n2  +  Xvldi  idr,vd41dt,1> 


(7.96) 


where 


4n~rti-n2- 

du»u"  —  u,  Jo”o'  — o', 

and  the  other  symbols  were  defined  in  Sect  7.13.  Assuming  that  H0(c,rt) 
is  constant  where  T,(4/X,niX)  is  effectively  non-zero,  the  second  term 
reduces  to,  see  (7.24), 


'-•/W 


didr,.  (7.97) 


Bearing  in  mind  that  the  seeing  transfer  function  T,(u,b)  has  a  width 
es rJX,  that  it  is  clear  from  (7.97)  that  <T(u,  u)T'(u  +  du,  B  +  dr)>  can  only 
be  non-zero  if  ldu|  and  \dv\<rJX  [otherwise  the  first  integral  in  (7.97)  is 
zero]. 

If  we  malte  the  further  approximation  that  the  seeing  transfer 
function  has  a  Gaussian  shape  [it  is  more  accurately  described  by  (7.17)], 
then  it  is  straightforward  to  show  that 

<  7Tu,  o)T*(u  +  du,  B  +  dtt)> 

at<|Tfu,»)|*>  |7](du/2,de/2)|J.  (7.98) 

That  is,  the  Knox- Thompson  transfer  function  is  simply  the  product  of 
the  speckle  transfer  function  at  (u,u)  and  the  squared  modulus  of  the 
seeing  transfer  function  at  (du/2,  dp/2).  It  follows  from  (7.98)  that 

phase  <T(u,B)T*(u  +  du,B-t-dp)>aO. 
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Since  (7.98)  results  from  an  oversimplified  atmospheric  model,  it  cannot 
be  relied  upon  quantitatively,  but  it  does  provide  the  correct  qualitative 
condition  on  |du|  and  \Av\.  Using  the  log-normal  model.  Fried  [7.48] 
suggests  that  the  optimum  value  of  |dul  and  |Jc|  is  approximately  0.2 r0,X. 

If  we  consider  the  Fourier  transform  of  the  object  to  be  sampled  on  a 
grid  of  iV  by  .W  points  there  are  approximately  2NM  phase  differences  for 
a  single  choice  of  (Au,Av);  several  schemes  have  been  suggested  for 
efficiently  computing  the  required  i V.W  phases  [7.138-145].  This  problem 
is  similar  to  that  of  calculating  phases  from  shearing  interferograms.  It 
may  be  helpful  to  use  more  than  one  value  of  (Au,Av)  [7.140]. 

In  a  variation  of  the  Kmox-Thompson  technique,  Aitken  and 
DeSaulniers  [7.146]  suggest  computing  average  ratios  (i(u,u)/i(u  +  Au, 
v  +  Av)},  a  possible  advantage  being  that  a  separate  reference  calibration 
may  not  be  required.  Sherman  [7.147]  has  extended  the  technique  to 
non-isoplanatic  imaging.  Brames  and  Dainty  [7.148]  have  given  an 
interpretation  of  the  method  in  terms  of  the  complex  zero  picture  of  Sect. 
7.4.1 ;  this  picture  may  be  useful  for  studying  the  role  of  noise  in  the 
technique.  The  effects  of  photon  noise  on  speckle  image  reconstruction 
with  the  Knox-Thompson  algorithm  have  recently  been  investigated 
[7.149].  Photon  noise  introduces  a  frequency-dependent  bias  which  must 
be  corrected  for  successful  reconstruction.  In  the  photon-limited  case 
(low  light  levels),  Nisenson  and  Papaliolios  [7.149]  gave  the  lower 
bound  on  the  number  of  frames  M  required  for  “good”  image  recon¬ 
struction  of  a  point-like  object  as 


,W>125 


V  '2 


where  is  the  average  number  of  speckles  per  frame  and  .V(  <  iVip)  is 
the  average  number  of  detected  photons  per  frame. 


7.4.8  Summary 

In  this  section  we  have  reviewed  a  number  of  possible  techniques  for 
solving  the  phase  problem,  that  is,  reconstructing  the  object  intensity,  m 
stellar  speckle  interferometry.  The  methods  fall  into  two  categories ;  those 
that  require  only  the  modulus  of  the  object  Fourier  transform  (covered  in 
Sects.  7.4.2  and  3)  and  those  that  utilize  other  information  present  in  the 
original  speckle  exposures  (Sects.  7.4.4  to  7).  It  seems  obvious  that 
methods  in  the  latter  category  are  preferable  for  this  particular  phase 
problem,  since  they  make  use  of  additional  information  present  in  the 
available  data. 
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Although  substantial  progress  in  this  topic  has  been  made  in  the  last 
few  years,  the  map  of  Betelgeuse  obtained  by  Harvey  and  coworkers  in 
197S  remains  the  only  non-trivial  stellar  object  reconstructed  from 
speckle  data.  The  practical  difficulties  in  implementing  the  algorithms  on 
real  astronomical  data  are  frequently  underestimated.  Part  of  this 
difficulty  arises  because  the  implementation  of  ordinary  speckle  in¬ 
terferometry  also  has  a  number  of  practical  problems  that  have  to  be 
overcome  if  photometric  accuracy  is  desired;  some  of  these  practical 
problems  are  discussed  in  the  following  section. 


7.5  Implementation 

75.1  Data  Collection  and  Processing 

Speckle  camera  systems  have  been  constructed  by  a  number  of  groups 
[7.143,  150-154].  As  an  example,  we  shall  describe  a  “first-generation” 
system  used  at  Kitt  Peak  National  Observatory  for  many  years  [7.153],  a 
diagram  of  which  is  shown  in  Fig  7.18. 

Referring  to  Fig  7.18,  light  from  the  telescope,  passes  through  an 
electromechanical  shutter  (1)  at  the  front  of  the  speckle  camera  system 
and  reaches  the  Cassegrain  or  Richey-Chretien  focus  at  (2).  At  the  4  m 
Mayall  telescope,  the  image  scale  at  this  focus  is  approximately  6.5  arc- 
sec /mm  so  that  a  lens  (3)  is  required  to  magnify  the  image  10  or  20  times 
giving  final  image  scales  of  approximately  0.65  and  0.32arcsec/mm, 
respectively.  At  500  nm,  the  diffraction-limited  angular  frequency  of  a  4  m 
telescope  is  approximately  40arcsec~ l,  and  the  sampling  theorem  there¬ 
fore  requires  image  plane  sampling  at  dot  £07012,  or  0.04  mm  or  less  in 
the  20  x  magnified  image  plane;  this  value  also  determines  the  resolution 
(or  MTF)  of  the  image  detection  system. 


Fig  7.18.  Schematic  crou-secuon  view  of  a  speckle  camera  [7.153] 
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It  is  necessary  to  correct  for  atmospheric  dispersion  except  when 
observing  dose  to  the  zenith.  The  magnitude  of  atmospheric  dispersion 
depends  upon  a  number  of  factors  [7.155],  but  it  is  approximately  given 
by 


d;S0.3tanz  arcsec/lOOnm, 

in  the  middle  of  the  visible  spectrum.  Hither  a  grating  system  [7.150, 152] 
or  a  pair  of  Risley  prisms  [7.1S1,  153]  can  be  used  to  correct  this;  Fig. 
7.18  shows  the  use  of  a  prism  pair.  The  optimum  choice  of  glasses  for  the 
prisms  are  LaK24  and  KF9  [7.156] — these  match  the  dispersion  of  air 
over  the  broadest  wavelength  range.  A  narrow-band  interference  filter  (5) 
selects  the  mean  wavelength  and  bandpass  (see  Sect  7.2.6  for  a  discussion 
of  the  permissable  bandpass). 

The  most  critical  element  in  a  speckle  camera  system  is  the  image 
detector.  Figure  7.18  shows  an  image  intensifier/photographic  film 
combination,  which  has  the  advantage  of  simplicity.  A  variety  of  image 
intensifiers  may  be  suitable — magnetically  or  electrostatically  focussed 
cascade  systems,  or  microchannel  plate  devices ;  a  variable  (high)  gain  and 
low  background  are  two  practical  requirements  for  the  intensiiier. 
Recently  constructed  speckle  cameras  and  those  under  construction  all 
use  some  form  of  electronic  readout ;  this  has  the  potential  advantages  of 
overcoming  the  noise  and  nonlinearity  of  photographic  film  and  of 
allowing  the  possibility  of  real-time  analysis  of  the  data. 

The  type  of  electronic  image  detector  required  depends  to  a  certain 
extent  on  the  type  of  astronomical  speckle  observations  that  are  planned 
and  the  intended  method  of  data  analysis.  Before  describing  possible 
detectors  it  is  therefore  appropriate  to  discuss  methods  of  data  reduction. 
In  the  first-generation  speckle  cameras,  the  photographic  images  were 
analyzed  in  a  coherent  optical  processor ;  this  extremely  simple  analog 
device  gives  as  output  the  energy  spectrum  of  the  complex  amplitude 
transmittance  of  the  film,  the  average  energy  spectrum  being  found  by 
summation  of  the  energy  spectra  of  M  frames  (M  <  1000  in  practice).  This 
technique  could  also  be  used  for  other  “real-time"  photographic-type 
detectors  [7.139],  but  these  analog  systems  tend  to  suffer  from  non- 
linearities  and  noise.  Digital  processing  appears  to  offer  more  flexibility 
and  is  the  only  way  of  implementing  some  of  the  object  reconstruction 
algorithms  described  in  Sect.  7.4. 

For  conventional  speckle  interferometry,  there  are  two  approaches  to 
calculating  the  object  infonnation;  one  is  via  the  average  energy 
spectrum,  as  in  (7.5),  and  the  other  is  via  the  average  spatial  autocor¬ 
relation  function  as  in  (7.3).  Allowing  for  moderate  oversampling,  large 
telescope  speckle  data  requires  a  format  of  at  least  256  x  256  pixels  and  a 
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Ffc  7.  19.  Output  of  a  vector  autocorrelator  display  to  real  time  when  observing  a  binary 
star  (courtesy  of  B.  L.  Morgan  and  H.  Vine,  Imperial  College,  London) 


desirable  frame  rate  is  approximately  50s~‘.  Devices  that  compute 
Fourier  transforms  of  this  sue  at  this  rate  are  becoming  available,  but 
their  cost  may  not  be  justified  in  this  application.  Consequently,  the 
average  energy  spectrum  method  of  analysis  is  currently  done  after  the 
observations  have  been  made  and  stored  on  a  suitable  medium  such  as 
videotape. 

On  the  other  hand,  the  autocorrelation  method  of  analysis  lends  itself 
to  real-time  computation.  VoKac  [7.157]  has  described  a  prototype  on¬ 
line  digital  autocorrelator  for  16-level  (4  bit)  64  x  64  pixel  images  taken  at 
a  rate  of  2s" l,  and  predicted  that  full-scale  throughout  would  be  possible 
with  current  technology.  Blazit  [7.158]  and  the  London  group  [7.159] 
have  constructed  one-bit  vector  autocorrelators  that  process  images 
containing  a  few  photons  ( <  200)  at  25  s" '.  Vector  autoconelators  work 
on  the  principle  that  the  autocorrelation  function  of  an  image  consisting 
entirely  of  ones  and  zeros  (presence  or  absence  of  a  photon)  is  equal  to 
the  histogram  of  vector  differences  between  all  possible  pairs  of  photons. 
This  algorithm  can  either  be  hardwired  in  a  special  purpose  device  or 
programmed  into  a  fast  commercial  or  customized  microcomputer.  An 
example  of  the  resolution  of  a  binary  star  obtained  with  such  a  device  (in 
real-time)  is  shown  in  Fig.  7.19.  Another  approach  suggested  by  Cole 
[7.160]  uses  optical  circuit  elements  to  allow  higher  photon  rates. 

Depending  upon  the  type  of  data  analysis  to  be  used,  there  are  several 
possible  electronic  detector  systems.  One  of  the  most  straightforward  is 
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to  use  an  intensified  television  camera  or  intensifier  plus  television 
camera  combination.  The  format  of  the  data  allows  easy  storage  on 
videotape,  but  digital  computer  analysis,  via  a  video-digitiser  system, 
may  be  tedious.  Another  possibility  is  to  replace  the  television  camera  by 
a  charge-coupled  device  (CCD)  [7.161],  The.  advantage  of  both  of  these 
approaches  is  that  either  analog  (intensity)  or  digital  (photon  counting) 
data  may  be  processed.  For  low  light  levels,  photon  counting  devices  in 
which  the  position  and  time  of  photoeiectron  events  are  recorded  may 
be  preferable  [7.162, 163],  particularly  since  the  recorded  data  is  already 
in  a  suitable  format  for  vector  autocorrelation  processing. 

It  should  also  be  noted  that  speckle  interferometry  can  also  be 
accomplished  using  a  single  or  twin  photomultipliers  [7.164]  or  with  a 
linear  array  [7.163],  but  there  seems  no  advantage  apart  from  cost  and 
only  bright  objects  can  be  studied.  Equipment  for  laboratory  simulation 
of  stellar  speckle  interferometry  has  also  been  described  [7.166]. 


74.2  One- Dimensional  Infrared  Speckle  Interferometry 

Efficient  two-dimensional  array  detectors  in  the  near  infrared  (2—5  tun) 
are  not  yet  widely  available  and  therefore  infrared  speckle  interferometry 
has  to  be  practised  using  only  a  single  detector  element  This  feature,  some 
other  special  problems  that  are  encountered  and  its  demonstrated 
astronomical  success,  make  it  worthwhile  to  devote  a  section  of  this 
review  to  infrared  speckle  interferometry. 

At  first  glance,  infrared  speckle  interferometry  would  seem  less 
fruitful  then  that  in  the  visible  range,  particularly  in  view  of  the  restriction 
to  a  single  detector  element.  Table  7.1  summarizes  the  resolution 
according  to  the  diffraction-limit  for  a  4m  telescope  (column  2)  and  the 
seeing  limit  (column  4)  for  the  wavelengths  of  0.5,  22 (K),  3.45(2),  and 
4.8(Af)  pm.  From  column  (2),  it  can  be  seen  that  the  diffraction-limited 
angular  resolution  (Rayleigh  criterion)  is  approximately  0703  at  0.5  pm, 
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but  only  0T 30  at  4.8  tun,  whereas  a  1  TO  seeing  limited  image  at  0.5  tun  is 
slightly  smaller,  0764,  at  4.8  tun.  Thus,  talcing  the  ratio  of  columns  (2)  and 
(4),  we  see  that  there  is  typically  a  33  times  increase  in  angular  resolution 
possible  by  doing  speckle  interferometry  at  0.5  pm,  whereas  the  improve¬ 
ments  at  2.2,  3.45,  and  4,8  pm  are  only  5,  3  and  2,  respectively  (this  does 
assume  “good"  seeing).  The  reason  why  infrared  speckle  has  been  so 
valuable  is  that,  despite  the  relatively  poorer  angular  resolution,  there  are 
many  more  potentially  resolvable  (i.e.,  large)  bright  objects  in  the  near 
infrared  than  in  the  visible.  Some  infrared  speckle  observations  are 
summarized  in  Sect  7.6.5. 

The  technique  of  one  dimensional  infrared  speckle  interferometry  is 
described  in  [7.167-171],  particularly  the  comprehensive  paper  by 
SiBOXE  et  al  [7.168].  In  the  method  developed  by  the  French  group,  the 
image  is  scanned  over  a  long,  narrow  slit  and  the  light  collected  by  a 
single  indium  antimonide  (InSb)  detector  cooled  to  liquid  nitrogen  or 
helium  temperature.  The  bandwidth  restrictions  are  much  less  severe  in 
the  infrared  than  in  the  visible  [see  (7.37)  and  Table  7.1]  the  maximum 
dX/I  being  on  the  order  of  0.1 3  at  12  pm  and  0.37  at  4.8  pm.  The  scanning 
speed  of  the  image  across  the  slit  has  to  be  sufficient  to  '‘freeze”  the 
speckle,  rates  of  SO-lOOarcsecs” 1  being  typical;  the  effect  of  scanning 
rate  is  described  by  Aatt  et  al.  [7.172], 

If  the  scan  is  assumed  to  be  along  the  x-axis  (corresponding  to  the 
u-axis  in  the  angular  frequency  plane),  the  temporal  average  energy 
spectrum  <|i(/)lJ>  of  the  image  intensity  /(t)»/(aM,  where  v  is  the  scan 
rate,  is  given  by 

<l«/)l2>  -Wu.  0KJ<lT(u,0)|J>TM>) ,  (7.99) 

where  the  temporal  frequency  /  is  related  to  the  angular  frequency  u  by 
fm  uv  and  where  the  slit  transfer  function  for  a  slit  of  width  xllit  is 

moo, 

The  one-dimensional  temporal  energy  spectrum  can  easily  be  computed 
on-line  using  a  commercial  microcomputer.  By  observing  a  reference  star, 
the  speckle  transfer  function  can  be  found,  so  that  a  section  through  the 
modulus  of  the  object  energy  spectrum  lot  u.  0)1  can  be  found.  The 
complete  modulus  could  in  principle  be  found  by  rotating  the  scan 
direction,  although  because  of  practical  problems  connected  with  atmo¬ 
spheric  instability  only  north-south  and  east-west  scans  are  usually  made. 

One  of  the  greatest  problems  encountered  in  implementing  infrared 
speckle  interferometry  is  the  instability  of  atmospheric  turbulence. 
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Because  the  seeing  limited  angular  frequency  portion  of  the  speckle 
transfer  function  is  a  significant  pan  of  the  whole  transfer  function,  it  is 
not  possible  to  use  Worden's  scheme  for  self-calibrating  the  method 
(Sect  7.28).  Accordingly,  a  typical  observing  sequence  is 
objeet-»sky-*reference-*sky-*object,  taking  perhaps  100-1000  scans  of 
each  and  repeating  the  sequence  until  consistent  results  are  obtained.  The 
“sky”  measurement  is  required  in  the  infrared  due  to  emission  from  both 
the  sky  and  the  telescope,  and  an  estimate  of  the  energy  spectrum  of  the 
object  is  obtained  from 


(7.101) 


The  signal-to-noise  ratio  of  the  slit  scan  method  is  derived  by  Smnjj 
et  al  [7.168].  In  addition  to  the  atmospheric  fluctuation  and  photon 
noise  of  the  signal  that  are  the  only  fundamental  contributions  in  the 
visible,  there  is  now  also  the  photon  noise  of  the  “sky”  background  and 
noise  inherent  in  the  detector,  such  as  Johnson  noise.  Limiting  magni¬ 
tudes.  based  on  the  value  of  the  object  intensity  that  yields  an  energy 
spectrum  equal  to  that  of  the  noise  sources  for  a  single  100  ms  scan,  were 
predicted  to  be  of  the  order  of  5  to  '6  for  the  K,  L,  and  M  wavelengths, 
although  practical  experience  indicates  limiting  magnitudes  of  approxi¬ 
mately  7  ( K )  to  2  (Af).  Selby  et  ai  [7.167]  used  a  grating  rather  than  a  slit, 
thus  measuring  only  a  single-frequency  component  at  a  time;  they  claim 
fainter  limiting  magnitudes  but  these  have  not  yet  been  achieved. 

In  a  new  development  of  one-dimensional  speckle  interferometry 
(visible  or  infrared)  Aime  et  aL  [7.173]  suggested  the  use  of  a  telescope 
with  a  one-dimensional  aperture  (e.g.  10  x  800  cm2).  This  gives  a  contrast 
gain  over  a  circular  aperture  and,  associated  with  a  spectroscope,  allows 
investigation  of  the  spectral-angular  plane  with  no  loss  in  light. 


7.6  Astronomical  Results 

Observational  speckle  interferometry  is  now  over  a  decade  old,  and 
approximately  80  papers  primarily  concerned  with  astronomical  results 
have  been  published,  some  of  which  are  referenced  below.  Despite  the 
enthusiasm  of  a  few  astronomers,  it  is  only  realistic  to  point  out  that  the 
technique  is  not  widely  used  or  accepted  by  the  astronomical  community 
at  large.  Some  possible  reasons  for  this  are:  (i)  relatively  few  objects, 
particularly  in  the  visible,  are  resolvable  by  4  m  class  telescopes,  whose 
diffraction-limit  at  400  nm  are  0702;  (ii)  calibration  problems  make  it 
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difficult  to  obtain  photometric  energy  spectra  of  sufficient  accuracy  for 
the  particular  astronomical  problem ;  and  (iii)  only  the  most  expensive 
equipment  yields  faint  limiting  magnitudes  and  enables  the  vast  amounts 
of  data  to  be  reduced 

The  summary  of  astronomical  results  given  below  is  divided  into  four 
parts ;  solar  system  objects,  binary  stars,  single  stars  and  infrared  objects. 
In  addition  to  these,  some  more  unusual  objects  have  also  been  observed 
using  speckle  interferometry.  For  example,  Hege  et  ah  [7.73]  resolved 
one  of  the  components  of  the  “triple”  quasar  PG 1115+ 08  asa  binary, 
one  of  the  faintest  objects  studied  by  the  speckle  method  (m,  a  16.2).  The 
Seyfert  galaxy  NGC 1068  has  been  observed  in  the  visible  [7.159]  and  at 
Z2nm  [7.174],  both  results  revealing  a  nuclear  core  containing  most  of 
the  luminosity. 


7.6.1  Solar  System  Objects 

The  angular  diameters  of  the  asteroids  Pallas  and  Vesta  were  measured 
by  Worden  et  ah  [7.54,  175,  176],  the  results  for  Pallas  indicating  some 
elongation  of  the  object.  The  diameter  of  the  planetary  satellites  Rhea 
and  Iapetus  [7.176]  and  Titan  [7.177]  have  also  been  measured 

Observations  of  the  planet  Pluto  and  its  moon  Charon  are  near  to  the 
limiting  magnitude  of  speckle  interferometry,  their  magnitudes  being 
approximately  15.3  and  16.9,  respectively.  Arnold  et  aL  [7.178]  estimate 
Pluto’s  diameter  to  be  3000  ±400  to  3600  ±400  km  depending  upon 
whether  limb  darkening  is  incorporated  in  the  model.  This  is  slightly 
smaller  than  that  measured  by  Bonneau  and  Foy  [7.179],  4000 ±400  km 
with  no  limb  darkening,  who  also  estimate  the  diameter  of  Charon  to  be 
2000  ±-200  km  and  propose  a  revised  orbit  for  the  moon.  Both  results 
imply  a  mean  density  of  Pluto  (and  Charon)s0.5gcm'3. 

The  Solar  granulation  has  also  been  measured  by  speckle  in¬ 
terferometry  [7.180-182] ;  the  main  technical  problem  here  is  the  absence 
of  any  reference  source  for  estimation  of  the  speckle  transfer  function. 
Image  reconstruction  techniques  (using  the  Knox-Thompson  algorithm) 
have  been  applied  to  solar  features  [7.182]. 

7.63  Bleary  Stan 

Speck  interferometry  has  been  most  successful  when  used  to  determine 
the  ang,  lar  separation  and  position  angle  of  binary  stars.  McAlister 
[7.183-188]  has  reported  over  1000  measurements  of  resolved  binaries, 
and  500  binary  stars  unresolved  by  the  speckle  method  [7.189, 190],  as 
well  as  a  number  of  detailed  studies  of  individual  systems  [7.191-198]. 
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Several  hundred  observations  have  also  been  reported  by  three  other 
groups  [7.7,  45,  199-206],  Several  reasons  have  contributed  to  the 
success  of  speckle  interferometry  in  this  area;  the  measurements  are 
amongst  the  simplest  speckle  observations  to  make,  can  be  made  rapidly 
on  brighter  stars  (McAlister  [7.207]  reported  125  to  175  observations 
per  dear  night)  and  yield  an  accuracy  far  exceeding  visual  observations. 
McAlister  [7.207]  mentioned  typical  errors  of  0.6  %  on  the  separation 
and  ±2°  on  the  position  angle,  although  other  groups  gave  more 
conservative  error  estimates  [7.201]. 

In  principle,  the  fringe  visibility  can  be  used  to  estimate  the  magni¬ 
tude  difference  of  the  two  components  of  a  binary  star,  but  this  requires 
proper  calibration  of  the  system  using  a  reference  star.  Morgan  et  al 
[7.199]  have  buiit  doubly-refracting  prisms  and  a  polarizer  to  enable 
artifical  double-stars  of  known  magnitude  difference  to  be  recorded  for 
calibration  purposes.  It  is  typical  of  the  gap  between  the  theory  and 
practice  of  speckle  Interferometry  that  the  measurement  of  dm,  which  is 
so  simple  In  theory  is.  in  practice,  elusive. 

The  aim  of  making  binary  star  measurements  is  usually  to  estimate 
the  masses  of  each  component  For  a  double-lined  spectroscopic  binary 
(i.e„  one  for  which  the  radial  velocities  of  both  components  are  known)  a 
minimum  of  two  measurements  of  the  angular  separation  and  position 
angle  yields  both  the  masses  of  each  component  and  the  absolute 
distance  (parallax).  One  example  measured  by  McAlister  [7.193]  is  12 
Persei;  the  masses  are  1.25 ±0.20  and  1.08 ±0.17  times  the  mass  of  the 
Sun  and  parallax  is  01046  ±07002  which  combined  with  the  known 
apparent  magnitudes  gives  absolute  visual  magnitudes  of  3.8  ±0.1  and 
4.1  ±0.1,  respectively. 

Binaries  that  are  both  double-lined  spectroscopic  and  resolvable  by 
speckle  interferometry  are  rather  rare.  If  the  binary  is  single-lined,  then 
speckle  observations  cannot  unambiguously  give  the  individual  masses 
and  distances.  However,  if  masses  appropriate  to  the  spectral  type  are 
assumed,  a  distance  can  be  found.  McAlister  [7. 192]  and  Morgan  et  al. 
[7.201]  have  applied  this  to  binaries  in  the  Hyades  duster,  a  distance 
marker  in  the  universe,  to  confirm  that  its  mass-luminosity  relationship  is 
normal  and  that  its  distance  is  approximately  10%  greater  than  the 
original  proper  motion  studies  indicated. 

Beckers  [7.208,  209]  has  suggested  a  modification  of  the  speckle 
technique  called  "differential  speckle  interferometry”  that  may  enable  sub- 
milliarcsecond  separation  of  binary  stars  to  be  measured  on  a  4  m  class 
telescope  In  the  visible.  The  technique  uses  the  Doppler  shift  and 
observation  at  two  closely  spaced  wavelengths  to  modulate  the  position 
of  speckles  in  the  short-exposure  photographs;  since  the  speckle  pro¬ 
cedure  measures  shifts  to  an  accuracy  of  a  fraction  of  the  speckle  size. 
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resolution  of  binaries  whose  separation  is  much  less  than  the  diffraction- 
limit  may  be  possible. 


7.6J  Single  Resolvable  Stars 

One  of  the  first  stellar  discs  to  be  resolved  by  speckle  interferometry  was 
the  supergiant  z-Orionis  (Betelgeuse)  [7.7]  which  has  subsequently  been 
observed  on  several  occasions  [7.124,  125,  203,  210-212],  including  the 
first  example  of  a  map  of  a  star  apart  from  our  Sun  [7.124],  Whilst  there 
is  evidence  for  substantial  limb  darkening  on  2 -Ononis,  the  speckle 
energy  spectrum  provides  rather  low  quality  data  for  comparison  with 
models.  Measurements  reported  by  Goldberg  et  al  [7.212]  at  H, 
wavelength  and  the  neighboring  continuum  reveal  a  mean  diameter  of 
07060  with  an  unresolvabte  bright  feature  near  the  SW  limb  in  the 
continuum  and  significant  H,  emission  at  large  distances  (radii  exceeding 
0725).  The  diameter  of  the  giant  star  z-Bootis  has  also  been  estimated 
[7.213], 

Several  Mira  variable  stars — o-Cea  (Mira),  R.  Leo  and  yCygni 
[7.210,  214,  215] — have  been  observed  by  speckle  interferometry.  These 
results  Indicate  that  Mira-type  stars  probably  have  smaller  diameters 
than  was  previously  supposed. 

Finally  we  note  that  the  first  results  of  long-baseline  two  teiescdpe 
speckle  interferometry  have  resolved  the  individual  components  of  the 
binary  star  Capeila,  yielding  values  of  5+1  and  4  +  2 x  10“5arcsec 
[7.216], 


7.6.4  Infrared  Stan 

Although  infrared  speckle  interferometry  is  at  the  moment  still  restricted 
to  a  single  detector  across  which  the  image  is  scanned,  many  interesting 
measurements  have  been  made.  This  work  is  likely  to  expand  when  array 
infrared  detectors  become  available. 

The  diameters  of  several  protostar  candidates  have  been  measured, 
particularly  WS-IRS5,  MonR2-IRS3,  S 140-IRS  1  and  the  BN  object 
[7.169, 171, 217-219],  McCarthy’s  measurements  of  the  triple  nature  of 
MonR  2-IRS  3  [7.219]  are  a  good  example  of  the  results  possible  with 
careful  data  analysis.  The  bright  carbon  star  IRC +  10216  has  been 
observed  both  the  continuum  and  in  the  CO  lines  [7.220,  221].  Several 
Mira  variables  [7.171,  220]  and  the  dust  shells  around  Wolf-Rayet  stars 
[7.222]  and  the  supergiant  z-Orionis  [7.169]  have  also  been  observed. 
The  star  T-Tauri,  after  which  the  class  of  T-Tauri  variable  stars  is  named. 
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has  been  shown  to  be  double  [7.223].  Finally,  object  restoration  via 
the  Knox-Thompson  algorithm  and  image  enhancement  techniques 
have  been  applied  to  the  extended  object  7-Carinae  [7.224], 
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Photon-correlation  experiments  have  verified  the  theoretical  prediction  of  Baltesef  a/.  [Opt.  Acta  28, 11-28 1 1981  )| 
that  a  phase  gracing  hidden  within  a  diffuse  medium  may  be  detected  by  correlation  measurements.  By  extension 
of  this  theory  to  the  space-time  domain  we  have  additionally  verified  that  a  simple  and  more  reliable  method  of 
detecting  the  grating,  valid  for  arbitrarily  fine  diffusers,  is  possible  by  temporal  autocorrelation  measurements  of 
the  scattered  field  at  a  single  point.  This  method  is  shown  to  yield  detailed  information  about  the  deterministic 
and  stochastic  features  of  the  source  and  the  source  plane  motion. 


1.  INTRODUCTION 

This  paper  investigates  the  use  of  coherence  properties  in 
detecting  the  presence  of  a  phase  grating  that  has  been  ob¬ 
scured  by  an  optically  diffuse  medium.  A  theoretical  analysis 
and  complete  experimental  verification  of  two  detection 
methods  involving  photon  correlation  techniques  are  pre¬ 
sented. 

A  recent  series  of  theoretical  papers1-6  has  shown  that  the 
spatial  period  of  the  grating  may  be  determined  in  such  cir¬ 
cumstances  by  correlation  (coherence)  measurements  of  the 
scattered  radiation  even  when  a  simple  intensity  measurement 
does  not  reveal  its  presence.  The  grating  period  is  revealed 
through  the  existence  of  sharp  correlation  peaks  that  are 
present  whenever  one  correlates  pairs  of  the  grating  diffraction 
orders  in  the  far  field.5  The  width  of  these  peaks  has  been 
estimated^"10  by  using  (amplitude*  interferometry.  The 
strength  uf  these  ►>«<»**  as  a  function  of  diffuse  scattering  has 
also  been  measured  by  using  photon -correlation  tech¬ 
niques11 

An  extension  of  Baites'  analysis  is  made  by  allowing  the 
diffuser  to  move  with  respect  to  the  optical  axis  and  grating. 
The  spatiotemporai  correlation  function  in  this  case  is  seen 
to  be  a  direct  generalization  of  Baites’  (t  =*  0)  result.  More 
importantly,  the  spatiotemporai  analysis  provides  an  entirely 
different  and  more  reliable  method  of  extracting  the  hidden 
grating  period  through  a  temporal  autocorrelation  measure¬ 
ment  at  a  single  point  in  the  far  field.  The  presence  of  the 
gracing  manifests  here  as  a  cosinusoidal  modulation  whose 
frequency  is  linearly  proportional  to  the  grating  frequency  and 
the  diffuser  velocity.  The  strength  of  the  modulation  depends 
on  both  the  amplitude  correlation  length  of  the  diffuser  and 
the  spatial  period  of  the  grating.  Therefore  the  characteristic 
parameters  of  both  deterministic  and  stochastic  features  in 
the  compound  source  are  easily  identified  by  temporal  auto¬ 
correlation  measurements  of  the  scattered  radiation. 

Previous  theoretical  work  was  phrased  by  using  the  lan¬ 
guage  of  coherence  theory;  however,  we  use  that  of  speckle 
theory  since  the  experiment  is  concerned  with  a  scattering 
problem,  not  a  source  problem.  It  is  well  known12-14  that 


there  is  a  close  analogy  between  speckle  and  coherence.  In 
the  present  case  the  terminology  of  either  may  be  used  equally 
well. 

2.  GENERAL  THEORY 

Measurements  are  made  in  the  far  field  of  the  grating/diffuser 
plane  (see  Fig.  1).  Coherent  illumination  of  the  compound 
source  produces  in  the  far  field  an  array  of  diffraction  clouds 
centered  on  the  grating  diffraction  orders.  If  the  diffuser  acts 
as  a  deep  random  phase  screen  (or  scattered,  the  angular  in¬ 
tensity  distribution  of  each  diffraction  (speckle)  cloud  is  a 
Gaussian  whose  angular  width  is  inversely  proportional  to  the 
complex  amplitude  correlation  length  l  characterizing  the 
diffuser.  The  far-neld  angular  displacement  of  the  respective 
diffraction  clouds  is  inversely  proportional  to  the  spatial  pe¬ 
riod  6  characterizing  the  grating.  The  parameter  L!h  is  then 
a  measure  of  the  degree  of  intensity  overlap  between  these 
diffraction  clouds.  For  L  b  <  0.33.  the  average  intensity 
distribution  will  not  reveai  the  presence  of  the  grating,  as 
shown  in  the  theoretical  curves  of  Fig.  2. 

Theoretical  Model 

We  investigate  the  two-point  correlation  function  of  a  time- 
evolving  speckle  intensity  fluctuation  produced  in  the  far-field 
diffraction  plane  by  laser  illumination  of  a  diffuse  object 
moving  with  velocity  v  »  vg  4-  r „r)  with  respect  to  the  optical 
axis  and  grating.  The  unit  vectors  £  and  n  define  the  object 
plane  in  this  notation.  The  diffuser  is  modeled  as  a  deep 
random  phase  screen  whose  surface-height  probability  dis¬ 
tribution  is  a  Gaussian  of  standard  deviation  <r*,  and  has  a 
surface- height  correlation  length  denoted  by  U .  The  diffuser 
is  assumed  to  be  homogeneous,  i.e..  spatially  stationary  in  the 
statistical  sense. 

Using  i.vo-dimensioSial  notation,  we  express  the  complex 
amplitude  in  the  scattering  plane  as  a  product 

U(£,  r),t)  =  P(£,  rj)exp(t0(£,  rj,  t  rj),  1 1 ) 

where 
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Fig.  2.  Theoretical  plot  of  the  average  intensity  distribution  in  the 
far  field  of  the  grating/diffuser  combinations:  a.  L,  b  =  1.0.  b.  Ub 
=*  0.5.  and  c.  L>b  *  0.33.  '  L  is  the  l/e  correlation  length  of  the  com¬ 
plex  amplitude  transmittance  of  the  diffuser  and  b  is  the  spatial  pe¬ 
riod  of  the  sinusoidal  phase  grating;. 


pf  is  a  real  pupil  function. 

£,  r?.  n  is  a  time-evolving  random  phase  that  is  due  to  the 
diffuser. 

Tf$.  17)  is  the  sinusoidal  phase  grating  transmission. 


In  our  case 

P(s.  **  /.,*  Jexpj-t£-  * 

where  a  is  the  laser -beam  radius 

T'$,  rj)  *  exp|inr(sin  2ir$/b)|, 

where  n  is  the  effective  optical  depth  and  b  is  the  spatial  pe- 
riuu  ;  he  grating  »nd 


<?($,  n.  t*  =  —  CeC.  TJ  —  Vnt) 

is  the  explicit  time  dependence  of  the  random  phase. 

For  computational  simplicity  we  expand  the  grating 
transmission  term  in  a  discrete  Fourier  series 

exp[iQ  sin(2T$/6)j  =  T  g„exp(m2:r£/6).  (21 

where  §n  -  is  the  Bessel  function  of  the  First  kind  with 
argument  a  (a  is  real  and  nonneg3tive). 

The  correlation  of  complex  amplitudes  is  defined  as 

n*i,Vi.  *2.V2.  r)  *  <L'ixi,yi,  nC*(x*t  _v2,  t  4-  rj).  (3) 

where  < )  denotes  an  ensemble  average.  As  is  well  known,  we 
may  express  the  far  •field  complex  amplitude  L’(x\,  ylr  r)  in 
terms  of  the  source  plane  complex  amplitude  £/(&.  rh.  1 1  by 
means  of  the  Fresnel-Kirchhotf  diffraction  formula.  Since 
measurements  are  made  in  the  far  Field  of  the  grating/diffuser 
plane,  the  simplifying  requirements  of  Fraunhofer  zone  dif¬ 
fraction  are  assumed  to  be  satisfied,  that  is. 

ka  »  i.  (3a) 

R  »  ka2.  (3b» 

where  k  »  2 tt/X  is  the  laser  wave  number  and  R  is  the  distance 
from  the  detector  to  the  source  plane.  The  tar- field  correla¬ 
tion  of  amplitudes  may  then  be  expressed  as  a  fourfold  Fourier 
transform: 


rUi,yi,x2.y2.  r)  *  JJ*^d$,d$2 

X  d7ld*?2<nSi.  IJl»  *12'  :  +  ~>> 

X  exp|- 

where  we  have  ignored  the  unimportant  phase  factors  and 
scaling  constants.  Evaluation  of  Eq.  1 4)  requires  that  we  first 
evaluate  the  correlation  of  complex  amplitudes  that  are  due 
to  the  diffuser,  namely. 

<expli[«<£i,  h,  ( )  -  •9<£2.  r)2, :  -  *»]j). 

[f  the  diffuser  satisfies  our  initial  assumptions  and  is  in  ad¬ 
dition  optically  rough.  <rn  >  X.  it  can  be  shown15  that  the 
correlation  of  complex  amplitude  transmittance  is  approxi¬ 
mately  Gaussian  of  width  equal  to  L: 

<expli[<0(£i,  »?|,  t)  -  o<£2.  ^2.  t  +  r)j|> 

-  expl— |($i  -  ;2  ~  ViT I-  +  irjl  -  70  ~  c,,r)-]/2Z»*},  (5) 

where 

L  !n,  [2 -\n  -  l  iff*,,  A  j 

and  n  is  the  bulk  index  of  retraction  within  the  diffuse  medi¬ 
um.  The  limit  of  a  delta  correlated  source  t  L  —  0)  often  used 
in  the  literature  yields  a  correlation  of  complex  amplitudes 
(Eq,  U)j  that  does  not  depend  on  the  deterministic  source 
plane  phase:  rather  it  depends  ottlv  on  the  source  intensity. 
This  approximation  is  therefore  insufficient  for  our  purposes. 
The  source  ■» irrei.it i« mi  "i  complex  lmnuturie  nv 
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X  l^st*  <6) 

A  simple  change  of  variables  proves  quite  useful  here.  By 
defining  the  sum  and  difference  coordinates 

*  i£i  +  no  3  <ni  +  *f2>/2. 

i  =  “  42»  n  *  ni  ”  n->. 

we  find  that 


[p^i.nor^oHPi^,  «»a>n$2>]- 


-  H  "expf-tf-  +  !r*)'Sa3]exp(i2x</t  4*  m)$/6| 

X  exp{-^02  +  702>/2a2!exp[i2«m  -  m)fob\.  »7) 


Equation  14)  now  separates  into  four  closed  Fourier  inte¬ 
grals.  and  a  straightforward  calculation  shows  that 

Hi.  (7. 0. 0.  r)  *  expt— |fj2r2/8a2) 


X  L  SrxSm '  exp 


■i'lTTVcT  {  ,  .  n  +  m\ 
—  —  U/sin  tfo - “ — 


X  exp  j— l:*k-a2  \(T  -  in  -  m )  - 


X  exp  j  -l/ok2L2  s  —  Vo {n  +  m ) 


,  m 


where 


*i  +  xo  sin  0i  +  sin  do 
— - =  - - - - = 

2  R  2 


(8) 


X  i  ~~  Xo  . 

(7  =  — — — -  =  sm  d\  -  sin  do 


are  the  angular  sum  and  difference  coordinates,  sin  3  *\/b 
is  the  first  grating  diffraction  order,  and  we  concern  ourselves 
here  only  with  correlation  measurements  along  the  far- field 
x  axis:  hence  y  ,  *  >  2  3  0. 

Photon-correiation  experiments  do  not  measure  T  directly; 
rather  they  are  capable  of  measuring  a  related  quantity,  the 
correlation  of  intensity  fluctuation,  whose  normalized  form 
in  ore-dimensional  notation  is 


C/ix i,  xo,  r) 


' / 1 x i ,  ;)/*«x», :  4-  r)> 

1  (/ixj,  0)>|  J  \/<x>.  0)) | 


(9i 


where  :i  =  Cixx,  t). 

If  L/q  «  L.  the  tar- field  speckle  has  Gaussian  statistics  so 
that  \ne  intensity  and  amplitude  correlations  are  simply  re¬ 
lated: 


Cy.ti,  xlt 


jr<x,.x,,  d|- 

j  rixlt  Xi,  0)|  j  f(x»r  xi,  0)| 


I7*xt,x>,  r)|2. 

U0> 


where  >ix  .  r:.  r>  is  commonly  termed  thecompiex  degree  of 
coherence  and  satist;e>  ■  :!  *  i.  l  bv  virtue  of  the  Schwarz 
.neq  uaiity. 


3.  EXPERIMENTAL  PROCEDURE 

The  experimental  setup  is  shown  m  Fig.  1.  Correlation 
measurements  are  all  made  in  the  far  field  using  standard 
photon-correlation  equipment.  The  detectors  consist  of  thin 
optical  fibers  of  50-um  core  diameter  coupled  to  Hamamatsu 
R928  photomultipliers.  The  signals  are  passed  through  a 
preamplifier/discriminator  and  the  photon  counts  analyzed 
by  a  Langiey  Ford  correlator  that  estimates  the  correlation 
function  with  128-channel  resolution,  each  channel  corre¬ 
sponding  to  a  time  increment  Ar.  Tvpicai  time  increments 
used  in  our  experiment  were  Ar  =  50-2U0  Msec,  and  photon 
rates  of  approximately  one  photon  per  Ar  or  5  X  l03-2  X  104 
sec”1,  with  a  dark  count  of  approximately  100  sec”1.  Typical 
measurement  times  were  10-20  sec  (about  10°  samples). 

Measurements  of  the  spatial  cross  correlation  of  intensities 
in  theso-cailed  antisymmetric  scan5  (sin  0t  =  —sin  do  -  \/b) 
are  estimated  from  the  temporal  cross  correlation  at  zero  time 
delay. 

A  series  of  diffusers  was  produced  in  photo  resist.  Multiple 
exposure  of  these  plates  to  different  speckle  patterns  and 
subsequent  development  yields  an  optically  rough  surface 
whose  surface-height  probability  distribution  is  approxi¬ 
mately  Gaussian.1617  The  standard  deviation  of  this 
distribution  and  the  surface-height  correlation  length  /«,  of 
each  diffuser  are  measured  by  using  a  Dektak  profilometer 
<  mechanical  stylus  .device;.  The  resulting  value  of  the  com¬ 
plex  amplitude  correlation  length  L  is  then  determined  for  a 
particular  wavelength  by  Eq.  i oi  whenever  it>,  ^  \.  The  re¬ 
fractive  index  n  of  photoresist  is  approximately  1.67  at  the 
He-Ne  wavelength  ,\  -  633  nm.  The  diffusers  used  here  give 
correlation  lengths  of  L  =  0.9. 1.4.  2.3, 2.7. 3.3. 6.4, 7. 1,  and  10.3 

Mm. 

Two  thin  sinusoidal  phase  gratings  of  spatial  periods  b  = 
5.1  and  9.2  Mm  were  produced  holographically  by  using  Kodak 
131-02  holographic  film.  The  optical  depth  of  the  gratings 
was  estimated  from  standard  intensity  measurements,  and 


/ 

Fig.  3.  Experimental  measurement  of  the  angular  width  of  the 
cross-correlation  peak  in  the  antisymmetric  scan.  *  =  >.\,6  +  Air 
versus  Air.  The  l/e  width  of  this  peak  occurs  at  A*  s  -  26  X  10“ 1 
rads,  which  is  approximated  equal  to  l ;kn.  where  -  s  -nm  is  ihe 
He-Ne  wave  number  inri  i  =  "  mm  is  the  u>er->t*am  r  i-m;.-  • 
s  1.2  tor  this  measurement » 
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both  gratings  used  in  the  experiment  had  an  effective  optical 
depth  of  a  s  O.So.  The  values  of  the  first  four  Fourier  coef¬ 
ficients  are  then 

go  a  0.S26, 
gi  s  0.3S5. 

g 2  s  0.08. 
g3  *  0.012, 

The  experimental  error  associated  with  a  is  less  than  5°c, 
whereas  the  error  in  measurement  of  the  amplitude  correla¬ 
tion  length  L  is  in  the  o-KFo  range. 

A  precise  estimate  of  the  spatial  cross-correlation  peak  value 
in  the  antisymmetric  scan  is  made  difficult  because  of  the 
sharpness  of  this  peak,  as  shown  experimentally  in  Fig.  3. 
Great  care  was  taken  in  aligning  the  detectors,  and  measure¬ 
ments  were  repeated  on  several  occasions  with  consistent  re¬ 
sults.  The  sharpness  of  this  peak  may  be  appreciated  by 
considering  our  arrangement.  For  a  laser  beam  width  of  2 a 
*  0.66  mm  and  wavelength  A  a  633  nm.  the  angular  width  of 
this  peak  has  a  predicted  value5  of  1  ika  s  3  X  10_,<  rad.  For 
R  *  2  m.  a  0.1 -mm  alignment  error  yields  only  90^0  of  the  true 
correlation  peak,  and  this  peak  vanishes  whenever  the  net 
alignment  error  exceeds  a  speckle  diameter,  which  in  our  case 
is  approximately  2  mm. 

The  diffuser  translation  was  effected  by  a  continuous 
rotation  in  the  rj)  plane.  The  diffuser's  relative  component 
of  velocity  parallel  to  the  far- field  x  axis,  t-e,  is  equal  to  2 
where  r„  is  the  vertical  displacement  of  the  laser  beam  with 
respect  to  the  center  of  the  rotation  and  uid  is  the  angular 
speed  of  the  diffuser.  The  relative  velocity  v„  is  then  equal 
to 2»u:ar<.  where  r:  is  the  horizontal  displacement.  It  is  un¬ 
derstood  here  that  the  diffuser  plane  ($,  rj)  is  perpendicular 
to  the  beam  axis  at  all  times. 

For  measurements  involving  only  one-dimensional  trans¬ 
lations  |r|  *  t  e.  ivn  3  0).  a  variable-speed  linear  translator  was 
used  that  allowed  for  accurate  measurements  of  ve  and  hence 
the  modulation  period  as  a  function  of  6/i’e. 

Experimental  vaiues  for  *ne  modulation  strength  of  the 
beats  in  the  autocorrelation  function  were  made  with  a  pencil 
and  a  ruler  after  obtaining  a  hard  copy  of  the  correlator  out¬ 
put.  It  would  not  be  difficult  to  measure  these  quantities 
electronically  as  the  correlation  function  is  being  processed. 
This  would  reduce  the  total  measurement  time  to  a  few  sec¬ 
onds  and  therefore  might  be  practical  as  an  information¬ 
coding  scheme. 


3.00  Q.  20  0.40  0.S0  0.90  i.x  1.20 
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Fig.  4.  Peak  values  of  the  intensity  cross  correlation  measured  at 
angles  as  a  function  of  Lib  tsin  6q  *  A/6 1. 


1-6  and  has  a  number  of  interesting  related  properties.  The 
average  intensity,  defined  as  Hxi.xi)  *  fis  =  sinfli,  <r  =  01. 
exhibits  broad  peaks  centered  on  the  far-field  grating  dif¬ 
fraction  orders  sin  =  rz  A/6 .  The  angular  width  of  these 
peaks  is  approximately  equal  to  ikLr1.  The  amplitude  cross 
correlation  in  the  so-called  antisymmetric  scan.15  Tui.  -xj) 
5  Hs  *  0.  a  *  2  sin  is  sharply  peaked  whenever  sin &i  * 
in  A/6,  i.e..  whenever  one  correlates  pairs  of  diffraction  orders. 
The  angular  width  of  the  correlation  peaks  is  approximately 
equal  to  \karl  and  is  narrow  compared  with  I kL)~l  in  sit¬ 
uations  of  practical  interest. 

We  now  examine  in  detail  a  correlation  of  the  ±  1  diffraction 
orders,  sin  d\  *  -sin  =  A/6  (thus  it  =  2 A/6,  s  =  0  in  our 
notation*.  Direct  evaluation  of  Eq.  (ID  appears  to  be  a  dif¬ 
ficult  task  in  this  case:  however,  because  of  our  particular 
vaiues  of  the  Fourier  coefficients  gn  and  the  fact  that  aJb  » 
1.  it  is  shown  that  y(0.  2A/6>  has  a  simple  form. 

In  particular,  note  that  the  term 


expl-V2*2a2[<T  -  (n  -  mjA/6]2} 


(n 


for  a  *  2A/6.  Thus  only  the  terms  n  —  m  *  2  contribute  to 
the  sum.  Further,  if  the  optical  depth  of  the  grating  satisfies 
0  $  u  $  1.5.  it  is  seen  chac  the  Fourier  coefficients  gn  * 
are  a  rapidly  decreasing  function  of  n.  For  our  case,  a  =  O.So. 
only  the  terms  n  =  0.  ±1.  ±2  contribute  significantly. 
Therefore  to  a  high  degree  of  accuracy  we  may  express  the 
normalized  correlation  of  complex  amplitudes  as 


4.  SPATIAL  CORRELATION  AT  ZERO  TIME 
DELAY 

For  zero  time  delay,  r  =  0.  the  complex  degree  of  coherence, 
or  normalized  amplitude  correlation  function,  is  given  from 
Eq.  »S>  bv 


7i0. 2  A/6) 

^  i-x*2L-r'b2\  -  jgil2  4-  -.expi-OTT-L-  6-h 
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where  >  */2  *  sin  '  -  a/2  *  sin  0»,  and  we  have  made  use 

-it  the  tact  that  a.  b  '->  i  in  evaluating  the  denominator.  There 

is  no  loss  oi  generality  iiere.  as  a/6  »  1  for  all  situations  of  where  2c. w*:  +  s  c  i  -  *n  four  significant  places.  'This 

or.icrnai  m  t*re-i.  Thi.-  -voression  was  first  derived  :n  Rets.  :sdue  'he  cenerai  re-all  'hat 
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0a  t  * — +  2  ^  J*\ziJ-2n+K\z)in  >  l).j 

K »0  K » i • 

The  minus  on  j^tj-  arises  from  the  fact  that  = 

i  -1  )n-Jnia>  and  has  the  physical  interpretation  here  that  the 
±1  diffraction  orders  are  antiphased.  We  see  that  \y(0. 
2\/6>|  -*  L  for  Lib  —  ».  which  is  the  extreme  coherent  limit. 


where  *v  is  the  normalized  version  of  Eq.  < -S >  with  time  delay 
t  >  0.  and  >■  +  (i ■' 2  =  sin  s  —  t/2  «  sin  as  before.  We 
again  restrict  the  tar-field  analysis  to  measurements  along  the 
x  axis  iv j  =  y>  =  0):  however,  one  should  recall  that  the  dif¬ 
fuser  has  a  linear  velocity  v  -  ug  +  t'nb  in  the  object  plane, 
where  £  is  parallel  to  i  and  ff  is  perpendicular  to  i.  The 
spatiotemporal  correlation  of  intensities  is 


\y\$,  a.  ri|- 
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and  I710. 2A/6)|  —0  for  L b  — 0.  which  is  the  extreme  inco¬ 
herent  limit.  A  plot  of  the  normalized  correlation  of  inten¬ 
sities  in  the  antisymmetric  scan  |?i0.2A/6)| 2  against  the  pa¬ 
rameter  L  ib  is  shown  in  Fig.  4.  The  experimental  agreement 
is  seen  to  be  excellent.  Note  that,  for  Lib  $  0.33.  the  far- Held 
intensity  distribution  is  completely  diffuse  ‘see  Fig.  2), 
whereas  correlation  measurements  reveal  the  presence  of  the 
grating  for  all  L'b  £  0.15.  Hence  there  is  a  small  but  impor¬ 
tant  range  of  values  0.15  £  Lib  $  0.33  for  which  correlation 
measurements  detect  the  presence  of  the  grating  even  when 
simple  intensity  measurements  would  fail.  i.e..  when  the  in¬ 
tensity  information  is  hidden  in  speckle  noise. 

It  should  be  stressed  here  that  the  curve  in  Fig.  4  depends 
critically  on  the  Fourier  coefficients  gn  of  the  grating.  The 
range  of  values  of  L.b  for  which  the  hidden  periodicity  may 
be  revealed  by  either  correlation  measurements  or  interfer¬ 
ometry*  will  then  depend  on  the  particular  choice  of  phase 
grating  and  must  be  evaluated  from  Eq.  *  11 )  in  each  case.  .An 
example  of  this  effect  using  a  lameliar  phase  grating  that 
nullifies  the  even  diffraction  orders  was  worked  out  theoret¬ 
ically  by  Bakes5  and  has  similar  characteristics  to  our  case. 

In  principle,  an  amplitude  interferometry  experiment  will 
vietd  a  larger  range  of  values  for  which  the  coherence  effect 
is  .icticeable  because  interferometry  measures  *■  directly, 
whereas  photon  correlation  experiments  measure  [*<  |-.  No 
ie'aiied  experiment  along  these  lines  ms  yet  been  re¬ 
ported. 

5.  SPATIOTEMPORAL  CORRELATION 
FUNCTION 

Our  experiment  is  capable  of  measuring  the  spatiotemporal 
correlation  function  of  dynamic  speckle  intensity  fluctuations. 
We  therefore  present  the  nme-dependent  features  of  this 
quantity  here.  The  normalized  correlation  of  intensity 
fluctuations  is  defined  by 

_  _ Tis.'j.  n|* _  ( 

r,|*“  ir.i  -  t  2. 1  n.<  -  ■t->.o.o)|  '  ' 1  ’’ 


For  7  >  0.  the  normalized  correlation  of  amplitudes  7  is.  o. 
r)  is  a  complex  function:  hence  in  evaluating  jyj-both  real  and 
imaginary  parts  are  relevant.  The  numerator  in  Eq.  1 14)  is 
seen  to  have  the  form 

|7is.  a.  r » | 2  sc  expt—  |r|2r-/4a-l  l|  ^  Anmis\ 

XCOs(Wam<S>'}|C+  |  H  Anm  U.  <T)sin{u:*m <S  )r]  |2J.  I  15) 
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where 

Anm(s.  (7 )  3  gngmexp 

x  exp  j  -  l!2k  -L 1  js 

where 

2-i‘c  /  .  a  n  -  m 

U/Sin  6n - - — 

and  sin  do  5  A/6  is  the  first  grating  diffraction  order. 

The  spatiotemporal  correlation  function  has  the  usual 
Gaussian  envelope14  of  width  fo  a  2a.  |c|  within  which  area 
series  of  harmonic-oscillations.  For  the  case  of  an  intensity 
autocorrelation  it  is  shown  that  the  modulation  of  this 
Gaussian  envelope  is  entirely  cosinusoidal  and  is  heavily 
weighted  in  favor  of  a  fundamental  frequency  =  2r  .  * 
An  autocorrelation  of  intensities  is  defined  as  r/U  ..  .v ,.  r  1  ■  - 
s  | ■>  1  s  -  sin  ^1.  n  =  0.  r » | - .  Since  a/6  »  i.  we  find  that 

m  )Al-| . 

j  p— 

•  IS) 

where  s  =  sin  V  defines  the  detection  location  on  the  tar -field 
r  axis. 

By  defining 

q-  3  >t-L-  6-. 
v*;..  =  l~i  ..  b. 

K  =  s/sin  tf.i  =  sin  'f'sm 

we  now  express  Eq.  1 14)  ;n  a  more  transparent  form: 
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Fig.  5.  Theoretical  plots  of  the  temporal- intensity  autocorrelation 
at  the  center  of  the  diffraction  field  is  *  0.  a  ®  0).  The  diffuser  ve¬ 
locity  is  i(  »  1.3  mm/sec.  and  vn  *  30  mm/sec.  The  amplitude  cor¬ 
relation  length  i  *  2  Mm.  and  a,  b  *  5.1  Mtn:  b.  b  =  9.2  Mm. 

We  now  restrict  our  attention  to  the  case  -A/6  <s<  A/6. 
That  is.  we  consider  an  autocorrelation  at  any  point  along  the 
far-field  x  axis  that  lies  within  the  ±1  gra ting  diffraction  or¬ 
ders.  The  results  obtained  are.  in  fact,  quite  general,  and  this 
merely  serv  es  as  an  illustration  of  the  spatiotemporal  behavior 
in  a  particular  spatial  domain.  Recollecting  that  for  our  case 

c.i  »  :£jJ  »  . etc.,  it  is  cleai  by  inspection  of  Eq.  (17) 

that  only  the  terms  n  *  0.  ±1  contribute  significantly  when¬ 
ever  —  l  <  K  <  1  and  L.’b  £  0.05  (i.e..  q2  >  0.05).  With  the 
above  restrictions  in  mind,  a  little  algebra  shows  that 

*  i.s.O.  r i| -  s  expi  -if-r-  4a -i/.Vi/v.  q) 
x  [',g**exp\-2q:K2)  +  gtl4!exp|-2q-lK  +  ll-| 

+  exp(— 2q2*K  -  1)-J| 

+  '28**811  \expl-t/-|K-  *  1  )-)l 

4-  2expl— q2[K-  4-  •  K  -  l  i-)i)cosiwnri].  i  IS) 

where 

.Vi  K.q>  =  il.gu-expi  —  q2K-) 

+  'Xil ’’exp j  -</-’<  K  l)-j  +  expi-y-'K  -  li-jl)2 

is  the  normalization  as  a  function  of  K  and  a. 

('arefui  manipulation  of  Eq.  *  IT)  shows  that  the  inclusion 
"I  higher-order  terms  again  introduces  cosinusoidal  modu- 
.ation  whose  frequencies  are  integral  multiples  of  •*,>.  Because 
•»l  exponential  damping  jnd  the  Fourier  coefficients 
however,  all  such  terms  are  smail  corrections  and  mav  be 
safelv  dropped  in  this  case. 

Equation  1 18)  therelore  incorporates  ail  the  relevant  dy¬ 
namic  features  ■>!  the  M>aiu*t ernpor.il  autocorrelation  mea- 
-*uri*ment-  m  our  experuneni  mo  :ta>  -••im-  niere^iing  tex¬ 


tures.  We  first  note  that,  for  —  l  <  K  <  l.  Eq.  f  18 )  is  sym¬ 
metric  in  K  i  i.e.,  in  l.h,  as  might  be  expected,  and  has  the 
general  form 

ITis.  0.  ri\- 

exp< -iL-i-r-/4Q2)[Alq.  Kt  4-  Big,  K)cosiu.’nr)| 

A(q,K)  +  Biq,K)  ’  'l  ’ 

where 


Aiq,  K)  =  Aiq.  —  K). 

Biq,  K)  -  B(q,  -K). 

and  the  explicit  definitions  of  each  are  self-evident  from  Eq. 
<  18). 

Thus  the  autocorrelation  at  any  point  along  —A/6  <  sin  0 
<  A/6  consists  of  a  Gaussian  envelope  of  temporal  width  to  = 
2a/jt|  modulated  by  a  cosine  of  period  f.v#  *  6/t'«.  where  t  «  is 
the  diffusers  component  of  velocity  parallel  to  the  far-field 
x  axis.  Whenever  f.\/  <  to  and  Biq.  K)  >  0.  this  modulation 
clearly  presents  itself  in  routine  autocorrelation  measure¬ 
ments.  as  shown  in  Figs.  5-7.  The  remarkable  feature  of  Eq. 
( 18)  and  hence  of  Eq.  ( 19)  is  that  the  period  of  this  modulation 


Fig.  5.  Experimental  measurements  of  the  intensity  autocorrelation 
function  at  ihe  center  of  the  diffraction  field  <s  »  0.  u  *  Oh  The 
diffuser  velocity  is  c ;  *  0.5  mm/sec.  i ,  *  0  i  pure  translation  along  $) 
The  diffuser  has  an  amplitude  correlation  length  of  L  a  0.9  urn.  and 
a.  b  ■  9.2  um:  b.  b  ■  5  l  am.  Note  that  the  period  of  •tsciilaiion  varies 
is  h  r  .  i,i  ,j  aigh  degree  "i  accuracy  inn  rhe  m-»d mat mn  -srength  tn- 
•rease-  i>  •<  reom  c-i 
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Fig.  7.  Experimental  measurement  of  the  temporal-intensity  au¬ 
tocorrelation  function  at  the  center  of  the  diffraction  field  is  =  0.  a 
*  0i  with  parameters  L  -  0.9  um.  b  *  9.2  um.  a  *  0.33  mm.  v  s  50  mm 
sec-:.  t*r  a  560  mm  sec"1.  Note  the  modulation  period  u  a  1.8  x 
10"-  sec.  and  the  Gaussian  envelope  has  a  1/e  time  of  to  *  1.2  X  10”3 
sec.  as  predicted  by  theory. 
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Fist  5.  Modulation  strength  as  a  function  of  intensity  overlap  L  b 
it  nxeo  scan  angle:  i.  K  ■  0;  o.  K  ■  l .  The  solid  curve  :s  a  theoretical 
slot:  the  *'<  reter  to  experimental  measurements. 


-ntireiv  independent  of  :r.e  detector  location.  The  detector 
•  «  ;uu>n  K  and  the  overlap  parameter  >j  along  with  the  Fourier 
etricienta  *».,  determine  the  strength  of  the  modulation  that 
v-  define  here  as 

Si q ,  K i  =  3 ■  .  K i  A iq .  hi ».  ' 20 » 

-  '-'4  imtMMirp-  i  *;*.o  *•  mve  amplitude -frength  >f 'he 


For  fixed  diffuser  velocity  v.  Eq.  <  IS)  enables  us  to  measure 
the  spatial  period  o  of  the  grating  by  a  simple  measurement 
of  the  modulation  frequency  xi%  ~  2-Vs/b.  This  frequency 
clearly  manifests  itself  as  a  series  of  equally  spaced  fringes 
within  the  Gaussian  envelope,  as  shown  in  Figs.  5-7.  For  fixed 
b  and  K.  Eq.  <  13)  allows  one  to  measure  the  scattering  source 
term  L  by  an  equally  simple  measurement,  that  of  measuring 
the  relative  strength  of  these  fringes. 

Figure  S  shows  theoretical  and  experimental  plots  of  the 
modulation  strength  Siq,  K)  against  Lib  for  fixed  scan  angles 
K  *  0  and  K  ~  1.  In  both  cases  the  modulation  strength 
tends  to  zero  for  L,  b  >  0.5  and  increases  dramatically  for  Lib 
<  0.5.  although  at  very  different  rates.  Figure  9  show's  theo¬ 
retical  and  experimental  plots  of  the  modulation  strength 
versus  scan  angle  K  for  fixed  Lib  =  0.1S.  0.25. 0.30.  It  is  clear 
from  the  curves,  and  the  excellent  experimental  agreement, 
that  the  modulation  strength  is  a  sensitive  measure  of  the 
degree  of  intensity  overlap  Lib  and  therefore  allows  one  to 
estimate  L  for  a  given  6  to  a  reasonable  degree  of  accuracy. 

Figures  6  and  7  show  experimental  measurements  of  the 
period  of  these  modulations.  The  period  is  indeed  seen  to  be 
proportional  to  the  component  of  velocity  parallel  to  the  far- 
field  x  axis,  whereas  the  Gaussian  envelope  has  a  width  pro- 


3  a. iol 

3  .  X 


Fig.  9.  Modulation  strength  as  a  function  of  scan  angle  K  * 
</sin  fi.\  i  where  sin  »*.i  =  \  hi  for  fixed  overlap  parameter  L.  h  »  a. «). IS; 
*>.  »  25.  >■.  V  'ay  The  '.Mid  «  urve  refer*  :.i  »heorv.  the  -s  reler ex¬ 
perimental  measurement.*. 
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portional  to  the  total  di  if  user  velocity  « 1 =i 2  +  For 

our  experimental  parameters  a  and  b.  it  was  necessary  to  have 
L'z  <  whenever  the  full  Gaussian  envelope  was  to  be  ob- 
served  with  fewer  than  10  full  periods  of  modulation.  We  are 
limited  here  by  the  I2S  channels  of  correlation  data  in  our 
resolution.  Figure  6  shows  autocorrelation  data  for  a  pure 
translational  diffuser  velocity  |q  *  Vc.  vn  38  0  and  confirms  our 
analysis  that  the  modulation  frequency  varies  as  Utib  to  a  high 
degree  of  accuracy. 

6.  PHYSICAL  ORIGINS  OF  THE 
MODULATION  AND  COHERENCE  PEAKS 

Figures  8(a)  and  tb)  show  how  the  modulation  of  the  Gaussian 
envelope  exp(-jfj2r-/-ki2)  increases  dramatically  for  L/b  < 
O.o  and  essentially  disappears  for  L/b  >  0.5.  This  may  be 
understood  by  considering  a  diffuser  correlation  cell  of  linear 
dimension  L  traversing  the  phase  grating  of  spatial  period  b 
and  noting  that  the  phase  grating  is  uniform  in  the  f\  direction 
and  periodic  in  the  ^  direction.  Whenever  Lib  «  1  the  in¬ 
stantaneous  random  phase  associated  with  a  particular  dif¬ 
fuser  element  has  added  to  it  a  periodic  component  that  is  due 
to  the  grating.  This  gives  rise  in  the  far  field  to  a  strong  co¬ 
sinusoidal  modulation  of  period  bivi.  As  L  increases,  the 
diffuser  element  still  has  a  periodic  component  added  to  it: 
however,  the  strength  of  the  component  is  now  smaller  since 
it  is  the  value  of  the  phase  of  the  grating  averaged  over  a  dis¬ 
tance  L.  thus  the  modulation  disappears  as  Lib  —  ®. 

The  Gaussian  envelope  of  width  to  =  2a /]q  is  a  well- 
known :s  property  of  dynamic  speckle- intensity  correlation 
measurements.  It  may  be  understood  in  a  somewhat  ele¬ 
mentary  way  as  the  time  taken  for  a  speckle  in  the  far  field  to 
evolve  into  an  essentially  new  speckle  with  no  memory  of  its 
previous  configuration.  The  speckle  field  evolves  because  of 
the  motion  of  the  diffuser  with  respect  to  the  laser  beam. 
After  a  translation  of  a  laser  beam  width  <2a».  the  diffraction 
field  is  formed  by  an  entirely  different  set  of  scatters:  hence 
the  decorrelation  rime  of  each  speckle  in  'h*  far  field  is  ap¬ 
proximately  2a.  In. 

It  :s  instructive  to  view  the  spatial  eross-cnrrelaiton  peak 
in  the  anusvmmemc  scan  and  its  associated  wicth  m  terms 
of  speckle  phenomena.  Our  experiment  measures  the  nor¬ 
malized  correlation  of  speckle  intensity  fluctuations,  and  this 
has  a  vaiue  of  one  for  an  autocorrelation.  Figure  4  shows  that 
the  normalized  cross  correlation  is  also  equal  to  l  when  one 
is  correlating  the  ±  i  diffraction  orders  and  L>  b  >  l.  As  shown 
in  Fig.  2.  whenever  L.b  2  l.  the  diffraction  fieid  consists  of 
identical  and  well-separated  speckle  patterns  whose  intensi¬ 
ties  at  the  ±1  diffraction  orders  are  identical  because  of  the 
choice  of  grating.  Correlating  the  ±1  diffraction  orders  then 
yields  the  same  result  as  an  autocorrelation  of  either  of  these 
since  the  detectors  are  fixed  on  essentially  the  same  speckle 
of  identical  intensity  As  L.b  is  reduced,  the  neighboring 
speckle  patterns  overlap  the  =  1  diffraction  orders.  The 
correlation  peak  therefore  decreases  as  the  far  field  becomes 
more  diffuse,  i.e..  the  signal- to-noise  ratio  is  reduced. 

The  spatial  width  of  this  peak  has  a  measured  value  of  Ax 
*  2R .ka  <see  Fig.  31.  which  is  approximately  a  speckle  di¬ 
ameter  Whenever  the  net  alignment  error  of  the  detectors 
exceed  a  specxle  diameter,  the  detectors  are  fixed  on  two 
iitrerent  -ipecxies:  hence  The  correlation  peak  must  vamsn. 


CONCLUSIONS 

We  have  verified  experimentally  that  the  presence  of  a  si¬ 
nusoidal  phase  grating  of  period  b  hidden  behind  a  diffuser 
of  correlation  length  L  can  be  revealed  by  measurements  of 
the  spatial- intensity  cross  correlation  of  the  scattered  fieid. 
confirming  the  theories  presented  in  Refs.  1-8.  By  extension 
of  this  theory  to  the  space-time  domain,  we  have  confirmed 
our  own  analysis  that  the  hidden  periodicity  of  the  grating  is 
more  easily  measured  by  a  temporal  autocorrelation  of  the 
dynamic  speckle  field.  The  presence  of  the  grating  in  this  case 
manifests  itself  as  a  cosinusoidal  modulation  within  a 
Gaussian  envelope.  The  period  of  this  modulation  is  inversely 
proportional  to  the  spatial  period  b  of  the  grating.  It  has  been 
verified  that  this  effect  is  easily  measured  for  highly  diffuse 
fields  \L,b  «  L)  by  using  a  single  detector  with  minimal  de¬ 
mands  on  the  spatial  orientation  of  the  detector,  in  contrast 
to  the  spatial  cross-correlation  method. 
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Variable  threshold  discrimination  in  a  photon-imaging  detector 


Thomas  Gonsiorowski 


The  photon  statistics  of  a  particular  photon-imaging  detector  are  studied,  and  the  conditional  probability 
of  photon  counts  in  the  output  given  a  certain  number  of  counts  in  an  associated  reference  channel  is  de 
rived.  This  result  is  applied  in  a  variable  level  discrimination  technique  which  significantly  reduces  detec¬ 
tion  errors  approaching  the  ideal  limit.  These  results  can  be  applied  to  other  photon-limited  detectors  with 
nonideal  pulse  height  distributions. 


I.  Introduction 

The  photon-imaging  detector  which  we  are  currently 
constructing  is  a  modified  version  of  the  device  first 
described  by  Papaliolios  and  Mertz.1  We  have  named 
this  device  the  Space-Time  Analysis  Camera  (STAC). 
The  STAC  is  designed  to  detect  the  spatiotemporai 
coordinates  of  a  photoevent,  i.e..  the  interaction  of  a 
photon  with  the  photocathode  of  an  image-intensifying 
tube.  Before  embarking  on  the  statistical  analysis  of 
the  STAC,  we  describe  its  operation.  After  presenting 
some  general  results  in  Sec.  II  we  will  consider  a  stan¬ 
dard  approach  to  photoevent  discrimination  using  a 
fixed  discrimination  level.  Finally,  in  Sec.  IV  we  con¬ 
sider  a  variable  discrimination  technique  suggested  by 
Papaliolios2  which  improves  the  detection  statistics. 

The  STAC  consists  ot  five  major  components:  ll) 
the  image- intensifier  tube:  (2)  the  multiplexing  optics; 
: 3)  the  image  plane  masks;  14)  the  photomultiplier  tubes 
(PMTs);  and  id)  the  discrimination  electronics.  The 
image  tube  serves  to  amplify  the  optical  signal  from  a 
photoevent  producing  a  pulse  of  light  containing  many 
photons  yet  retaining  the  spatiai  location  of  the  original 
photoevent.  The  multiplexing  optics  form  multiple 
images  of  the  intensifier  output  face;  in  all.  seventeen 
images  are  produced,  each  containing  a  fraction  of  the 
photons  emitted  by  the  intensifier.  It  is  important  to 
remember  that  each  image  is  a  small  spot  of  light  cen¬ 
tered  on  the  original  photoevent  location.  In  the  fol¬ 
lowing  analysis  we  ignore  channel  to  channel  variations 
of  the  imaging  properties  and  assume  that  all  seventeen 
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images  are  statistically  identical,  i.e..  each  image  con¬ 
tains  the  same  average  number  of  photons.  We  do  not 
ignore  the  aberrations  of  the  optical  system  but  simply 
assume  that  the  image  spot  can  be  represented  by  a 
Gaussian  point-spread  function. 

To  encode  the  image  spot  location,  a  high-contrast 
binary  transmittance  grating  is  placed  over  each  image. 
The  period  and  orientation  of  each  grating  or  mask  are 
chosen  to  encode  a  particular  bit  of  the  digital  photoe¬ 
vent  coordinate.  Eight  masks  are  used  to  encode  the 
r  coordinate  and  eight  are  used  for  the  y  coordinate. 
The  finest  mask  has  a  period  about  equal  to  the  FWHM 
of  the  optical  point-spread  function  and  the  period  then 
doubles  in  each  successive  mask  up  to  the  coarsest  mask 
which  is  half  transparent  and  half  opaque.  The  four 
coarsest  masks  are  shown  in  Fig.  1.  The  seventeenth 
channel  has  no  mask  and  serves  both  as  a  timing  refer¬ 
ence  and  event  trigger,  and  in  the  variable  threshold 
discrimination  scheme  this  seventeenth  channel  also 
serves  as  a  reference  for  the  adjustable  discrimination 
level.  To  complete  the  encoding,  ail  light  transmitted 
by  the  mask  is  collected  by  a  photon  counting  PMT  with 
a  fast  preamplifier/counter  registering  the  number  of 
detected  photocounts.  The  final  encoding  step  is  to 
decide  based  on  this  number  of  counts  whether  the 
photoevent  fell  over  an  opaque  region  of  the  image  plane 
mask  (and  hence  the  digital  bit  is  assigned  a  0)  or  over 
a  transparent  region  (digital  bit  is  a  I). 

It  is  in  this  final  step  ’hat  some  discrimination  must 
take  place.  The  number  of  counts  registered  in  each 
channel  will  be  a  random  variable  with  a  statistical 
distribution  determined  by  the  characteristics  of  the 
various  STAC  elements.  The  form  of  this  distribution 
will  determine  how  effectively  we  can  discriminate  be¬ 
tween  a  blocked  event  and  a  transmitted  event. 

II.  Modeling  the  STAC 

In  an  ideal  system,  the  image  tube  would  produce  a 
fixed  number  of  photons  in  the  output  pulse  for  each 
photoevent,  and  the  optical  system,  masks,  and  PMTs 


Y 
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Fig.  1.  Four  coarsest  masks  oi  the  STAC  would  encode  the  four  most 
significant  bits  of  the  digital  x  coordinate.  Note  that  Gray  code  ts 
used  as  opposed  to  binary  to  minimize  muitibit  errors. 


would  also  give  a  fixed  output  depending  only  on  the 
event  location.  In  such  a  deterministic  system  it  would 
be  an  easy  matter  to  decide  on  the  digital  coordinate, 
and  errors  would  be  eliminated.  Unfortunately,  nature 
is  not  so  obliging:  at  best  the  image  tube  produces  not 
a  fixed  number  of  photons  but  instead  a  random  num¬ 
ber  .V  with  some  probability  pi. VI  Also,  each  succes¬ 
sive  stage  of  the  system  behaves  in  a  probabilistic  way; 
if  .V  photons  enter  a  stage,  rather  than  a  fixed  fraction 
emerging,  the  number  output  -V'  again  has  some  dis¬ 
tribution  p(.V'[;V>,  which  does,  however,  depend  on  the 
input  number.  Ultimately,  the  number  of  photocounts 
registered  in  each  channel  n  will  also  be  a  random  var¬ 
iate  with  a  distribution  pin  i:  as  a  result,  any  decision 
method  which  we  use  to  select  the  various  bits  in  the 
digital  coordinate  will  err  for  some  events,  assigning  a 
1  instead  of  a  0  and  vice  versa.  Thus,  in  the  real  system 
we  must  ask.  what  is  the  probability  of  making  an  error 
in  the  event  coordinate? 

In  modeling  the  system  we  consider  two  possible 
distributions  for  the  number  of  photons  emitted  by  the 
image  tube: '  li  pi .V  >  is  Poisson. 


and  12)  pl.V)  is  Bose-Einstein. 


,.v  v 


In  both  cases.  t.V)  is  the  mean  number  of  photons 
produced  by  the  image  tube  for  each  photoevent.  The 
Poisson  distribution  represents  the  optimum  realizable 
distribution,  i.e..  the  realistic  ideal  case,  while  the 
Bose-Einstein  distribution  approximates  the  actual 
image  tube  we  are  using.  The  Bose-Einstein  distribu¬ 
tion  can  be  considered  as  the  convolution  of  the  ideal 
Poisson  statistics  with  a  broader  noise  distribution 
which  increases  the  fluctuation  of  the  photon  numbers. 
Each  successive  stage  of  the  STAC  performs  a  binomial 
selection  on  the  input  to  that  stage 


pi.vi.vi  .  !^  J  rv"n  -  rv'-v.  * 3i 

where  T  is  just  the  intensity  transmittance  of  the  stage. 
Another  reason  for  selecting  distributions  i  ll  and  i2) 
is  that  both  are  invariant  under  binomial  selection,  i.e.. 
the  form  of  the  distribution  does  not  change  although 
the  mean  is  modified.  The  transmittance  of  the  mul¬ 
tiplexing  optics  is  To,  the  masks  have  a  transmittance 
T„,  which  is  position  dependent,  and  the  PMT 
preampiifier/counter  combination  has  some  effective 
efficiency  i  transmittancei  tj.  To  obtain  numerical  re¬ 
sults.  it  will  be  necessary  to  choose  values  for  these  pa¬ 
rameters:  we  will  use  approximate  values  for  our  par¬ 
ticular  system: 

:  .V  •  *  5.0  x  to4. 

T„  =1.1X10-!.  141 

n  *  0.15. 

Also,  a  derived  quantity  which  will  appear  frequently 
is  the  mean  number  of  counts  generated  in  the  reference 
channel,  i.e..  without  any  mask. 

(ri  »  riToiX)  *  8.3.  t5'i 

Although  the  exact  values  of  these  parameters  does  not 
affect  the  following  analysis,  some  results  do  depend  on 
their  relative  magnitudes. 

As  mentioned  above,  we  model  the  optical  point- 
spread  function  by  a  Gaussian  function.  The  mask 
grating  integrates  periodic  portions  of  this  point-spread 
function  resulting  in  a  total  transmittance  Tm  given 
by 

7%  =  r  I  f.'iDt'-T  -  (6) 

....  (e  Jomu,  \ 

where  .r . ,  is  the  centroid  of  the  image  spot.  2\'"2ir  is  the 
FWHM  of  the  point-spread  function,  u-  is  the  width  of 
a  bar  or  space  in  the  mask,  and  k  is  an  integer.  In  re¬ 
ality.  the  limit;  on  the  sum  shouid  be  finite  since  the 
mask  has  a  finite  extent;  in  practice,  however,  the 
point-spread  function  will  become  negligible  before  the 
mask  edge  is  reached.  Of  course,  this  does  not  apply  to 
events  very  near  the  edge  of  the  field,  but  we  will  ignore 
such  cases.  To  simplify  the  above  formula,  we  define 
two  dimensionless  parameters 

X  ,  So 

a  =  — =  jnd  .<  “  —  -  ' . ' 

v  Iff  u 

Because  of  the  mask  periodicity,  the  normalized  event 
position  s  has  a  fundamental  range  — lg  £  s  <  l/o;  while 
the  mask-spot  ratio  «  has  approximate  values  of  1.  2. 
4.  .  .  .  12S  in  our  system.  Introducing  the  error  function 
and  using  s  and  a  we  can  write 

T^is.ai  =  --  v  eriligfc  -  >  -  :<aj  -  ortl 1 2k  -  ,-iaj.  SI 

Figure  2  shows  the  variation  of  Tm  with  s  for  various 
values  of  or.  For  low  mask-spot  ratios  (a  =  1).  the 
point-spread  function  covers  several  mask  periods 
producing  a  poorly  modulated  transmittance  function. 
But  as  or  increases,  the  transmittance  ion  roaches  a  step 
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Fig.  2.  Tm(S.a)  plotted  over  the  fundamental  range  of  s  for  a  *  1,  Fig.  3.  Typical  variation  of  bias  B  and  error  £  with  threshold  n,  for 
4.  and  64.  the  mask-spot  ratio  a  *  2. 


function.  The  poor  modulation  of  Tm  for  smaller  a 
results  in  larger  detection  errors,  thus  ultimately  lim¬ 
iting  the  detector  resolution. 

III.  Fix  3d  Threshold  Discrimination 

Consider  the  output  of  a  particular  masked  channel 
of  the  STAC  which  consists  of  a  series  of  counts 
n  i.rto,  n*.  For  each  count  we  must  decide  the  event 
location — was  it  over  a  space  or  a  bar?  The  simplest 
decision  method  is  to  choose  some  threshold  value  n,, 
and  whenever  nk  >  n.  we  assign  the  event  to  a  space  t  0 
£  s  S  l4).  otherwise  the  event  is  assigned  to  a  bar  ( — 
Ss  <  01.  Since  the  number  of  counts  nk  is  random  for 
any  position  s.  there  will  be  a  probability  of  incorrectly 
assigning  the  event  location.  Given  the  probability 
distribution  of  counts  pin),  the  probability  of  assign¬ 
ment  error  is 

[plain, I.  for  -li  S  s  <  0: 

£lsi»  '91 

Ipln  <  n,l.  forO  £  s  £  1 . 

Note  that,  for  each  value  of  o  and  each  mask,  the  dis¬ 
tribution  pin)  will  be  different  since  it  depends  on  the 
mask  transmittance  Tm.  Having  no  a  prior:  informa¬ 
tion  about  the  event  location,  we  will  assume  that  all 
positions  are  equally  likely  allowing  us  to  spatially  av¬ 
erage  the  error 

£ o  »  pm  >  o,)),.  for  5  <  0: 

Ei  *  (pin  <  o,))(. for*  i  0:  tlOi 

E  »  ^i£o  *  £,). 

In  choosing  n.  we  must  minimize  £,  However,  there 
ts  another  constraint:  if  the  difference  between  £0  and 
£  i  is  large,  we  introduce  a  bias  into  the  measurement 
in  that  a  disproportionate  number  of  events  are  assigned 
to  either  bars  or  spaces.  This  would  cause  a  spatially 
uniform  input  signal  to  produce  a  striped  output  pat¬ 
tern.  So  we  must  aiso  minimize  the  bias,  which  can  be 
characterized  by 


£  =  |£,  -£0|  ill) 

As  we  will  see.  choosing  n,  to  minimize  B  will  also  tend 
to  give  a  minimum  £. 

From  the  arguments  of  Sec.  II.  we  know  that  pin)  will 
be  of  the  same  form  as  p(.V),  the  distribution  of  photon 
number  emitted  by  the  image  tube,  but  having  a  mean 
given  by 

<n  )  =  T«,(r}  1 12) 

Once  we  have  tabulated  T„  vs  s  and  a,  it  is  easy  to  nu¬ 
merically  evaluate  3  and  £  vs  n,  for  the  cases  of  Poisson 
and  Bose-Einstein  statistics.  Note  that  B  and  £  will 
be  different  for  each  mask-spot  ratio  it.  The  plots  in 
Fig.  3  show  typical  results  of  this  analysis.  For  both 
distributions  we  see  that  an  optimum  threshold  which 
minimizes  the  bias  or  the  error  exists.  Although  room 
does  not  permit,  inspection  indicates  that  for  most 
values  of  a  the  same  threshold  minimizes  both.  The 
minimum  error  and  bias  obcained  for  each  mask  is 
plotted  in  Fig.  6. 

IV.  Variable  Threshold  Discrimination 

In  an  attempt  to  reduce  the  probability  of  detection 
errors,  we  consider  making  a  second  simultaneous 
measurement  for  each  event — besides  counting  the 
number  of  photons  in  each  masked  channel,  we  also 
measure  the  number  of  counts  in  an  unmasked  refer¬ 
ence  channel  which  has  a  position  independent  trans¬ 
mittance.  T„  =  1.  We  hope  that  the  reference  channel 
measurement  will  give  us  added  information  about  the 
number  of  photons  produced  by  the  image  tube  for  a 
particular  event,  therebv  decreasing  the  probability  of 
detection  errors.  Now  we  ask.  what  is  the  conditional 
distribution  of  counts  in  one  of  the  masked  channeis 
pin\rt  given  that  we  hive  measured  r  counts  in  the 
reference  channei? 

We  begin  by  noting  that,  if  in  a  particular  event  the 
image  tube  produces  .V  photons  'not  a  random  num¬ 
ber),  the  probability  of  producing  r  counts  in  the  ref¬ 
erence  channel  is  just  a  binomial  distribution 
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for  r  <  .V; 
for  r  >  .V. 


p«.V[rl  =  - 


3  »  f?  r0r«. 

Combining  Eqs.  US)  and  f  19 >  gives 


*20> 


Since  we  also  know  both  pi.V)  and  p«r»,  we  can  apply 
Bayes's  theorem  to  find  piS\r).  which  is  the  distribu¬ 
tion  of  photon  output  by  the  image  tube  given  that  r 
counts  are  measured  in  the  reference  channel.  From 
Bayes's  theorem.3 

p»ri.V)p».V) 

- - - -  U4> 

p\r\ 


ptn\r i  * 


|  3n<  1  -  i>v 


«.V  - 


with 


.\‘o  =  maxi  n.r). 


After  some  manipulation  the  sum  can  be  transformed 
to  the  confluent  hypergeometric  function4  giving 


p\n jr > 


r  I  <1  -  ex  pi  —  ni\f\r  +  l;r  —  n  +  t:**»  l  -  •$)], 

3n  expi  —  +  l:n  -  r  +  l:pil  -  3)|. 


in  -  r)\ 


n  <  r : 
n  2  r. 


1 23  > 


Equation  ( 13),  the  formula  for  p(r|.V).  also  applies  to 
the  output  of  any  masked  channel  with  r  replaced  by  n 
and  To  replaced  by  T(jTm .  Given  both  pin\N)  and 
pi.V|r),  we  can  find  p<n|r)  from 

pm|r»  ■  ^  pmLV)puV|ri.  115) 


To  facilitate  numerical  computation  we  apply  Rum¬ 
mer's  transformation3 

A/iaiorz)  =  exp«2)A/(6  -  a:b:  -  <241 

which  reduces  the  confluent  hypergeometrics  in  Eq.  (23) 
to  terminating  series  or  polynomials: 


?*n\n 


)  J'Ml  -  3V~n  expi-  Md).V/l-  n:r  —  n  *■  -  l)j. 

n  <  r : 


in3)n~* 
Ll/l  -  r)l 


expi  -  p3)3'.\t\-  r:n 


r  4-  l:p\3  -  1)|. 


n  >  r 


Ones  we  have  found  p\n\r)  we  are  again  in  a  position  to 
consider  choosing  n.  to  minimize  B  and  E.  However, 
n,  is  now  a  function  of  r,  having  a  different  value  for 
each  r.  but  since  we  know  the  unconditional  distribution 
of  counts  in  the  reference  channel  p(r),  we  can  average 
over  r  to  obtain  a  single  bias  and  error  figure  for  each 
mask-spot  ratio. 

Consider  first  the  Poissor.  case,  where  puV)  and  p(r) 
are  each  Poisson  distributions  with  respective  means 
Vi  and  rv  Applying  Eq.  <  14*  we  obtain 


in  -  -r,.'.v 
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The  binomial  distribution  pim.Y)  can  be  written  as 

1S\ 
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where 


Although  this  result  is  exact,  it  offers  little  insight  to  the 
advantage  of  the  reference  channel  measurement.  For 
our  particular  system,  however,  we  can  approximate  the 
formula  by  noting  that 

u  »  l.j  «  1.  and  ui  I  -  _5)  *  u  »  1.  '261 

For  the  confluent  hypergeometric  function  we  use  an 
asymptotic  approximation6 

.Wia.t>::i  =  expi: '.-■'-'"l  *  Oi|:i  -*)).  ■  27i 

Hai 

noting  that  |r|*'  =  2  X  I0~ *.  Surprisingly,  within  this 
approximation  we  find 


where  <  n )  is  given  in  Eq,  (12).  this  result  being  valid  for 
all  values  of  n  and  r.  Numerical  computations  using 
both  the  exact  and  approximate  expressions  show  the 
approximation  to  be  accurate  within  10—*.  The  ap¬ 
proximate  formula  shows  quite  dearly  that,  for  Poisson 
statistics,  the  measurement  in  the  reference  channel 
gives  us  no  new  information,  and  thus  the  variable 
threshold  technique  wouid  be  fruitless.  This  resuit 
seems  quite  reasonable  and  suggests  that  the  exact  ex¬ 
pression  1 251  should  reduce  to  a  Poisson  for  all  values 
of  a  and  i.  but  we  have  not  proved  this  except  in  the 
limit  (Eq.  i26)|. 

For  the  Bose-Einstein  distribution  of  photons  emit¬ 
ted  Sv  the  image  tube,  the  probability  of  having  .V 
photons  produced  by  the  intensifier  given  '  counts  in 
the  reference  channel  is 
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where  a  is  given  in  Eq.  (17).  Now  the  probability  of 
receiving  n  counts  in  a  masked  channel  when  the  image 
tube  produces  .V  photons  is  still  given  by  Eq.  (19). 
thus 

jin)n  =  v*  [‘  ]('  1  _  ji-v-n  — - -  irv-\  i.W 

,v~v0  \rtl\rl  tl  +  .V  >-w  1 

where  again  .V0  is  given  by  Eq.  (22).  This  sum  can  be 
transformed  into  the  hypergeometric  function"  resulting 
in  a  conditional  probability  distribution 
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As  before  we  can  transform  the  hypergeometric  function 
to  a  terminating  series  with  the  transformation3 

F ‘a.dtfir)  *  (1  -  :)c~°’m,>Ftc  -  a.c  -  b\c\z),  <32) 

which  leads  to 

(r\  +  t.V))" 
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Using  the  reiations  in  Eq.  1*26)  we  discover  that 
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suggesting  use  of  the  relation3 

.  ,,  TictTic  -o-6) 

F(a.o:c:l )  ■  — - - - •  (35) 
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which  is  valid  for  7?(c  -  a  -  6)  >  0  and  c  5* 

0.— i.— 2 .  From  Eq.  1 33),  we  see  thatc  -  a  -  b  - 

r  +  n  +  1  is  always  positive,  while  for  all  n  and  r\c  >  1. 
With  this  approximation,  the  conditional  probability 
reduces  to 

[r  +■  n\  tl  + 

pifUrt  *  - -■  136) 

\  n  /  1 1  ♦  <r>  +  < n))r*n* 1 

where  <  n  ;  is  given  in  Eq.  (12).  this  formula  holding  for 
ail  values  of  n  and  r.  Although  this  result  is  only  an 
approximation,  it  has  all  the  properties  of  a  true  prob¬ 
ability  density  and 

■  |  n  ) n 
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when  pir )  is  a  Bose-Einstein  with  mean  <r>.  Thus. 
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Fig.  4.  Comparison  of  the  unconditional  Bose-Einstein  distribution 
and  the  conditional  or  modified  Bose-Einstein  distribution  tor  r  = 
20  and  Tm  *  0.75. 

pln\r)  as  given  in  Eq.  (36)  is  a  proper  conditional 
probability.  Comparison  of  the  exact  and  approximate 
formulas  again  shows  excellent  agreement.  Henceforth, 
we  shall  cal!  the  distribution  [Eq.  (36))  the  modified 
Bose-Einstein  or  MBE. 

The  significance  of  the  MBE  is  vividly  demonstrated 
in  Fig.  4.  which  compares  the  MBE  obtained  by  in¬ 
cluding  the  reference  channel  measurement  to  the  un¬ 
conditional  Bose-Einstein  distribution.  Clearly  the 
MBE  is  much  narrower,  a  result  which  can  be  formally 
shown  by  calculating  the  ratio  of  the  variance  to  the 
mean  for  each  distribution.  Letting  ( nr )  represent  the 
mean  of  the  MBE,  we  find 
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Bose-Einstein: 
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Poisson: 
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( n ) 

clearly  showing  that  the  width  of  the  MBE  is  bounded 
by  the  Bose-Einstein  from  above  and  by  the  Poisson 
from  below.  Thus,  including  the  reference  channel 
measurement  does  add  information,  and  we  can  con¬ 
sider  <r)/{l  +  (r))  as  a  quantitative  measure  of  the 
improvement. 

To  see  how  much  of  an  improvement  the  MBE  gives, 
we  consider  the  error  and  bias  analysis  as  in  Sec.  II.  In 
this  case,  however,  there  is  a  different  optimum 
threshold  for  each  value  r  and  each  mask-spot  ratio  a 
as  shown  in  Fig.  5.  As  one  would  guess,  the  threshold 
rises  with  increasing  r  since  larger  values  of  r  imply 
larger  image  tube  output  pulses  which  also  give  higher 
counts  in  the  masked  channels.  That  n.  =  r/2  is  in¬ 
dicative  of  the  spatial  averaging  used  to  compute  n-, 
since  the  averaged  transmittance  of  the  mask  is  just  1-.. 
Figure  6  compares  the  bias  and  error  figures  for  the 
three  cases:  (1)  Poisson  statistics  with  fixed  lor  vari¬ 
able)  threshold:  (2)  Bose-Einstein  statistics  with  fixed 
threshold;  and  13)  MBE  statistics  I i.e. ,  Bose-Einstein 
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Fie.  5.  Optimum  threshold  vs  reference  channel  count  r  tor  several 
mask-spot  ratios. 


Fig.  6.  Comparison  of  the  three  discrimination  schemes  presented 
in  the  ten. 


with  variable  threshold).  In  case  (3)  we  averaged  the 
results  over  r  with  p(r)  being  Bose-Einstein.  For  ail 
three  cases,  the  error  is  very  large  for  the  mask-spot 
ratio  at  =  1  due  to  the  poor  mask  transmittance  modu¬ 
lation  but  quickly  improves  as  a  increases.  Variable 
level  discrimination  improves  the  error  (compared  with 
the  Bose-Einstein  case)  for  all  mask-spot  ratios,  most 
notably  for  intermediate  vaiues  a  =  2. 4.  and  8.  It  also 
decreases  the  bias  for  most  mask-spot  ratios  and  sur¬ 


prisingly  results  in  very  small  biases  for  it  =  l  and 
2 — surpassing  even  the  Poisson  case.  Clearly,  variable 
threshold  discrimination  significantly  improves  both 
the  bias  and  the  error  offering  performance  which  ap¬ 
proaches  the  Poisson  (ideal)  case.  This  improvement 
results  because  variable  level  discrimination  removes 
the  large  fluctuations  in  photon  numbers  partially  re¬ 
covering  the  ideal  pulse  height  distribution  of  the 
system. 


V.  Conclusion 

We  have  presented  a  statistical  analysis  of  a  pho¬ 
ton-imaging  detector  which  uses  a  mask  structure  in  the 
image  plane  to  encode  the  digital  coordinate  of  a  pho¬ 
toevent.  The  distribution  of  photocounts  at  the  output 
was  derived  both  unconditionally  and  conditioned  upon 
counting  r  photons  in  a  reference  channel.  The  con¬ 
ditional  case  allows  the  use  of  a  variable  discrimination 
level,  which  depends  on  the  value  of  r.  That  this  con¬ 
ditional  distribution  is  at  least  approximately  un¬ 
changed  for  the  ease  of  Poisson  statistics  indicates  the 
optimum  nature  of  this  distribution.  However,  for  the 
broader  Bose-Einstein  distribution,  the  conditional 
probability  affords  considerable  improvement.  Al¬ 
though  the  particular  formulas  obtained  herein  may  not 
apply  to  other  detectors,  we  feel  that  the  genera]  concept 
of  a  variable  threshold  could  prove  useful  in  other 
photon -counting  devices  where  improvement  of  the 
pulse  height  statistics  is  desired. 
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The  uniqueness  of  phase  retrieval  for  two  dimensional  sampled  functions  of  finite  extent  is  equivalent  to  the  irredutibii- 
ity  of  their  z -transform.  We  put  forward  a  method  of  characterizing  the  uniqueness  (or  non-uniqueness)  in  the  absence  of 
noise  based  on  a  theorem  that  gives  a  necessary  and  sufficient  condition  for  irreduability  of  univariate  polynomials  over  fi¬ 
nite  fields. 


It  is  well-known  that  the  question  of  uniqueness  of 
phase  recovery  for  sampled  functions  is  equivalent  to 
that  of  the  irreducibility  of  the  polynomial  which 
represents  the  r-transform  of  the  object  samples  [1,21 
(7  =  0,  1 . m,j*  0, 

m.n 
i,/*  0 

It  has  been  shown  that  the  set  of  reducible  poly¬ 
nomials  in  more  than  one  variable  is  a  set  of  measure 
zero  [3]  3nd  also  that  irreducibility  is  stable  in  the 
sense  that  :t  is  not  sensitive  to  arbitrary  but  small 
noise  on  the  coefficients  [4  J . 

The  only  means  available  so  far  of  testing  for 
uniqueness  has  been  to  use  many  random  starts  in  any 
one  of  the  iterative  methods  of  phase  retrieval  [5.6 J . 
Only  for  a  special  class  of  objects,  those  that  satisfy 
Eisenstein's  [7]  irreducibility  criterion,  has  phase 
uniqueness  been  established  [8],  Since  this  criterion 
puts  forward  a  sufficient  but  not  necessary  condition 
for  the  irreducibility  of  ( 1),  there  may  be  many  other 
polynomials  that  do  not  satisfy  it  that  are.  however, 
irreducible.  In  this  letter  we  propose  a  method  of 
testing  tor  irreducibility  in  the  case  in  which  the  co¬ 

1  On  leave  from:  Instituto  de  Optica.  C.S.I.C.,  Serrano  121. 
Madrid  6.  Spain. 

2  Permanent  address:  Blackett  Laboratory,  Imperial  College, 
London  SW7  2BZ,  England. 


efficients  a, y  are  not  perturbed  by  noise.  This  ideal 
noise -free  situation  will  be  useful  in  those  cases  in 
which  phase-reconstruction  algorithms  are  to  be  in¬ 
spected  for  digital  objects;  since  in  this  case  the  test 
of  itteduobiSty  can  provide  a  priori  information  on 
the  extent  of  the  expected  ambiguity  in  the  recon¬ 
struction.  Also  the  study  of  noise-free  cases  has  an 
interpretative  interest  of  the  problem. 

Since  we  shall  be  interested  in  distributions  (1)  cor¬ 
responding  to  digital  pictures,  we  shall  assume  the  co¬ 
efficients  ai;  to  be  non-negative  in.cgers  in  the  noise- 
free  situation  (  or  even  when  noise  is  weak  enough  to 
give  no  ambiguity  as  ;o  the  value  of  the  last  digit  of 
the  coefficients  a, y). 

Writing  (1 )  as  a  polynomial  in  the  main  variable  zl 
with  the  coefficients  being  polynomials  in  t - : 

f(Zl,-’2)=Pm(*2)*r  ^m-lU:)*"'1  +  - 

+?,(>.>,  t-PoUa)-  ('-) 

F{:1,  :2)  is  monte  with  respect  to  z,  if  its  leading  co¬ 
efficient  p  mU  i)  =  1.  F[2l,z2)  is primitive  in  z(  when 
the Pi(z2)  are  relatively  prime.  If  Flz\,z2)  is  not  prim¬ 
itive,  the  content,  coni  (ft-),  is  the  greatest  common 
divisor  (ged)  of  the  coefficients p/izf)  The  principal 
part  oi F(:l,:2)  with  respect  t0Z[  is  then  defined  as 
pp[/")  =.FIcom[F].  Starting  with  a  non-momc  poly¬ 
nomial,  such  as  (2)  with  Pm(z2)  *  1 ,  '  is  always  pos¬ 
sible  to  construct  the  following  monn.  polynomial  (9J: 


94 
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If  the  complete  factorization  of  the  monic  polynomial 
(3)  Into  irreducible  factors  C^(zt  ,z2)  is 

r 

C(:  [1  Gk(z (4) 

then  it  may  be  shown  [9]  that 
r 

fUi.zV)*  H  {pplCfcfp^ZiJZt.ri)]}.  (5) 

Thus,  we  may  assume  in  the  following  that  FlZ\ ,  c2) 
is  monic  in z(, since  otherwise  eqs.  (3)-(5)  reduce  to 
the  situation  of  factoring  a  monic  polynomial. 

According  to  a  well  known  lemma  by  Gauss  [7 ] , 
factorization  of  a  polynomial  with  rational  coeffi¬ 
cients  is  equivalent  to  that  of  a  polynomial  with  in¬ 
teger  coefficients  (this  is  seen  by  multiplying  the 
polynomial  with  rational  coefficients  by  their  least 
common  denominator). 

Proposition  1:  The  factorization  of  FfZj.  z2l  is 
such  that  if  it  has  a  factor  Fknfz  t,  with  complex 

coefficients  then  it  must  necessarily  have  another  fac- 
>°r  Fkm-tZj,  z2>  whose  coefficients  are  the  complex 
conjugates  of  those  of  Fgjtf.  221- 

Proof:  Let  us  write  F  in  the  x  andy  variables  fac¬ 
torized  as: 

r 

Flx.yi  ~Fkrix.y\  fl  Fk(x.y). 

,<mKrrt 

The  complex  conjugate  of  F(x,y)  is: 

r 

F*(x.y)  -  Ft  (x.y)  fl  FSx.v). 

m  k*k^  ' 

m 

Since  F{x,y)  has  real  coefficients  Fix,y)  *  F*(x,y)\ 
i.e.: 

r  r 

Fl tJX-y)  n  Fffx.y)  =  FT.  Jx.v)  Fl  F*(x,y). 

*  k.km  Km  k-km 

The  above  can  be  possible  only  if  the  product 
Nit**mF*(x,y)  contains  the  factor  Fkm(x,y),  which 
also  means  that  the  product  nJ**mF*(x,.y)  contains 
the  factor/fcm(x,y). 

This  proposition  is  a  generalization  in  two  dimen¬ 


sions  of  a  well  known  theorem  of  algebra  for  uni¬ 
variate  polynomials  according  to  which  a  polynomial 
with  real  coefficients  has  roots  in  complex  conjugate 
pairs. 

Proposition  2:  There  is  a  unique  monic  polynomial 
FlZj,  Zij  with  integer  coefficients,  irreducible  over  in¬ 
tegers.  with  a  given  factor  Fkm!z  j.  z,)  with  irrational 
or  complex  coefficients,  and  every  other  polynomial 
with  integer  coefficients  containing  the  same  factor 
Fkn/z /.  z  it  is  a  multiple  of  F'Zj.Zjf 

As  will  be  seen,  we  shall  call  F(zx.zf)  the  minimal 
polynomial  with  integer  coefficients  containing  the 
factor  Ftm(z,,z:). 

Proof:  By  ordering  on  the  set  of  degrees  of  poly¬ 
nomials  with  integer  coefficients  containing  the  factor 
Fjtm(Cl,:2),  there  is  a  monic  polynomial  F(: 1 ,  r ,) 
with  smallest  degree.  /Tzj.Ci)  is  irreducible  over  in¬ 
tegers  since  otherwise  F(zx .  z2)  =  .-1  fr j ,  z2)B(z j ,  z2) 
both  A  and  B  with  integer  coefficients.  But  then  either 
.4  or  B  has  the  factor  Fkm(:l  ,  c2)  which  is  a  contradic¬ 
tion  with  our  assumption  that  F(zl ,  z2)  has  smallest 
degree. 

Let  Glzl ,:2)  be  any  polynomial  with  integer  co¬ 
efficients  with  Fkm(:i .  ;2)  as  a  factor.  By  the  division 
algorithm  [7J: 

G(c t . z,)  *  F(z ! . j) Q(:x. z  ,J  +  R(zlt  z,J. 

with  R  hating  lower  degree  than  F.  From  the  assump¬ 
tion  on  G  and  F  it  follows  that  also  R  has  Fkm  as  a 
factor,  thus  R  must  be  zero  since  it  was  assumed  that 
F  has  the  lower  degree  imongsi  the  polynomials  with 
Fkm  as  a  factor.  Therefore  G  is  a  multipie.  over  in¬ 
tegers,  of  F. 

Proposition  3  is  a  generalization  for  two  dimen¬ 
sional  polynomials  of  another  well  known  theorem  of 
algebra  for  univariate  polynomials  [e.g.  7],  according 
to  which  there  is  a  unique  monic  polynomial  with 
rational  coefficients  having  a  given  algebraic  root  and 
being  irreducible  over  rationals.  The  generalization  of 
these  propositions  can  obviously  be  m3de  to  any  di¬ 
mension. 

Before  quoting  the  main  theorem  that  characterizes 
irreductbility ,  we  first  establish  the  following  facts: 

Fact  l :  The  factorization  of  F(z  /,  :2>  with  ordinary 
integers  a,y  into  r  irreducible  factors  Fff:t,  z2)  is  such 
that  the  coefficients  of  these  factors  are  ordinary  in¬ 
tegers.  Thus  the  factorization  may  be  considered  over 
integers. 
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To  see  this  we  observe  the  following: 

First,  if  we  admit  decomposition  into  factors  with 
some  complex  coefficients,  they  will  appear  in  com¬ 
plex  conjugate  coefficient  pairs.  Flipping  factors  with 
such  coefficients  has  to  be  done  in  those  pairs  since  if 
one  flips  one  factor  of  the  pair  only,  according  to 
Proposition  1 ,  the  polynomial  built  will  no  longer 
have  integer  coefficients  and  thus  cannot  be  considered 
representing  a  valid  object  under  our  assumption  of 
absence  of  noise.  Of  course,  pans  of  complex  conju¬ 
gate  factors  combine  giving  higher  degree  polynomials 
with  integer  coefficients. 

Secondly,  if  we  admit  a  decomposition  with  factors 
having  some  irrational  coefficients,  flipping  some  of 
such  factors  and  leaving  others  unilipped  will  lead  to 
a  new  polynomial  with  some  factors  of  irrational  co¬ 
efficients  (those  unrlippedl  equal  to  those  of  the  old 
polynomial,  i.e.  before  flipping  some  of  them.  Ac¬ 
cording  to  Proposition  2  that  new  polynomial  built 
after  flipping  cannot  have  integer  coefficients  as  well. 

E.g.,  the  object  F{:1  ,z2)  »  z3  +  9 z\  +  8Z[Z2  ad¬ 
mits  the  factorization  fr  t  +  (4  +  s/T iz  ,(z  (  *  (4 
-  x/Tjij).  However,  none  of  the  possible  objects  ob¬ 
tained  by  flipping  any  of  the  factors  has  integer  coef¬ 
ficients.  Flipping  the  second  factor,  for  instance, 
wouid  yield  the  object  F(z>  =  (Zj  +  (4  +  v'lc-O 
X  (z,  t  (4  -  V^jzj)  =  (4  -v/7)zj  +  (4  +  s/Tjzt  *  lOZjZ;. 

Fac! 2:  Let gca /Ft:,.  Zy.  dFlazjJ  * Dtz:.,  z 
then  Fhas  a  repeated  factor  vizj,  !■>)  if  and  only  if  v 
divides  D/z j,  z y  ana  F'D  is  square-free. 

For  example,  if  fi'zj,  z- 1  *  i ,-*fZi .  z-.)  -.viZ|  ,z  - 1,  a 
being  an  integer  greater  than  1  and  u  and  w  not  neces¬ 
sarily  irreducible,  then  ttF'az |  =  aua_1wdt)/3z1  + 
ua3w/3z1 ,  so  that  OfZ[ . z2)  =  i/2  and  F(D  -  qw.  If 
D  -  1 ,  thenf(Zj,Z;)  has  no  repeated  factors.  Other¬ 
wise  the  factorization  of  F  is  speeded  up  by  studying 
that  off)  and  FID  separately  The  process  may  be 
repeated. 

Fact  3:  A  polynomial  in  one  or  more  variables 
which  has  a  certain  factorization  over  integers  into  r 
irreducible  factors  has  an  equivalent  factorization 
modulo  qn  In  being  a  positive  integer  and  q  a  prime 
number  and  such  that  with  respect  to  some  variable 
the  degree  of  the  polynomial  is  the  same  as  over  the 
integers I  with  at  least  as  many  factors.  In  addition, 
the  arithmetic  operations  are  conserved  when  passing 
from  the  field  of  integers  to  the  finite  field  of  integers 
modulo  q"  1 101 

J6 


For  instance,  the  univariate  polynomial  21z4  + 

52z3  +  24z-  +  9z  +  2  =  (z  +  2)(  1  +  3zX  1  +  z  +  7;-j 
over  integers,  whereas  modulo  2  is  factored. as  z4  +  z  = 
z(l  +  -a1  ♦  z  +  z-)  and  we  note  that  21z4  +  52z3  + 

24z-  +9z  +  2  =  z4  +  z  (mod  2),z  +  2  a  zlmod  2); 

1  +  3z  =  1  +  z  (mod  2);  1  +  z  +  7 z-  =  1  +  z  +  z-  (mod 
2)  (the  sign  =  denotes  congruence) .  On  the  other  hand, 
the  polynomial  z3  +  2 1 7r-  +  1 16z  +  I  is  irreducible 
over  integers,  whereas  modulo  5  becomes 

z3  v  217z3  +  1 16z  +  1  =  z3  +  2z-  +  z  +  1  (mod  5), 

z3  r  2z~  +r+  1  —  (z~  +  3z  —  1 X-  +  4)  1  mod  5). 

As  a  consequence,  in  order  for  a  polynomial  to  be 
irreducible  over  integers,  it  is  sufficient  that  it  be  ir¬ 
reducible  modulo  some  q"  which  conserves  its  degree. 
Obviously,  the  higher n  or  q,  the  more  likely  it  is  that 
the  polynomial  has  the  same  factors  modulo  qn  as 
over  integers.  The  condition  that  the  polynomial  has 
the  same  degree  over  integers  and  modulo  q"  is  very 
important.  For  instance,  5z3  +  30z-  +  47z  +  6  = 

(z  +  3X5z 3  +  1 5z  +  2)  over  integers,  whereas  modulo  5 
becomes  2z  +  1  which  is  irreducible. 

We  shall  now  quote  the  theorem  with  which  the  ir- 
reducibility  of  FTz, , z2)  can  be  established. 

Theorem  [ ill:  Let  F{z)  -zm  +pm_Iz'"-1  +  ... 

+  p.z  +  p0  be  a  univariate  polynomial  in  z,  with  coef¬ 
ficients  being  in  the  finite  field  of  integers  modulo  q 
fq  is  a  prime /  and  such  that  Flz)  is  square-free  (or  has 
repeated  factors  all  with  the  same  multiplicity );  then 
F‘  z ,  is  irreducible  over  q  if  and  only  if  the  matrix 

IU,;  -5^11,  (f  =  0,  1, ... m  -  1 ,/  =  0, 1  ,...m  -  I) 

(6) 

has  rank  s  equal  to  m  -  l.  The  elements  A1;  are  de¬ 
fined  by  the  congruences: 
m- 1 

z‘4  =  Zv  A^zi  (mod  F(zl)  (( «  0.  1 . ...  m  -  1)(7) 
/-  0 

and  5«  is  the  Kronecker  delta.  Moreover,  if  Flz  I  is  fac - 
torizable  into  r  different  irreducible  factors  with  the 
same  multiplicity.,,  then  the  rank  of  the  matrix  (6/  is 
s  »  m  -  r. 

The  first  row  of  the  matrix  A  is  always  ( 1 , 0, 0. ...  0) 
representing  z°  (modulo  F(z))  which  is  I .  The  second 
row  corresponds  to  zq  ( modulo  Flz)).  In  general  z' 
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l  mod  F(z))  is  determined  as  follows.  If 


Z<' 2  6,.  0  +  6.1*  +  ...  + A, 

r  (mod  Hz)), 

(8) 

then 

z‘*i2  6i0z  +  6uz*  +  . 

2  6l0z  +  ...  +  bjm—2 

,m-l 

+  4i.m-l(-Fm-l‘'"' 

1  -  ...  -pxz  -  pa) 

~bif  1,0  t  fy+l.!4  + 

•••  +  ^i+l.m-l*m-1  ’ 

(9) 

where 

fy+1,/  “  ^ij-\  b i,m-\ 

[Pf 

(10) 

The  recurrence  relation  (10)  may  easily  be  imple¬ 
mented  in  a  computer;  A,-  _j  is  considered  to  be  zero 
so  that  b/.!  o  -  ~bi,m-lPo-  (Note  tha!  lnaioSy  of 
the  polynomial  Q(Ait)  obtained  from  a  minor  of 
order  m  _  1  of  the  matrix  IU,y  —  5,y  II  being  different 
from  zero  with  the  polynomial  Q*  0  quoted  in  ref. 

HI-) 

In  general,  no  matter  how  large  the  degree  of  the 
polynomial  is,  it  is  possible  to  find  in  practice  a  small 
integer  q  such  that  the  rank  of  KAy  -  5 ! I  is  m  -  1 
if  the  polynomial  is  irreducible  over  integers.  However, 
one  should  be  aware  that  some  pathological  cases 
exist  (12];  for  instance,  there  are  polynomials  irre¬ 
ducible  over  integers  but  reducible  modulo  every 
prime. 

To  test  the  irreducibilitv  of  a  two  dimensional 
polynomial  like  ( 1 ).  we  proceed  as  follows; 

1)  Reduce  f(*i>  *v)  to  a  primitive  polynomial. 

2)  Check  whether  F(:l ,  z2)  has  repeated  factors 
according  to  Fact  2.  If  £>(*[, z^)  *  l.the  polynomial 
is  of  course  reducible. 

3)  If  £XC[,z2)  =  I ,  then  fix  a  value  of z,  =z0  so 
that  the  degree  of  H*j ,  z0)  is  the  same  as  the  degree 
of  Hzi-Zj)  and  Hzj.Za)  has  no  repeated  factors. 
According  to  Fact  1 .  z0  may  be  an  integer. 

4)  Transform  Hzi.Zq)  into  a  polynomial  FIcj-Cq) 
with  coefficients  modulo  q  as  stated  in  Fact  3. 

5)  Build  the  matrix  WAy  -  Syl  for  Fl:i  .*,))  ac¬ 
cording  to  the  above  Theorem.  It  might  be  possible 
that  several  values  of  z0  and  several  modulo  q  have  to 
be  tried  (in  increasing  order)  until  one  obtains  a  rank 
otm  -  I  (for  irreducible  ffzpZi)). 

Example 


H*i.Zj)*Z|  +  (813zx  +  131 4-z  ^ 

+  S79iv  +  7Szx  +  60z:  +  8l5)rf 
+  (23z{  +  17z^  +  2I3zf  +  1 19r,  +  75)r! 

+  (83*i  +  1 3zf  +  42zv  +  27* ,  +  23). 

For  =  1  this  becomes 

F{: J)  *  3656zj  +  447z{  +  183. 

By  reducing  F(z± ,  1)  modulo  5  we  have 
?(ZJ.  1)  =  Z|  +  zj  +  2Z[  +  3  (mod  5). 

Eqs.  (7)  are,  working  m  arithmetic  modulo  5 : 
zJh|  =(1  0  0) 

z,=  z,  -(0  1  0) 

zjs  zf  =(0  0  1) 
rl  3  -3  -  2z,  -  Z[  =  2  +  3zj  +  4zj 
=  2(1  0  0)  +  3(0  1  0)  +  4(0  0  1) 

3(2  3  4) 

zf  =  -3z,  -  2zf  -  zf  s  2zj  +  3zj  +  4 zf 
=  2(0  1  0)  +  3(0  0  l)  +  4(2  3  4) 

=  (3  4  4) 

:l  3  -3*1  -  2zJ  -  z{  =  2zJ  t  3zJ  +  4zJ 
=  2(0  0  1)  v  3(2  3  4)  +  4(3  4  4| 


=  (3  0  0) 


zf  =  2(2  3  4)  +  3(3  4  4)  +  4(  3  0  0)5(0  3  0) 

zj  =  2(3  4  4)  +  3(3  0  0)  +  4(0  3  0)  =  tO  0  3) 

zf  =  2(3  0  0)  +  3(0  3  0)  +  4(0  0  3)  =  ( I  4  2) 

Z(  a  2(0  3  0)  +  3(0  0  3) +  4(1  4  2)2(4  2  2) 


}°  2  3(0  0  3)  +  3(1  4  2) +  4(4  2  2)2(4  0  0) 

are  modulo  (zf  +  zf  +  2zt  +  3)). 
zf  is  obtained  as  follows,  one  takes 
dividing  zf  by  *zf  »  2Z(  T  3. 
2zf  -  zf,  this  is  congruent  with 
mod  5).  Then  z^zf  and  z;  are  sub- 
ormer  representations  (0  1  0). 

3  4)  respectively. yielding! 3  4  4). 


-1 

(all  powers  ol  Z| 
For  example, 
the  remainder  of 
which  is  — 3z  j  - 
3 


~t  *  JZ\  *  4*1 
smuted  by  their 
(0  0  1 ) and (2 
The  A  and  .4 
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/I  0  CM  / 0  0  0| 

A  = ;  3  0  0  j  ;  .4  -  /  =  i  3  4  0  j  . 

\4  0  0/  1 4  0  4  / 

The  minor  Iq  Jl  *  1  (  mod  5).  Hence  the  rank  of  the 
matrix  .-1  -  /  is  2  and  F(zi ,  1 )  is  irreducible  and  there • 
fore  F(zl,z2)  is  also  irreducible. 

The  above  procedure  can  obviously  be  used  to  test 
whether  a  given  object  intensity  will  give  rise  to  a 
unique  solution  in  the  phase  problem  by  applying  it 
to  the  autocorrelation  polynomial  Q(z\,  J2)  = 

/Tcj ,  c-,)  FTzj-1 ,  ;  in  this  case  of  course  one 

expects  a  minimum  of  two  factors.  In  fact,  as  will  be 
seen  in  a  forthcoming  paper,  this  scheme  may  provide 
a  means  of  finding  the  actual  factors,  when  noise  is 
absent,  in  Q(z[tz2). 

A  small  amount  of  noise  would  not  change  the 
assessment  of  irreducibility  found  from  the  rank  of 
A  -  l.  However,  the  presence  of  noise  will  change  the 
field  of  reducibility  o(F{zl  ,j2);  i  e.  if  the  noiseless 
polynomial  was  reducible  into  factors  with  ail  integer 
coefficients,  the  polynomial  affected  by  noise  may 
become  reducible  into  factors  with  irrational  coeffi¬ 
cients  -  these  representing  approximations  to  the  true 
integer  coefficients  complex  coefficients,  or  even 
not  reducible  at  all.  Thus  the  test  put  forward  ;n  this 
note  would  become  insufficient  in  this  case.  Even 
with  a  large  amount  of  noise  it  would  be  difficult  to 
have  the  exact  perturbation  which  yields  the  correct 
combination  of  coefficients  in  c2)  for  the  rank 
o (A  -  /  to  be  smaller  than  m  —  I  if  the  noiseless  ob¬ 
ject  is  reducible;  the  more  complicated  the  object  (i.e. 


the  more  information  the  aif-  contain),  the  more  dif¬ 
ficult  would  be  to  reduce  the  rank. 

We  are  grateful  to  B  J.  Brames.  M  A.  Fiddy  and 
i.L.C.  Sanz  for  valuable  discussions. 
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Research. 
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We  study  the  operating  characteristics  of  a  cavity  with  a  gain  medium  inside  and  one  phase-conjugate  minor  as  a 
regenerative  amplifier.  We  show  that,  for  this  cavity  to  work  efficiently,  the  phase-conjugate  mirror  must  have  a 
reflectivity  in  a  certain  range  determined  by  the  reflectivity  of  the  ordinary  mirror.  The  difference  between  the 
phase  shift  of  the  incident  wave  and  twice  that  introduced  in  the  phase-conjugation  process  should  be  nonzero. 


Optical  resonators  with  one  end  phase-conjugate  mir¬ 
ror  (PCM)  are  a  subject  of  active  research1-*  (see  Ref. 
5  for  a  review)  because  of  the  property  of  the  PCM  to 
correct,  or  partially  compensate  for,  phase  distortions 
inside  the  cavity. 

Recently,  a  Fabry-Perot  cavity  with  one  PCM  of 
unity  reflectivity  was  shown  to  produce  cancellation  of 
the  wave  that  is  specularly  reflected  from  the  ordinary 
mirror,  yielding  an  emerging  output  wave  with  the  same 
amplitude  as  that  of  the  incident  wave  and  with  con¬ 
jugate  phase.6  "  This  phenomenon  constitutes  in  fact 
a  particular  case  of  the  correction  of  scattering  distor¬ 
tions  of  a  wave  front  by  the  presence  of  a  PCM.8 

In  this  Letter  we  report  some  properties  not  yet 
studied  of  cavities  with  a  PCM  and  filled  with  a  gain 
medium.  We  show  that  interesting  interference  phe¬ 
nomena  take  place  when  the  system  operates  below 
threshold  as  a  regenerative  amplifier,910  so  the  behavior 
of  the  system  may  be  quite  different  from  that  of  ordi¬ 
nary  amplifiers. 

We  assume  an  incident  linearly  polarized  electro¬ 
magnetic  wave  u0  and  reflections  in  the  mirrors  P  and 
PCM  such  that  complete  reversal  of  the  state  of  polar¬ 
ization  of  the  wave  at  the  PCM  takes  place  (see  Ref.  8. 
Sec.  7),  so  that  one  can  work  with  scalar  quantities.  The 
output  wave  emerging  from  the  cavity  will  be  denoted 
by  u  (see  Fig.  1).  Let  r  be  the  reflection  coefficient  of 
the  ordinary  mirror  P  from  the  left-hand  side;  then  the 
reflection  coefficient  of  P  from  the  right-hand  side  is  -r, 
and  its  transmission  coefficient  on  either  side  is  £2  =•  1 
-  r2.  The  PCM  is  assumed  to  have  a  reflectivity  n  - 
Me1*,  so  if  Up  is  the  wave  reflected  at  P  inside  the  cavity 
and  propagating  back  to  PCM,  the  wave  a:  P  after 
a  round  trip  through  reflection  at  the  PCM  will  be 
ne'Lup‘.  in  contrast  with  an  ordinary  cavity  in  which 
a  phase  factor  2k  L  would  be  accumulated  in  every  round 
trip,  k  is  the  wave  number,  and  L  is  the  length  of  the 
cavity. 

The  gain  coefficient  7  of  the  medium  inside  the  cavity 
is  given  by  the  imaginary  part  of  the  complex  propaga¬ 
tion  constant  k , 10  so 

k  -  k  - 17/2.  (1) 

The  single-pass  gain10  of  the  traveling  wave  across  the 
cavity  is 


G  0  =  e^.  (2) 

The  complex  amplitude  of  the  output  wave  u  may  be 
obtained  either  by  using  the  boundary  conditions  for 
the  fields  at  P  and  PCM  or  by  adding  the  geometrical 
series  that  results  by  considering  the  multiple  reflec¬ 
tions  in  the  plates.  The  second  method,  for  instance, 
gives 

.4  =  ruo  +  tit2eyLuo'  —  t2rj  ji|  2e2yLUo 
+  talii\2^r2e3yLUo'  — 

+  £4>i|4jir4e5','iUo*  +  . . . 

=  ruo  -  t2r]n\2e2yL{l  +  |^|  2r2e2yL  +  . .  ,)uo 
+  eyL,:n(l  +  \n[2r2e2yL  +  . .  .)uo* 
r(l  -  4-  ji(l  -  r2)eyLu0‘ 

1 

The  condition  for  the  convergence  of  the  series,  which 
also  corresponds  to  the  stability  of  the  feedback  system, 
is 

r^/x \2e2yL  <  1.  (4) 

Figure  2  shows  the  plots  of  \n\ 2  versus  the  critical  values 
(7Dc  at  which 


>c  =  1  (5) 


for  several  reflectivities  r2. 

The  overall  gain  of  the  system  is  given  by  the  intensity 
of  the  output  wave  I  =  |u|2: 


/  = 


,r(l  —  \ft\2e2yl‘)  +  \  jt|  (1  -  r2)eyL  cos  <b> 


1  -  r^\2e2yL 

\ti\U  -  r2)eyL  . 

1 - -  sin  © 


1  -  r^iil2e2yL 


(6) 


where  <t>  ■  $  -  2©0,  ©0  being  the  phase  of  the  incident 
wave  uo,  and  where  the  amplitude  of  the  wave  is  as¬ 
sumed  normalized  to  unity,  i.e.,  uo  *  e‘*°. . 

We  compare  the  expression  given  by  Eq.  (6)  with  the 
overall  gain  of  a  cavity  with  two  ordinary  mirrors  of 
reflectivities  r;  and  r;  in  the  resonant  situation,  namely, 
when  2kL  =  2 nz  in  is  an  integer): 
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h  2°,d  = 

i  the  pa 
(7)  become 


r,(l  -  rye2’’1)  —  /•;(!  -  ri2)e'>t-l 


1  -  rC-rre'-^  1  (i> 

or  in  the  particular  case  when  rt  =  rj  =  r  in  which  Eq. 


[uord  = 


r(l  —  eyL)\ 


U  -r-eyL  j 
From  Eqs-  <6)-(8)  we  observe  the  following: 


(8) 


(1)  For  0  =  mir  (m  is  an  odd  integer),  I  becomes 
identical  with  In0'*  and  has  a  zero  at 

Go  =  eyL  -  r/|p|,  (9) 

which  occurs  for  yL  positive  (i.e.,  single-pass  gain  Go 
greater  than  unity)  when  r  >  |p|.  (Observe  that  this  is 
in  agreement  with  the  law  of  conservation  of  energy  of 
the  electromagnetic  wave.)  This  fact  permits  the  de¬ 
termination  of  the  phase  ©o  of  the  incident  wave  in  this 
device  for  Go,  r,  and  |  p\  given  satisfying  Eq.  (9)  ( which 
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Fig.  2.  Values  of  ui-  vers-s  :he  critical  \yL)o  for  several 
reflectivities  r:. 
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Fig.  3.  Overall  gains  versus  yL  and  Go  for  r2  »  0.95: - , 

lu"*.  The  horizontal  solid  line  represents  /  for  ©  «  0  and  any 
"  *  0.20  and  any  a,  and|pj2  >  1.05  (e.g..|p|2  “  1.2  and 
higher).  —  —  •,  /  for  <5  »  ir/4;  —  •  •  —  I  for  a  *  tr/2; 
- ,  /  for  a  »  (»  I - other  than  hori¬ 
zontal,  /for  ©  *  3rr/4. 


can  be  attained,  e.g.,  by  varying  the  length  L  of  the 
cavity )  if  the  phase  shift  at  the  PCM  4>  is  known  and 
matched  to  satisfy  4*  —  2  <2>o  =  mi r.  [When  y  =  0,  Eq. 
(9)  implies  thatr  =  |p|.j 

(2)  The  overall  gain  is  enhanced  below  threshold  by- 
working  near  its  resonance  point  i yL)c  given  by  Eq.  to) 
while  maintaining  condition  (4).  Since  (7 L)c  is  positive 
for  a  cavity  with  gains,  one  should  have,  according  to  Eq. 
(5),  |pj2<  1/r2.  This  leads  to  the  result  that  no  overall 
amplification  is  obtained  by  increasing  the  PCM  re¬ 
flectivity  beyond  the  value  1/r2. 

(3)  For  i  =  2n  ir  (n  is  an  integer),  1  does  not  present 
any  resonant  value.  At  (yL)e,I  has  the  finite  value  (1 
+  r2)/2r.  Therefore,  when  <!>  =  2©q,  the  cavity  will  not 
work  as  a  regenerative  amplifier.  This  will  be  so  in 
particular  when  *0  =  0  and  there  is  perfect  phase 
conjugation  at  the  PCM.  i.e.,  when  ‘f’  =  0. 

Figure  3  illustrates  .hese  points.  The  overall  gain  I  has 
been  compared  with  the  ordinary  case  In0'*  given  by 
Eq.  (8)  (r2  »  0.95),  and  I i2ord  given  by  Eq.  (7)  appears 
plotted  as  the  limit  of  /  when  0  -  it.  The  curves  of  I 
versus  yL  and  Go  are  shown  for  different  values  of  ©  and 
jpj2  while  r2  is  maintained  at  0.95. 

For  ©  »  0.  /  remains  around  unity,  and  no  regenera¬ 
tive  amplification  takes  place  independently  of  Ipr. 
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For  low  |>i| 2  (|jr|2  as  0.20),  /  also  takes  values  around 
unity  even  when  yL  is  large  and  independent  of  <0. 

For|jip  =  1.2  (1.2  >  1/r2  =  1/0.95)  and  higher,  /  also 
remains  around  unity,  and  no  improvement  of  the 
overall  gain  is  obtained  by  increasing  |uj2  above  the 
value  1/0.95  =  1.05. 

For  intermediate  values  of  |mI2  (e  g-.  Im|2  =  0.60)  one 
obtains  First,  constant  I  for  low  yL,  then,  as  yL  in¬ 
creases,  a  minimum  followed  by  a  sharp  increase  of  /. 
These  minima  are  deeper  as  o  increases  from  0  to  i, 
until  the  situation  corresponding  to  I  is  reached 
when  <t>  =  z  with  a  zero  minimum  around  yL  c=  0.23  (C0 
=s  1.26). 

Finally,  when  1/r2  >  |nj2  >  r2  (e.g.,  when|/i|2  =  1),  the 
cavity  works  efficiently  as  a  regenerative  amplifier  with 
overall  gain  higher  than  I nord  but  lower  than /l2ortl  since 
the  amplification  increases  with  ©. 

In  conclusion,  we  have  shown  that,  under  the  as¬ 
sumptions  that  there  are  no  saturation  effects  and  that 
M  remains  constant  independently  of  the  intensity  of  the 
wave  incident  upon  the  PCM,  a  cavity  with  a  gain  me¬ 
dium  inside  and  a  PCM  presents  interesting  interfer¬ 
ence  phenomena.  It  permits  (with  or  without  gains)  the 
determination  of  the  phase  of  the  incident  field  if  the 
phase  shift  of  the  PCM  can  be  known  and  adjusted  so 
that  the  emerging  field  is  zero.  It  also  requires  certain 
conditions  in  order  to  work  as  a  regenerative  amplifier: 
The  phase  shift  at  the  PCM-should  be  twice  that  of  the 
incident  wave,  and,  in  particular,  if  the  phase  of  the 
input  is  zero  there  should  not  be  perfect  phase  conju¬ 
gation,  i.e.,  4>  must  be  different  from  zero.  Also,  the 
reflectivity  |/<| 2  of  the  PCM  must  be  in  the  range  r2  <|p|2 
<  1/r2.  For  large  r2,  |m|  2  =  1  is  a  good  value. 
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It  has  been  experimentally  demonstrated  that  the  effect  of  doubly  scattering  coherent  light  within  the  limitations 
of  a  particular  model  gives  rise  to  probability  densities  that  are  K  distributed.  The  probability  distribution  of  pho¬ 
ton  counts  Pin )  therefore  has  an  exact  analytic  form  and  has  been  favorably  compared  with  the  experimental  val¬ 
ues.  as  have  the  normalized  momenta  of  intensity. 


INTRODUCTION 

A  recent  theoretical  paper  by  O'Donnell1  has  examined  the 
probability  distribution  of  intensity  and  the  correlation 
structure  of  coherent  light  that  has  been  scattered  on  two 
distinct  occasions.  The  model  is  essentially  one  in  which 
dynamic  Gaussian  speckles  arising  from  a  primary  scattering 
mechanism  are  themselves  scattered  by  a  translating  diffuser 
•  see  Fig.  II.  The  secondary  scatterer  (diffuser)  is  located  in 
the  far  field  of  the  primary  scatterer.  and  it  is  assumed  that 
the  microstructure  of  this  diffuser  is  much  finer  than  the  in¬ 
cident  coherence  domains  (speckles)  that  illuminate  it.  All 
measurements  are  made  in  the  far  field  of  the  secondary’  dif¬ 
fuser. 

Using  these  assumptions  together  with  a  nonrestrictive 
approximation,  it  was  shown1  that  this  process  exhibits  a 
probability  density  of  intensity  that  is  K  distributed.'  The 
moments  of  this  distribution  are  well  known1  and  agree  fa¬ 
vorably  with  the  experimental  results  presented  in  this  paper. 
Further,  it  is  demonstrated  here  that  the  Mandel  transform 
of  the  intensity  distribution  may  also  be  expressed  in  an  exact 
analytic  form  to  yield  the  probability  distribution  of  photon 
counts.  These  curves  are  shown  to  fit  the  data  extremely  well 
and  confirm  the  analysis  that  this  process  is  indeed  A'  dis¬ 
tributed  and  hence  capable  of  exhibiting  highly  non-Gaussian 
fluctuations  under  circumstances  that  are  explained  below. 

THEORY 

Only  the  most  basic  elements  of  the  theory  are  presented  here, 
a  more  detailed  account  being  given  in  Ref.  I.  The  experi¬ 
mental  arrangement  is  shown  in  Fig.  1.  A  laser  source  illu¬ 
minates  a  routing  ground-glass  diffuser,  producing  dynamic 
Gaussian  speckle  in  the  far  field,  where  the  second  translating 
diffuser  is  located.  A  hard  circular  aperture  is  placed  on  axis 
immediately  behind  the  second  diffuser  to  limit  the  number 
of  speckles  that  illuminate  it.  If  the  correlation  scale  the 
speckle  size)  is  much  larger  than  this  aperture,  we  may  assume 
that,  at  any  instant  of  time,  the  complex  speckle  amplitude 
denoted  by  ap  is  approximately  constant  over  the  scattering 
aperture.  The  complex  amplitude  seen  by  the  detector  may 
then  be  expressed  as 

Aix.y)  *  ff  ‘  A  Texpi—  1  +  y ndd^dr?.  'll 
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where  f(£,  n)  is  the  transmission  function  of  the  second  dif¬ 
fuser  and  D  is  the  domain  of  integration  [an  unimportant 
phase  term  and  scaling  constant  were  ignored  in  Eq.  (1)]. 
Hence  A(x,  y)  =  ao.4oix.yi,  where  <2q,  .4o  are  independent  and 
are  themselves  Rayleigh  distributed  according  to 

2  (ad 

p()aoD  =  — rexpHaor/Vr). 

<*r 

■21  Aa 

piMol;  =  — —  expi-i [A<»2/ar).  (21 

<7o“ 

with  <T\-  =  ()ool2>  and  <sr  = 

The  probability  density  of  .-1  *  0(*40  is  then 

P<Ul>  "  fj0  dUoldladp<|aoi)p(|.4oitd(|MI  -Udlooi).  (3) 

where  o  is  the  Dirac  delta  function. 

By  earning  out  the  integral  over  .4o  first  and  by  making  the 
substitution  ec  *  a<r02/(j*4(  crj  for  the  second  integral,  we  find 
that 


,  4!  .4  (  rm  —2!  .41 

pi|.4l )  =*  — : — -  (  df  exp  — J — ; 

O'-t Jr*-  J  0  (T  1  “CT'S" 


This  is  an  integral  representation  of  the  zero-order  Bessel 
function  of  the  second  kind:  thus 

..  41.41  „  /2I.4I1 

p,l'4l,*~AoW'  ,5' 

where  d  =  <|.4I2>  -  ay-ts-r 

If  many  speckles  are  illuminating  the  second  diffuser,  an 
intuitive  approximation  is  made,  in  that  the  complex  ampli¬ 
tude  of  each  speckle  is  spatially  constant  over  equal-sized 
domains  within  the  scattering  aperture.  We  may  then  express 
the  complex  amplitude  seen  by  the  detector  as 

•4U.y>  *  E  a.  tt$,  n  \  exp|-j^  +  yrpj  d£d??. 


where  a,  is  the  spatially  constant  eomoiex  amplitude  of  the 
ith  domain  D,  and  .V  is  the  number  of  domains  present  within 
the  scattenne  aperture  of  “he  diffuser.  The  central-limit 
theorem  ensures  that  each  integral  within  the  sum  represents 
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a  complex  amplitude,  which  has  circular  Gaussian  statistics. 
By  the  theorem  of  Jakeman  and  Pusev,4  a  random  walk  of  the 
.V  steps  in  Eq.  (61  is  distributed  as 


0(1.41 ) 


4!.41  1  n.4nv„  /2!.4|| 

n.v> vljlvji)  ‘v'lU"3J’ 


(7) 


which  may  be  rewritten  in  terms  of  the  normalized  intensity 
distribution  as 


Pi/‘ 


2  i  /zyy- 

rcv)  3  U 


#r.v- 1 


(8) 


where  '  / 1  *  S3  *  <|Ai  2>  is  the  average  intensity.  K.v-i  is  the 
modified  Bessel  function,  and  T\X)  is  the  gamma  function. 
Thus  a  random  walk  of  „V  steps,  in  which  each  step  length  is 
given  by  a  K  distribution,  leads  to  another  K  distribution  of 
the  order  .V  -  1.  The  normalized  moments  of  intensity  are 
therefore 


U'n  >  m!Pn  +  .V) 

(/>'’,  x^nx) 


where  we  note  :hat.  when  .V  *  1. 


//"»> 
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which  represents  strong  intensity  fluctuations.  whereas  for 
large  X  it  is  easy  to  show  that 


<In' 

Wm\  --  — : —  *  m'. 

<J)m 


which  represents  a  Rayieigh  or  circular  Gaussian  distribution. 
The  present  experiment  explicitly  measures  the  probability 
distribution  of  photon  events  P(n)  from  which  the  normalized 
intensity  moments  are  found  by  computation  of  the  normal¬ 
ized  factorial  moments  of  P<  n  >.  A  theoretical  calculation  of 
Pin )  may  be  achieved  by  taking  the  Mandei  transform  of  the 
■.ntensitv  distrthuf.on  Eq.  »$>|. 


The  Mandei  transform  is  defined  by 

J'*  (etl)n 

dS  Pi!) - exp(-<t/),  (10) 

o  n! 

where  «  is  the  detector  efficiency  and  t  denotes  the  experi¬ 
mental  sampling  time.  It  is  a  necessary  condition  that  the 
sampling  time  t  be  much  less  than  the  average  intensity  - 
fluctuation  time  re  for  Eq.  ( 10)  to  be  considered  valid.  Direct 
substitution  of  Eq.  (SI  into  Eq.  \  10)  yields  a  Bessel  transform 
whose  solution5  is 


Pin)  =  in) ~;V/-  -L^'"  '  e!tp(^y)  'v*0,(l/<n>).  (11) 

where  < n )  =  X(t3  is  the  average  number  of  photons  per 
sample  time  and  tf^Cx)  is  the  Whittiker  function  with  k  = 
-m  +  JV/2)  and  v  =  l/2<Ar  —  1 ). 

Again,  substitution  of  the  appropriate  form6  of  the  Whit¬ 
tiker  function  in  Eq.  (LI)  yields  the  result 


Pin)  = 


n.v) 


/(n)W  p*  exp(— r) 

{  X  I  Jo  (n)xW+i 

1  +  .V  ; 


(12) 


The  integral  in  Eq.  (12)  was  calculated  numerically  for  each 
value  of  n .  as  it  is  an  exponential  integral  and  cannot  be  re¬ 
duced  analytically.  Although  our  heuristic  derivation  of  Eq. 
1 12)  was  based  on  a  model  with  implicitly  integer  values  of  X 
(approximately  equal  to  the  number  of  speckles  illuminating 
the  second  diffuser),  it  is  not  restricted  to  integer  values, 
provided  that  X  >  1.  Numerous  examples  of  distributions 
involving  noninteger  values  of  X  were  analyzed  and  agreed 
well  with  the  predictions  of  Eq.  (12). 


EXPERIMENT 

An  8-W  argon- ion  laser.  A  *  490  nm.  was  used  as  the  primary 
source  of  coherent  light,  which  passed  through  a  microscope 
objective  of  16-mm  focal  length  before  transmission  through 
the  first  diffuser.  The  distance  between  the  microscope  ob¬ 
jective  and  the  diffuser  was  varied  in  order  to  control  the  di¬ 
ameter  of  the  primary  source  and  therefore  to  control  the 
speckle  size  in  the  far  field  of  the  first  diffuser.  A  second 
diffuser  was  placed  on  axis  at  a  distance  of  approximately  1.65 
m  from  the  first  diffuser,  and  a  hard  circular  aperture  pre¬ 
ceded  it  The  detector  was  located  along  the  optical  axis  at 
a  distance  of  approximately  1.5  m  from  the  second  diffuser. 
The  detector  consisted  of  a  50-Mro-core  optical  fiber  coupled 
to  a  photomultiplier  tube  (PMT)  and  to  a  pulse  amplifier/ 
discriminator.  Digital  output  from  the  discriminator  was  sent 
to  a  photon  correlator  and  an  on-line  computer  for  processing 
the  moments  of  intensity  and  the  photon-count  histogram. 
The  sample  time  for  all  measurements  was  5  x  10“5  sec.  and 
a  typical  30-sec  run  yielded  a  total  of  approximately  6  x  105 
samples.  The  l/'e  correlation  time  of  the  doubly  scattered 
intensity  fluctuations  had  a  measured  value  of  r?  ss  5  x  10~4 
sec;  hence  the  total  number  of  independent  samples  was  ap¬ 
proximately  \f  *  6  X  104  .or  a  30-sec  run.  Corrections  for 
dead  time  and  dark  counts  were  made  in  calculating  the  nor¬ 
malized  moments,  although  both  effects  were  small.  A  lower 
limit  of  the  rms  variance  for  the  moment  calculations  was 
made  using  the  following  simple  argument:  If  .t  represents 
rhe  value  of  the  TOth  intensity  moment,  as  estimated  from  M 
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Table  l.  Experimental  Measurements  of  the  Normalized  Moments  of  Intensity 


Number 

of 


</=> 

rrr- 

777* 

v/»' 

c/>4 

f/4» 

Independent 

Samples 

.V  -  l 

Predicted  value 

4 

36 

576 

14400 

Experimental  values 

4.03  ±  0.12 

35.13  ±3.6 

470  ±  200 

7425  ±  IS000 

6  x  104 

4.06  ±  0.12 

36.55  ±  3.6 

520  ±  200 

9075  ±  13000 

6  x  I04 

4.003  ±0.12 

34.42  ±  3.6 

440  ±  200 

6850  ±  13000 

6  x  104 

.V  =  2 

Predicted  value 

3 

18 

180 

2700 

Experimental  values 

3.06  ±  0.09 

2.94  ±  0.09 

18.50  ±  1.7 

16.44  ±  1.7 

163  ±  50 

134  ±  50 

1610  ±  1800 

1240  ±  1800 

3  x  10* 

-V  -3 

Predicted  value 

2.66 

13.3 

106.6 

1244 

Experimental  values 

2.67  ±  0.05 

13.4  ±  0.7 

100  ±  17 

922  ±  480 

6  x  104 

2.66  ±  0.09 

12.9  ±  1.2 

38  ±  31 

665  ±  800 

3  x  10* 

.V  -4 

Predicted  value 

2.5 

11.25 

78.75 

787.75 

Experimental  values 

153  ±  0.07 

11.52  ±0.09 

73.6  ±  18 

521  s  530 

3  x  104 

statistically  independent  samples  l,,  i.e.. 


then  the  variance  of  x  is 

„  >£  —  <//"*>=  l/2 m)  -  {lm)2 

- \r - - - m - '  ,lo> 

The  normalized  rms  variance  is  obtained  by  dividing  Eq.  1 13) 
by  ilm)2  and  taking  the  square  root.  This  yields  a  lower 
bound  for  the  error,  as  no  account  of  the  error  in  the  denom¬ 
inator  or  the  photon  noise  was  folded  in.  It  is  clear  from  Eq. 
(9).  however,  that  the  rms  variance  increases  dramatically  with 
increasing  m. 

A  comparison  of  the  experimental  measurements  of  the 
normalized  moments  of  intensity  with  those  predicted  by 
theory  is  shown  in  Table  L.  The  values  are  seen  to  agree  with 
theory  well  within  the  experimental  error.  Experimental 
determinations  of  the  parameter  .V  may  be  achieved  by  a 
straightforward  calculation  of  the  speckle  size  incident  upon 
the  scattering  aperture:  however,  it  is  more  consistent  to  define 
-V  by  comparing  the  experimental  value  of  the  second  moment 
of  intensity  with  that  predicted  by  Eq.  (9).  This  convention 
is  used  in  establishing  the  experimental  values  of  .V  in  this 
paper. 

The  value  of  .V  approximately  corresponds  to  the  number 
of  speckles  illuminating  the  second  diffuser.  This  is  easily- 
controlled  in  the  experiment  by  adjusting  the  beam  diameter 
incident  upon  the  first  diffuser  and/or  by  varying  the  diameter 
of  the  hard  aperture.  For  the  experiments,  the  combinations 
shown  in  Table  2  were  used. 

A  comparison  of  the  'neoretical  distribution  of  photon 
counts  .D<m  with  the  experimental  results  is  shown  in  Fig.  2 
for  .V  *  1.  2. 3, 4  ana  v  irvus  values  of '  n ) .  The  model  fits  the 
data  extremely  wed.  F-»r  risen  •:  .  the  curves  show  how  the 


distribution  of  Pin)  gradually  broadens  toward  a  negative 
exponential  distribution  as  .V  is  increased. 

DISCUSSION 

The  experimental  values  of  the  normalized  moment  of  in¬ 
tensity,  shown  in  Table  1.  indicate  good  general  agreement 
with  the  predictions  of  Eq.  i9).  However,  it  is  clear  that  al¬ 
most  all  values  fall  slightly  below  the  predicted  value.  This 
is  probably  due  to  a  truncation  error,  since  only  64  channels 
were  used  in  the  histogram  and  the  effect  of  cutting  off  the  tail 
of  this  distribution  would  certainly  result  in  a  lower  value  of 
the  calculated  moment.  The  run  times  were  also  a  bit  short 
in  terms  of  gathering  a  good  statistical  base  for  the  fourth  and 
the  fifth  moments  [see  Eq.  >  lo)|. 

The  distribution  of  photon  counts  Pin )  fits  the  theoretic.*] 
curves  [Eq.  1 12))  to  at  least  the  5%  level  for  .V  =  1,  2.  as  shown 
in  Fig.  2.  For  .V  =  3.  4.  the  theoretical  curves  again  show  ex¬ 
cellent  agreement  with  the  data:  however,  the  first  few  points 
tend  to  be  slightly  more  spread  out  than  those  predicted  in 
theory. 

It  is  instructive  to  compare  this  model  with  other  systems 
that  exhibit  K -distributed  probability  densities.  These 


Table  2.  Typical  Parameters  Used  for  Selecting 
Various  Values  of  .V 


.V 

Beam  Diameter 
a  immia 

Aperture  Diameter 

2.4  tmmi 

1 

0.24 

1.0 

2 

0.32 

10 

3 

0.32 

2.5 

4 

0.48 

2.5 

’  The  Vam  diameter  refers  'he  orimary  J.jmerer  it  ;he  n- 
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Fig.  2.  Probability  distribution  of  photon  counts  P'm.  where  n  is  the  number  of  photon  counts  per  sample  time  to  (to  *  5  X  10-5  seel.  The 
solid  line  is  the  theoretical  curve  of  fq.  1 12;.  and  the  crosses  are  experimental  points.  Note  how  the  distribution  depends  on  the  number  of 
speckles  within  the  scattering  aoerture  .V  and  the  average  number  of  photons  per  sample  time  :  -  >  This  is  seen  most  dearly  by  comparing 
C  and  D. 


systems  include  the  si ins:*  scattering  of  laser  light  from  ia>  a 
turbuient  layer  of  nematic  liquid  crystal/  i  b)  a  turbulent  layer 
of  air/  (c>  the  scattering  of  starlight  from  the  upper  atmo¬ 
sphere.9  and  id)  the  scattering  of  microwave  radiation  from 
a  small  patch  of  turbulent  seas/0  According  to  the  limit 
theorem  of  Jakeman  and  Posey/  if  a  scattering  medium  is 
made  up  of  a  finite  number  \  of  independent  scattering 
centers,  each  of  which  contains  a  correlated  group  of  lesser 
scatterers  <  which  obey  negative  binomial  statistics),  then  the 
amplitude  scattered  by  each  independent  region  is  K  did- 
-ributed.  In  the  present  context,  however,  the  K  distributions 
irise  for  a  different  reason,  in  that  they  are  explicitly  gener¬ 
ated  by  the  multiplicative  effects  of  double  scattering,  eacn 
process  being  independently  Rayleigh  distributed. 

Finally,  far  /  =  1  the  premie rr.  reduces  to  that  of  scattering 
a  single  Gaussian  correlated  source  from  an  ooctcailv  rough 
diffuser.  In  other  words,  this  may  be  interpreted  as  a 
Gaussian-Gaussian  scattering  process,  which  has  been  in¬ 
vestigated  in  a  different  context  by  Bertolotti11  and  others. 
It  .3  st nun: forward  '.<>  show  that,  .n  this  case,  the  temporal 
jLiwc.irr-.ati.in  '?  .n:en>:::e<  takes  the  form 


C'-’ti  »  (1  +  7/r i|-][l  +  i7-2i ri!2],  <  14) 

where  ? “V it t M »  7>lr)|  are  the  amplitude  correlations  of  the 
independent  processes  l  and  2.  In  our  experiments 


where  l\,  V->  are  the  diffuser  velocities,  a  is  the  laser-beam 
diameter.  A  is  the  scattering  aperture  radius,  and  J\(x )  is  the 
Bessel  function  of  the  first  kind.  The  correlation  functions 
were  measured  with  the  the  photon  correlator,  and  the  shape 
and  the  time  scales  were  in  agreement  with  Eq.  ( 14).  How¬ 
ever.  the  results  are  not  reproduced  here. 
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' A'e  study  theoretically  a  Fabry-Perot  interferometer  with  one  phase-conjugate  mirror.  Comp— (sons  with  results 
, - . viousiy  obtained  by  Kastler  (Appi.  Opt  1. 17  (19621|  for  an  ordinary  Fabry-Perot  interferometer  are  made. 
Specifically.  we  discuss  the  field  intensity  of  the  light  both  outside  and  inside  the  interferometer.  We  also  study 
the  intensity  of  the  exterior  field  that  is  due  to  atoms  radiating  incoherently  inside  the  interferometer.  The  operat¬ 
ing  characteristics  below  the  threshold  of  the  interferometer  when  it  is  filled  with  a  gain  medium  are  also  analyzed 
and  are  found  to  be  different  from  those  of  the  ordinary  interferometer.  Finally,  conditions  are  obtained  under 
which  the  cavity  can  act  as  a  regenerative  amplifier. 


1.  INTRODUCTION 

In  an  interesting  paper*  Kastler  studied  the  fields  generated 
inside  an  ordinary  Fabry-Perot  interferometer  and  also  those 
generated  outside  the  interferometer  by  atoms  radiating  in¬ 
coherently  inside  the  cavity. 

In  recent  years,  phase-conjugate  optics  bas  experienced 
rapid  development,3-*  and  phase-conjugate  reflectivities  of 
the  order  of  unity  and  higher  have  been  achieved.1-'*  There 
has  also  been  progress  in  the  understanding  of  scattering  of 
phase-conjugate  fields  (see.  e.g.t  Ref.  8  and  the  references  cited 
therein). 

Optical  resonators  with  one  phase-conjugate  mirror  (PCM) 
have  also  been  actively  investigated,*-*3  and  the  am¬ 
plitudes  of  the  field  emerging  from  a  cavity  without  gains 
when  a  plane  wave  is  incident  upon  the  system  have  been 
calculated.**"** 

In  this  paper,  we  investigate  theoretically  an  interferometer 
that  consists  of  a  lossless  dielectric  mirror  and  a  PCM.  We 
calculate  the  field  that  emerges  from  the  cavity  for  several 
reflectivities  of  the  ordinary  mirror,  and  the  results  are  com¬ 
pared  with  'hose  of  Refs.  14—16.  We  also  compute  the  field 
intensity  inside  the  cavity  and  compare  it  with  the  intensity 
inside  an  ordinary  Fabry-Perot  interferometer  that  was  in¬ 
vestigated  in  Ref.  1.  The  case  of  atoms  radiating  incoherently 
inside  the  cavity  is  also  considered  and  is  contrasted  with 
the  more  usual  case  treated  in  Ref.  1.  In  both  cases,  we  find 
that  there  is  higher  amplification  of  the  fields  in  an  interfer¬ 
ometer  with  a  PCM  compared  with  the  ordinary  interferom¬ 
eter. 

We  also  compute  the  intensity  of  the  field  emerging  from 
the  cavity  when  it  is  filled  with  a  gain  medium  and  the  ordi¬ 
nary  mirror  is  illuminated  at  normal  incidence.  W e  will  see 
that  there  are  interesting  interference  phenomena  for  the 
output  wave  when  the  system  operates  below  threshold  as  a 
regenerative  amplifier*7  **:  it  may  give  rise  to  emerging  fields 
that  are  quite  different  from  those  produced  by  ordinary 
amplifiers. 

All  the  calculations  assume  monochromatic  linearly  pola¬ 


rized  input  waves  and  also  reflectivity  of  the  PCM  that  is  in¬ 
dependent  of  the  intensity  and  propagation  direction  of  the 
wave  incident  upon  ice  hence  this  reflectivity  remains  constant 
during  multiple  reflections  inside  the  interferometer. 

2.  HELDS  GENERATED  BY  AN 
INTERFEROMETER  WITH  A  PHASE- 
CONJUGATE  MIRROR 

Let  us  consider  a  system  consisting  of  a  lossless  nonmagnetic 
dielectric  partially  transmitting  plane  mirror  P.  whose  am¬ 
plitude,  reflection,  and  transmission  coefficients  are  r  and  t, 
respectively,  end  a  plane  PCM,  which  is  parallel  to  P  (see  Fig. 
1).  We  shall  assume  for  the  moment  that  the  space  between 
both  planes  is  a  vacuum.  As  is  well  known  (see,  e-g..  Ref.  14 
and  references  cited  therein),  if  t  and  r  are  the  transmission 
coefficients  of  P  from  left  to  right  and  from  right  to  left,  re¬ 
spectively.  then  t  =  r:  also,  if  r  and  p  are  the  reflection  coef¬ 
ficients  of  P  from  left  to  right  and  from  right  to  left,  respec¬ 
tively,  then  r  =  -p.  As  in  Ref.  1,  we  assume  that  r,p,t,  and 
r  are  real  quantitates  satisfying  the  relations 

r1  +  t2  «  1,  (la) 

rt  +  tp  »  0.  (lb) 

Let  an  electromagnetic  plane  wave,  which  is  linearly  pola¬ 
rized  either  in  the  plane  of  incidence  or  perpendicular  to  it, 
be  incident  at  angle  9  on  the  mirror  P.  We  take  its  amplitude 
to  be  normalized  to  unity.  We  assume  that  the  reflected  wave 
at  the  PCM  suffers  complete  reversal  of  the  state  of  polar¬ 
ization  (see  Ref.  S,  Sec.  7,  and  Refs.  14-16),  so  that  we  can 
employ  a  scalar  description.  The  incident  wave  will  be 

Et  *  exp(ik,  •  r),  (2) 

where  k,  is  its  wave  vector. 

The  transmitted  wave  Et  at  P  will  be  in  the  same  direction 

k,>* 

Ei  =  t  expiik,  •  ri.  (3) 
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The  reflected  wave  E,  at  P  will  be  (Fig.  1) 

E,  «  r  exp(ik,  •  r).  (4) 

it.  being  the  wave  vector  of  this  wave. 

When  the  Held  E,  reaches  the  PCM.  a  reflected  wave,  which 
is  the  conjugate  of  the  incident  field  E, ,  is  generated  that  has 
the  wave  vector -kjls:  pi"  expl-lk,  •  r).  p  is  a  parameter, 
assumed  constant  (see  Ref.  12),  which  represents  the  ampli¬ 
tude  reflection  coefficient  of  the  PCM.  This  field  is  partly 
reflected  and  partly  transmitted  at  P.  and  this  process  con¬ 
tinues.  As  a  result  of  the  multiple  reflections  between  P  and 
PCM  there  are  four  series  that  represent  the  fields  Ei.Ei,  £3, 
and  £4  inside  the  cavity  formed  by  P  and  PCM  (see  Fig.  1)  as 
well  as  a  total  reflected  field  £«  and  a  phase-conjugate  field 
£c  outside  the  interferometer.  The  amplitudes  of  all  these 
fields  are 

A,  -£  +  £|#i|2r2  +  t|*i|‘r*  +  ...=■  - - *  ■  (S) 

1  -|xl2r2 


P  l  PCM 


Fig.  1.  Reflection  of  an  incident  plane  wave  £,  from  an  interfer¬ 
ometer  consisting  of  a  dielectric  plate  P  and  a  PCM. 


^2 3  (it  +  •  ■  •  *  1  r 

utr 

443  a  utr  +  ntr\fi\-r2  +  ptr\n\  4r4  +  . . .  *  ^  ^  2r2‘ 


A4  “IpIVr  +  ImI  2rt|u|2r2  +  |#i|2rt|*i|4r<  +  . . . 

M Vt 

=  1  -ImI  VJ‘ 


(8) 


Here,  the  geometric  series  have  been  summed  under  the  as¬ 
sumption  that 


M2r2  <  1- 


(9) 


Hence  the  intensities  of  these  four  fields  inside  the  interfer¬ 
ometer  are  given  by  the  expressions 


‘  (1-M2r2)2 

|u|2(l  -r2) 

j,.-®- - -,  (11) 

2  U-|m|V2)2 

ip|2r2(l  -  r2) 

(1  -|H2r2)2' 

[p|<r2(t  -  r2) 

‘  (1  -  |m(2«-2)2 

where  condition  (1«)  has  been  taken  into  account.  It  is  to  be 
noted  that  Eqs.  (5)-(8)  could  have  also  been  obtained  by  using 
the  electromagnetic  boundary  conditions  at  P  and  at  the 

PCM. 


Figures  2-5  show  the  plots  of  the  intensities  given  by  Eqs. 
(10)— (13)  versus  |pj2  for  different  values  of  r2.  For  low 
reflectivities  r2,  the  field  intensities  can  become  large  when 
|pj2  is  large  enough,  because  energy  is  then  provided  by  the 
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Fig.  3.  Field  intensity  1 2  of  the  field  £3  in  Fig.  I. 


Fig.  4.  Field  intensity  f  3  of  the  field  £  1  in  Fig.  1. 


pump  fields  at  the  PCM.  For  large  reflectivity,  r  «  0.95;  these 
field  intensities  become  very  large  as  lap  approaches  unity; 
in  fact,  they  may  be  20  times  larger  than  the  intensity  of  the 
incident  wave.  For  values  of  M2  such  that  |pj2r2  >  1,  then 
theory  does  not  provide  a  stable  solution  [the  constraint  de¬ 
scribed  in  expression  19)  is  then  not  satisfied). 

The  fields  Eh  and  Ec  were  calculated  in  Reis.  12  and  13  by 
adding  the  series 


Ag  »  r  +  ip|2rt2(l  +  |  pj  Jr2  +  ...)»  7 - 7 ^ "  (14) 

I  -|p|-r2 

and 

Ac  »pt2U +  Im|V +  ..•)- (15) 

subject  to  the  constraint  in  expression  (9).  The  corresponding 
intensities  then  are 
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and 


r-n  -IpPP 
(1  -ww 


(1  -mW 


(16) 

(17) 


The  intensities  /*  and  /c  are  plotted  as  functions  of  |pp  in 
Figs.  6  and  7.  These  plots  generalize  those  of  Ref.  16  for  r2 
other  than  0.95  or  0.50.  The  intensity  1r  is  exactly  zero  at  |pp 


=  1  for  every  value  of  r1,  in  agreement  with  a  general  theorem 


(Ref.  8);  it  increases  quite  rapidly  for  values  of  r :  and  |pp 
greater  than  1,  provided  that  condition  (9)  is  maintained.  For 
low  reflectivities,  high  pumping  energy,  giving  large  values  of 
|pp,  can  yield  large  f«.  For  |n) 2  m  1,  tc  is  equal  to  1  inde¬ 
pendently  of  r2  and  also  takes  large  values  near  the  resonance 
region  r^pp  »  1.  Of  course,  the  theory  does  not  provide  stable 
values  of  Ir  and  Ip  when  r^pP  >  1. 

We  also  note  that  since  all  waves  reach  any  point  outside 
the  interferometer  with  the  same  phase,  there  is  no  depen¬ 
dence  of  Er  and  Ec  on  the  separation  between  the  places. 


c 


\ 


•  i  i  i  »  > 

Fig.  5.  Field  intensity  /,  of  the  field  E,  in  Fig.  1. 


Fig.6.  Field  intensity  ot  the  reflected  held  E,  in  Fig.  1. 
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Fig.  7.  Intensity  of  the  phase-conjugate  Field  Ee  in  Fig.  1. 
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3.  TOTAL  FIELD  INTENSITY  INSIDE  THE 
INTERFEROMETER 

Consider  now  under  the  same  conditions  as  before,  a  point  P 
of  coordinates  (x,  r )  between  the  two  plates  P  and  the  PCM 
as  shown  in  Fig.  8.  The  waves  meeting  at  P  are  £3,  £3.  £i,  and 
whose  respective  amplitudes  <4 3.  .It,  -It,  and  A 4  are  given 
by  Eqs.  (5>-<8).  These  waves  have  the  following  complex 


amplitudes: 

£3  ■  Asexpjiilx  sin#  -  z  cos  8)j,  (18) 

£.  »  A2  exp[fk(-x  sin  8  +  z  cos  8)],  (19) 

£,  »  Ai  exp(i*i-x  sin  8  -  r  cos  8)|,  (20) 

£4  *  A4  exp(ik(r  sin  8  +  r  cos  8)j.  (21) 

The  total  intensity  at  P  is  therefore 

/  -  |£»  +  £t  +  £1  +  £,|2.  (22) 


which,  on  taking  Eqs.  (18)— (21)  into  account,  yields 

/  «  | Aj  +  A4  exp(2ikr  cos  0)|2 
+  |Aj  +  Ai  exp(-2i*r  cos  8)|2 
+  2  RellAj  +  A4  exp(2i*r  cos 8)] 

X  [A2*  +  Ai*  exp(2tkz  cos  8)|exp(2ik(x  sin  8  -  i  cos  8)1, 

(23) 


where  Re  indicates  that  the  real  part  is  taken. 

By  substituting  frot  Eqs.  (5)-(8)  into  Eq.  (23)  and  writing 

n  as 

n  ■  -ale**.  (24) 

one  finds  after  a  lengthy  bu:  straightforward  calculation 
that 


Z 


P  l  PCM 

Fig.  8.  Total  field  it  a  point  P  inside  the  interferometer. 


1  -r2 


;  (1  r;!(4j< 


11  -  r*n i2)2 
4- 1«2(1  4-  r2)  +  4n«r  cosi2*r  cos  8) 

+  2|p||coe[2kU  sin  8  -  r  cos  8)  -  <n| 

+  rll  +  |^|2)cos(2kx  sin  8  -  #) 

+  W2r2  cos(2k(x  sin  8  -•  cos  8)  -  »||), 


(25) 


which  represents  a  rather  complicated  system  of  fringes. 

The  case  ita2  «  1  is  interesting  and  provides  some  insight. 
Expression  1 25)  then  reduces  to 


1 
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4 

/  * - -  )cos(feu  sin  8  -  z  cos  0)  -  <$) 

1  -  r- 

+  r2  cos(fe(x  sin  8  +  z  cos  0)  -  $jl2.  (26) 

It  is  interesting  to  compare  Eq.  (26)  with  the  corresponding 
expression  /<*  for  the  intensity  resulting  from  an  ordinary 
Fabry-Perot  interferometer  given  by  Kastler  in  Sec.  II  of  Ref. 
1  for  large  r 2: 

Ior  *  ~~  cos Hk2  cos  8).  (27) 

When  r2  is  large  (near  unity),  Eq.  (26)  may  be  approximated 
by  the  expression 

/  *  7-—--  cos2(kx  sin  8  -  $>)cos2(Xz  cos  0).  (2S) 

1  -  r2 

This  expression  represents  a  system  of  fringes  along  OZ  of 
width  Az  =  X/2  cos  8,  just  as  in  the  ordinary  case  described  by 
Eq.  (27);  however,  these  fringes  are  modulated  by  another 
system  along  the  OX  direction  of  width  &x  *  X/2  sin  8. 

Existence  of  fringes  along  the  x  direction  may  appear 
somewhat  surprising  at  first.  Their  separation  is  well  defined 
by  Eq.  (28);  however,  their  origin  is  determined  by  the  abso¬ 
lute  phase  of  the  incident  wave.  When  r2  *  0.95.  the  maxi¬ 
mum  intensity  of  the  fringes  given  by  Eq.  (28)  is 

I  »  «  320.  (29) 

l  —  r2 

which  is  more  than  four  times  larger  than  the  maximum  value 
of  the  intensity  in  the  ordinary  Fabry-Perot  interferometer 
given  by  Eq.  (27)  under  the  same  conditions: 

/„  -  78.  (30) 

Also,  the  overall  amplification  factor  of  the  interferometer, 
which  is  given  by  the  mean  intensity,  is  in  this  case 

(/>  •  320(cos2(Ax  sin  8  -  ®)  cos2(fcz  cos  8))  =80.  (31) 

On  the  other  hand,  in  the  ordinary  interferometer,  one  has  (see 
Sec.  II  of  Ref.  1). 

(/„)  =  78<cos2(*z  cos  8) )  =  39.  (32) 


■4.  EMISSION  FROM  ATOMS  RADIATING 
INCOHERENTLY  INSIDE  THE 
INTERFEROMETER 


Suppose  that  there  are  atoms  inside  the  interferometer 
emitting  light  (for  instance,  by  irradiating  them  laterally  to 
excite  their  optical  resonance,  as  suggested  in  Ref.  1),  The 
waves  emitted  by  these  atoms  will  be  assumed  to  be  mutually 
incoherent 

We  shall  consider  the  radiation  emitted  by  an  atom  located 
at  a  point  M  toward  the  outside  through  the  plate  P.  at  angle 
8.  Let  Ea  denote  this  field  (see  Fig.  9).  £.  has  an  amplitude 
that  is  given  by  the  sum  of  four  sequences  of  rays: 


Sequence  1:  t(l  +  |p|2r2  +  |p(V»  +  . . .) 


t 

Sequence  4:  ufd  +  MJr2  +  W4r*  +  . . .) 


(33) 


1  -ip(2r2 


‘34) 


Sequence 3:  nrt(l  +  |>xl 2r-  +  |p|4r4  +  . . .) 


1  -liqv-2 

Sequence  2:  |nj2rt(l  +  ||ii2r2  +  |p|4r4  +  . . .) 

MVt 

~l-WJr2' 


(35) 


(36) 


The  series  has  been  summed  under  the  assumption  expressed 
by  relation  (9).  Since  on  reflection  at  the  PCM  the  fields 
emerge  with  the  phase  reversed  with  respect  to  the  incident 
one,  ail  four  of  the  sequences  of  waves  emerge  in  the  direction 
A  with  the  same  phase  factor  exp|ik(x  sin  8  +  2  cos  8)\;  thus, 
unlike  in  the  ordinary  interferometer,  they  will  not  produce 
interference  fringes.  The  field  Ea  is  therefore  given  by 


Ea 


(1  -  r2)1/2 


(1  +M  +  nr  +  |p|2r) 


X  exp[ik(x  sin  8  +  z  cos  9)1,  (37) 


and  its  intensity  is  given  by 

l  a  ■  TrTTTX  (1  +  <1  +  r)W  +  rW 
(1  —  Inj  -r2) 

+  2r|p|2  4-  2(1  +  r)(l  +  r||i|:)|H  cos  ®),  (38) 

where  Eq.  (24)  has  been  used;  the  total  intensity  emitted  by 
:V  atoms  radiating  incoherently  inside  the  cavity  will  be  just 

NIa- 

When  |  2  =  1,®  «  O.andr2  =  0.95,/*  is  equal  to  312,  which 
indicates  a  considerable  amplification  of  the  intensity  com¬ 
pared  with  the  intensity  emitted  by  the  atom  at  M  in  the  di¬ 
rection  A  in  the  absence  of  the  mirrors,  when  it  wouid  have 
the  value  unity.  In  fact.  1A  is  considerably  greater  than  the 
intensity  generated  by  atoms  radiating  incoherently  inside 
an  ordinary  Fabry-Perot  interferometer  under  the  same 
conditions;  it  would  then  have  the  value  of  32  (cf.  Ref.  1,  Sec. 
III). 


X 


Fig.  9.  Field  E  <  radiated  at  direction  t)  by  an  atom  placed  at  M  inside 
the  interferometer. 
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0  1  2 

W* 

Fig.  10.  Intensities  If  of  £*  for  «  «  0  and  different  values  of  the 
reflectivity  r1  of  P. 


I a  is  plotted  versus  ImP  (see  Fig.  10)  for  <s>  =  0  and  for  dif¬ 
ferent  values  of  rl.  For  high  r2,  e.g.,  r2  »  0.95,  the  intensity 
is  low  for  low  values  of  | but  it  increases  rapidly  once  values 
of  (pi2  around  0.9  art  reached.  A  dramatic  change  in  the  value 
of  If  occurs  when  we  pass  from  low  values  of  M2  to  high  val¬ 
ues:  Whereas  in  the  first  case  higher  reflectivity  r2  at  p 
implies  a  lower  value  of  If,  in  the  second  case  higher  values 
of  r2  may  produce  very  large  values  of  If. 

5.  EXISTENCE  OF  GAINS  INSIDE  THE 
INTERFEROMETER 

We  will  now  consider  the  situation  depicted  in  Fig.  11.  in 
which  a  wave  Un  is  incident  normally  upon  the  cavity  of  length 


L.  Let  U  be  the  output  wave  emerging  from  this  cavity  when 
it  is  filled  with  a  gain  medium.  If  U,  is  the  wave  reflected  at 
P  inside  the  cavity  and  sent  back  toward  the  PCM.  the  wave 
at  P,  after  a  round  trip  involving  reflection  at  the  PCM.  will 
be  ((4  e"  e  ylUp,  in  contrast  with  an  ordinary  cavity  where  a 
phase  factor  2 kL  is  accumulated  during  each  round  trip  |cf. 
Eq.  (241). 

The  gain  coefficient  y  of  the  medium  inside  the  cavity  is 
given  by  the  imaginary  part  of  the  complei-propagation 
constant  (assuming  no  absorption  losses),  i.e.,  by  the  imagi¬ 
nary  part  of 

(39) 

2 

Hence  the  single-pass  gain18  of  the  wave  across  the  cavity  is 
G0  *  e*L.  (40) 

The  amplitude  of  the  output  wave  U  may  be  again  calcu¬ 
lated  in  a  way  similar  to  that  described  in  the  preceding  sec- 

p  PCM 


lBpJiL-*uo 


Output  u 


L 

Fig.  11.  Diagram  of  the  regenerative  amplifier. 


t  «■»  i  ;.j  i  !.»  »  ».> 

( r  i)f 


Fig.  12.  Values  of  Im'2  versus  the  critical  i  yL  for  several  reflectiv¬ 
ities  r-\ 
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tions.  Making  use  of  the  geometrical -series  method,  we  ob¬ 
tain.  with  the  amplitude  of  Uq  normalized  to  unity. 

A  *  r  +  fit* eyL  —  2  elyL  +  e3’1’*' 

—  t2r*in j4  e*yL  +  eAri  +  . .  . 

*  r  -  t2r||i(2  +U|2r2e2*rt  +  . . .) 

+■  t2M  e*Ml  +  )#42r2  e21^  +  . . .) 
r(l  -  \n\2e2yL)  4-  -  r2)eyL 

1  -  rV|2  e2,i  '  <4U 

The  condition  for  convergence  of  the  series,  which  also 
corresponds  to  the  stable  solution  of  the  feedback  system, 
is 


rfd2  e2yL  <  1.  (42) 

Figure  12  shows  plots  of  M2  versus  the  critical  values  (yL). 
at  which 


r^rf2  e2'yL)’  »  1  (43) 

for  several  reflectivities  r2. 

The  intensity  I  *  |612  gives  the  overall  gain  of  the 
system 


to2«w 


Fig.  13.  Overall  gains  versus  yL  and  Go  for  r3  ■  0.95.  Dashad  line 

fu0"  Horizontal  solid  line  I - 1:  /  for  ®  *  0  and  any 

*  0.20  and  any  a.  and  ^  >  105  leg.  (uj-  -  1.2  and  higher). 
Dashed-dotted  lines:  I  — — 1  /  for  o  *  a, '4.  — — — ■  /  for  a  ■  t/2, 
1  f  for  a  *  rt  »  /iz^i.  and  nonnorizonui  solid  line.  1  for  a  ■ 

3e/4. 


Fig.  14.  Overall  gains  versus  yL  and  Co  for  r2  *  0.65.  Dashed  line. 
Horizontal  solid  line.  /  for «  *  0  and  any  |n| 2.  Dashed-dotted 

lines:  < - )  *  »  e/4,  - >  «  »  */ 2,  i - )  ®  -  3ff/4.  and 

( - )  *  -  a  (•/ k”4). 


[r(l  -  l)t|2  e2yi-\  4-  (m|(1  ~  ra)eTt  cos  <>  2 
[  i-r^2eSri 


|m|(1  -  r2)eyL  sin  ml2 

1  -  r:\in-e2'L  1 


(44) 


This  expression  should  be  compared  with  the  overall  gain 
corresponding  to  a  cavity  with  two  ordinary  mirrors  of 
reflectivities  ri  and  r2,  respectively,  in  the  resonant  situation. 
i.e„  when  2k L  =  2ne  (n  is  an  integer): 


/l2° ">  * 


nil 


-  ry  e2yL)  —rz(l  —  ri2)eri-]2 
i  —  r.2r.2  e2sl- 


(45) 


r,‘r2-e- 

In  the  special  case  when  rt  *  r2  =  r,  Eq.  (45)  becomes 

The  results  following  immediately  from  Eq.  (44)  are 


(l)  When  o  «  nr.  (m  is  an  odd  integer).  I  becomes  iden¬ 
tical  to  /  and  has  a  zero  at 


Co»e  (47) 

I  Ml 

which  occurs  for  positive  yL  (i.e„  Co  is  greater  than  unity) 
when  r  > j(«;  this  is  in  agreement  with  the  law  of  conservation 
of  energy  of  the  electromagnetic  wave.  It  should  be  noted  that 
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if  the  amplitude  i'q  of  the  incident  wave  is  considered  to  have 
a  phase  factor  <s>o  (i.e..  t’o  is  not  unity),  then  the  first  term  of 
Eq.  (41)  should  appear  to  be  multiplied  by  t'o,  whereas  the 
second  term  of  that  equation  would  appear  to  be  multiplied 
by  t'0‘.  Assuming  that  Uo  =  expfteo).  the  phase  in  Eq.  (44) 
will  now  be  d  -  2do  instead  of  ®.  In  this  case,  the  condition 
4  -  2do  »  mr  with  which  l  has  a  zero  when  Eq.  (47)  is  satisfied 
(observe  that  when  y  »  0,  Eq.  (47)  implies  that  r  *  |*i|]  can 
allow  the  determination  oj  the  phase  ®o  of  the  incident  am¬ 
plitude  t’o  if  Go,  r  and \i4  are  given  to  satisfy  Eq.  (47)  (this  can 
be  adjusted  in  an  experiment  by  varying  L  and  |/i|),  and  one 
determines  the  value  of  yL  at  which  /  becomes  zero,  do  is 
then  given  by  do  «  l/2(«  -  mil. 

(2)  The  overall  gain  is  enhanced  below  threshold  by 
working  near  its  resonance  point  (yL)c  while  satisfying  con¬ 
dition  (42).  Since  (yL)c  is  positive,  for  a  cavity  with  gains 
according  to  Eq.  (43),  one  must  have |><|2  <  1/r2.  This  leads 
to  the  result  that  no  overall  amplification  is  obtained  by  in¬ 
creasing  the  PCM  reflectivity  |>i(2  beyond  the  value  1/r2. 

(3)  For  o  »  2nr  (n  is  an  integer),  I  does  not  have  any 
resonant  value.  At  (yL)e.  it  has  instead  the  finite  value  (1  + 
r2)/2r.  The  interferometer  with  gains  therefore  will  not  work 
as  a  regenerative  amplifier  when  there  is  perfect  phase  con¬ 
jugation  at  the  PCM.  i.e.,  when  d  ■  0  [if  Uq  -  exp(ido),  this 
will  happen  when  ®  »  2do|. 


inn 

Fig.  15.  Overall  gains  versus  yL  and  Co  for  r2  »  0.25.  Dashed  line. 

/  tiJrt  Dashed-dotted  lines; - •l)«;«0.20.  (— — u»2«0.60. 

and  < - (mi"  *  1.  For  o  *  0.  the  curve  corresponding  to ud 2  *  l 

r  not  distinguished  from  that  of  i*ij2  *  0.60. 


Figures  13-15  illustrate  these  points:  The  continuous 
horizontal  line  in  Figs,  13  and  14  represents  the  overall  gain 
I  for  r 2  «  0.95  and  r2  *  0.65,  respectively,  and  for  d  •  0,  in¬ 
dependently  of  (ni1.  For  low  values  of  |nl2  (Ini2  a  0.20),  1  is 
also  close  to  unity  for  r2  «  0.95,  independently  of  d.  For  (nl1 
=  0.20  and  r1  •  0.65  and  0.25,  the  low  values  of  /  are  seen  in 
Figs.  14  and  15.  When  (nl1  >  1/r2,  independently  of  ®.  the 
values  of  /  in  any  of  Figs.  13-15  are  similar  to  those  with  d  * 
0.  Hence  then  is  no  amplification  when  the  reflectivity  of  the 
PCM  exceeds  the  value  1/r1. 

For  r2  =  0.95  and  intermediate  values  of  jnp,  constant  val¬ 
ues  of  I  are  obtained.  These  are  followed  by  minima  (which 
are  zero  at  d  ■  r)  and  by  abrupt  increases.  For  these  values 
of  (pif 2  and  for  r2  -  0.65  and  0.25,  these  minima  either  are  less 
pronounced  or  do  not  appear  at  all. 

Finally,  when  1/r2  >  [n|2  2  r2  (e.g„  |n|  »  1  for  r2  »  0.95  or 
r2  *  0.65  and  r2  =  0.25),  regenerative  amplification  takes 
place. 

6.  CONCLUSIONS 

We  have  investigated  theoretically  the  fields  generated  by  an 
interferometer  of  the  Fabry-Perot  type  but  with  one  of  the 
plates  replaced  by  a  PCM. 

We  mede  a  comparison  of  this  system  with  the  ordinary 
interferometer  that  was  studied  fully  by  Kastler,  and  we 
concluded  that  the  system  with  a  PCM  can  generate  more 
intense  fields  than  the  ordinary  cavity  with  the  ordinary 
mirrors  having  the  same  reflectivities. 

When  the  interferometer  is  filled  with  a  gain  medium,  we 
obtained  stringent  conditions  that  allow  the  cavity  to  work 
as  a  regenerative  amplifier:  No  perfect  conjugation  at  the 
PCM  must  take  place  [i.e..  d  should  be  different  from  zero,  or, 
if  Uij  *  exp(f  do),  d  should  be  different  from  2do],  and  the  re¬ 
flectivity  |pj 2  must  be  in  the  range  r2  “  |p|2  <  1/r*. 

For  large  values  of  r2,  [gil2  »  1  is  a  very  good  value.  As  d 
increases  from  0  to  »,  the  amplification  increases  until  the 
ordinary -cavity  situation  is  reached  at  d  =  r. 

A  Fabry-Perot  interferometer  with  a  PCM  permits  the 
determination  of  the  phase  of  the  incident  wave.  When  V 
=  exp(ipo),  y  m  0,  and  p  =  r  (d  *  0),  then  Eq.  (44)  yields  (d  — 
d  —  2do). 

2r2 

1 3  ;ri"2\2 11  (48) 

(1  +  r2)  2 

hence  the  output  intensity  depends  in  a  simple  way  on  the 
phase  do  of  the  incoming  wave.  The  measurement  of  /  thus 
may  provide  information  of  do 

It  is  clear  that  a  Fabry-Perot  cavity  with  a  PCM  has  some 
remarkable  properties  that  also  deserve  to  be  investigated 
experimentally. 
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ABSTRACT 

Infrared  one-dimensional  lE-W  and  N-S)  speckle  interferometric  observations  centered  on  HD  44179  Ithe 
"Red  Rectangle")  reveal  spatially  resolved  extended  emission  at  K.  L.  and  M.  of  l.e  diameter  I "05  N-S  and 
0"4  E-W.  as  well  as  a  central  source  of  1  e  diameter  0"2.  Polarimetry  at  K  with  a  beam  size  encompassing 
both  sources  was  also  obtained:  the  low  resultant  polarization  suggests  that  scattering  off  grains  associated 
with  the  bipolar  flow  is  not  a  plausible  source  of  the  infrared  emission.  The  spatially  resolved  extended  emis¬ 
sion  is  elongated  in  the  direction  of  the  bipolar  flow  and  is  interpreted  as  thermal  dust  emission. 

Subject  headings:  infrared:  sources  —  interferometry  —  nebulae:  individual  —  polarization 


I.  INTRODUCTION 

Since  the  discovery  iCohen  et  at.  1975)  of  the  bipolar  nebula 
associated  with  HD  44179  (the  "Red  Rectangle")  and  the 
infrared  source  AFGL  915.  an  increasing  number  of  bipolar 
nebulae  with  bright  central  infrared  point  sources  have  been 
identified.  It  is  now  clear  that  all  these  objects  do  not  represent 
the  same  phenomenon.  A  large  number  of  bipolar  nebulae  are 
apparently  associated  with  evolved  mass-losing  stars  and  may- 
even  be  -  protoplanetary  nebulae  “  as  proposed  by  Zuckerman 
et  at  (19'6l  and  supported  by  Calvet  and  Cohen  (1978). 
However,  young  objects  are  also  associated  with  bipolar  phe¬ 
nomena  on  various  scales.  e.g„  L155I  IRS  5  (Beichman  and 
Harris  1981)  and  S106  (Pipher  et  al.  1976i.  Icke  (1981)  has 
demonstrated  that  bipoiar  shapes  arise  from  a  biconicai 
outflow  above  a  disk  geometry  -  for  example.  Bally  and  Scoville 
1 1982)  observe  a  constraining  disk  for  the  bipolar  flow  in  S 106. 

The  Red  Rectangie  is  a  peculiar  obiect  in  a  number  of  ways, 
and  is  to  date  unique.  Some  of  its  properties  are  outlined 
below 

1.  The  optical  nebulosity  differs  at  various  wavelengths,  but 
the  bipolar  nature  is  best  outlined  with  a  red  filter,  and  is 
predominantly  a  N-S  bicone  (Cohen  et  at.  1975):  spikes 
tangent  to  the  edge  of  the  bicone  are  observed,  implying  that 
material  in  the  nebula  is  distributed  in  an  optically  thin  shell 
rather  than  throughout  the  biconicai  volume  (Webster  1979). 

2.  The  visible  object  at  the  center.  HD  44179.  contains  a 
weil-established  binary  The  most  recent  published  determi¬ 
nation  is  a  separation  of  0"20  p  0"02  at  a  position  angle  of 
146  p  3'  in  1981.57  by  Meaburn  et  al.  (1983).  The  near- 
euuality  of  the  two  components  makes  it  difficult  to  determine 
the  orbital  elements,  but  Meaburn  et  ai.  propose  a  plausible 
progression  of  the  position  angle  with  time. 

3  The  visible  siansi  have  been  tentatively  identified  as  spec- 
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tral  class  -  B9-.40  III  by  Cohen  et  al.  (1975),  although  a 
normal  B-star  atmosphere  cannot  be  fitted  to  the  spectrum, 
because  of  the  large  observed  Balmer  jump  and  infrared  excess. 
Greenstein  and  Oke  (1977)  provide  two  alternative  models  of 
HD  44179,  one  a  B  star  with  an  extended  neutral  shell,  and  one 
an  unusual  Population  II  F  giant.  The  UV  spectra  of  HD 
44179  show  features  in  emission  and  absorption  unlike  those  of 
other  earlv-type  stars  with  circumstellar  shells  iSitko.  Savage, 
and  Meade  1981:  Sitko  1983'.  At  wavelengths  s  1600  A.  there 
is  a  precipitous  decline  in  flux:  the  distribution  of  flux  at  wave¬ 
lengths  <  1400  A  sugeests  that  the  star  has  a  spectral  tvpe  of 
-A0. 

4.  An  optical  spectrum  of  the  nebulosity  includes  a  peculiar 
broad  red  emission  feature  wnich  Schmidt,  Cohen,  and 
Margon  11980)  and  Warren-Srrvth.  Scarrott.  and  Murdin 
11981)  have  resoived  into  narrow  emission  lines  from  a  very 
low  excitation  plasma,  in  addition  to  diffuse  features  which 
remain  unidentified  out  may  be  carbon-nch  moiecuiar  emis¬ 
sion.  This  feature  is  shown  by  Schmidt.  Cohen,  and  Margon 
(19801  and  Perkins  et  ai.  tl981l  to  be  nebular  emission  rather 
than  scattered  starlight. 

5.  Infrared  spectroscopy  of  the  point  source  reveals  a  signa¬ 
ture  quite  different  from  those  of  other  protoplanetary  nebula 
or  pre-main-sequence  candidates.  High-resoiutton  near-IR 
observations  by  Thronson  1 19821  of  the  Red  Rectangle  show  a 
featureless  spectrum  from  1.5  to  2.3  yim.  although  there  is  pos¬ 
sible  marginal  detection  of  three  At-  =  2  overtone  CO  bands. 
This  is  in  contrast  to  spectra  of  candidate  protoplanetary 
nebulae  GL  2688  and  GL  618.  which  are  dominated  bv  molec¬ 
ular  hydrogen  emission,  and  HM  Sge.  which  exhibits  weak 
lines  in  ihe  Brackett  series.  The  infrared  photometry  to  2'  qm 
of  the  infrared  point  source  in  the  Red  Rectangle  shows  a 
broad  infrared  excess,  not  identifiable  with  a  single,  cool  black- 
body  temperature  (as  is  the  case,  for  example,  with  GL  2688: 
Nev  et  al.  1975).  If  the  infrared  radiation  is  thermal  emission,  it 
is  optically  thin:  this  is  supported  by  ihe  presence  of  unidenti¬ 
fied  emission  features  at  3.28.  6.2,  7.7.  3  6.  and  11.3  qm.  nor¬ 
mally  associated  with  optically  thin  ihermu.  rust  emission  in 
planetarv  nebulae.  H  n  regions,  and  reflection  •'.ecuue. 
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6.  The  low  polarization  of  the  blue  scattered  light  within  the 
bipolar  nebula  can  be  understood  from  the  polarimetric  maps 
of  Perkins  er  al.  119811  and  Lacasse  (1984).  Substantial  polar¬ 
izations  i  -  30%  i  are  observed  along  the  spikes  and  just  outside 
the  bicone,  while  values  of  5%-l0%  are  common  in  the  nebula 
itself. 

7.  Geldzahler  and  Cohen  (19831  give  air  upper  limit  of 
0.09  mjv  at  1.5  and  4.9  GHz  to  radio  emission  from  their  VLA 
observations  of  the  Red  Rectangle,  and  similarly  only  an  upper 
limit  to  the  i:CO  J  =  1-0  line  emission  was  obtained  (L.  Blitz, 
as  quoted  by  Schmidt.  Cohen,  and  Margon  1980). 

Previous  investigators  have  proposed  the  following  model 
for  bipolar  nebulae.  The  central  star  is  located  in  an  equatorial 
disk  (or  torus)  which  may  obscure  the  star  in  the  visible  if  the 
disk  is  sufficiently  dense.  If  viewed  edge-on  or  at  a  slight  incli¬ 
nation.  the  star  may  be  visible  and  the  bicones  may  exhibit 
differing  intensities.  The  central  object  is  often  a  strong  infrared 
source.  A  thin  cloud  of  dust  and  gas  located  on  either  side  of 
the  disk  is  responsible  for  the  bipolar  reflection  nebulae. 

tn  this  paper,  we  present  infrared  speckle  interferometry  on 
AFGL  915,  the  central  source  associated  with  HD  44179.  as 
well  as  infrared  polarimetry  of  the  point  source  and  the  sur¬ 
rounding  nebula  These  observations  serve  to  refine  models  of 
this  enigmatic  object. 

II.  OBSERVATIONS 

The  Red  Rectangle  was  observed  in  1981  December  and 
1982  May  using  the  K.itt  Peak  Infrared  Speckle  Interferometer 
on  the  3  3  m  Mavall  telescope.  One-dimensional  measurements 
were  made  at  K  |2.2  ami.  L  (3.5  qmi.  and  \l  (4.9  umi  with  E-W 
scans  and  at  K  and  L  with  N-S  scans. 

The  technique  of  one-dimensional  infrared  speckle  interfer¬ 
ometry  is  well  established  iSibille.  Chelli.  and  Lena  19791. 
although  several  observational  problems  remain,  some  of 
which  are  discussed  below.  A  scanning  secondary  miiTor  is 
used  to  sweep  the  image  across  a  selectable  narrow  siit  at  a  rate 
of  50"-100'  s‘ 1  The  detector  was  the  Kati  Peak  ”  111"  InSb 
photometer,  cooled  to  liquid  helium  temperatures.  Each  scan 
consisted  of  128  data  points  wnose  angular  sampling  interval 
was  selected  to  give  roughly  25%  oversampling  compared  with 
the  Nyquist  rate.  Table  1  summarizes  the  scan  parameters  at 
K.  L.  and  A/. 

In  a  tvpicai  observation  sequence.  1000  scans  of  the  object 
would  be  made  i  -  150  si,  followed  by  a  similar  number  of  scans 


on  the  sky  and  a  reference  object  IBS  2305  at  K.  and  L.  z  CMa 
at  .l/i.  This  was  repeated  up  to  5  times.  On-iine  data  reduction 
enabled  the  quality  of  observations  to  be  estimated,  although 
all  the  data  presented  here  are  the  result  of  off-line  data 
reduction.  The  operation  of  the  ICitt  Peak  Speckle  Interferome¬ 
ter.  scanning  secondary  and  on-line  data  analysis,  is  controlled 
by  a  computer  program  written  by  D.  Conners. 

Data  reduction  consisted  of  computing  an  estimate  of  the 
"  power  spectrum  “  (i.e..  the  average  squared  modulus  of  the 
discrete  Fourier  transformi  of  object,  sky.  and  reference  scans, 
subtracting  the  sky  power  spectrum  from  those  of  the  object 
and  reference,  and  finally  dividing  the  corrected  object  power 
spectrum  by  the  corrected  reference  power  spectrum  to  yield 
an  estimate  of  the  power  spectrum  of  the  object  intensity.  This 
resultant  one-dimensional  power  spectrum  is  a  section  through 
the  origin  of  the  two-dimensional  jsower  spectrum  at  an  angle 
dependent  on  the  scan  direction.  Figure  1  summarizes  the  data 
obtained  on  the  Red  Rectangle,  and  gives  some  idea  of  the 
random  errors  inherent  in  this  observational  technique. 

Average  object  power  spectra  corresponding  to  the  five  sets 
of  observations  are  shown  in  Figure  2.  Denoting  the  estimate 
of  the  power  spectrum  of  the  sky-corrected  object  scans 
by  P ,  t J  \  and  that  of  the  sky-corrected  reference  scans  by 
P ,i fi  then  Figure  2  shows  averages  of  the  form  av  [P,( /)], 
av  [£.(/)];  the  average  of  the  curves  shown  in  Figure  1.  i.e.. 
av  [£,(/)  P.l /!],  is  a  biased  estimate  of  the  object  power  spec¬ 
trum  when  there  is  substantial  variability  in  the  data. 

It  is  impossible  to  determine  a  unique  object  profile  from  a 
knowledge  of  the  object  power  spectrum.  We  have  fitted  a 
symmetric  model  of  the  object, 

consisting  of  two  Gaussian  profiles,  to  the  observed  object 
power  spectra:  the  best-fit  power  spectra  are  shown  in  Figure 
3a.  There  Wj  =  0"52.  U\  =  0"t,  and  F  =  0.58  for  N-S  scans, 
while  Wj  =  O'  2,  IF.  =  O'T.  and  F  -  0.58  for  E-W  scans,  where 
the  IV  are  1  e  radii.  The  object  profiles  along  the  N-S  and  E-W 
axes  are  shown  in  Figure  jb:  it  must  be  stressed  that  while 
these  object  profiles  are  consistent  with  the  observed  power 
spectra  data,  they  are  only  one  possible  object  distribution. 

In  summary,  the  speckle  measurements  reveal  the  following: 

1.  The  Red  Rectangle  is  clearly  resolved  N-S  and  E-W.  The 


TABLE  I 


Scan  Parameters 


Parameter 

K 

1981  Dec 

K 

1982  May 

L 

Vf 

Mean  wavelength  a  t ^tni  . 

v  2 

5.45 

4.8 

DiiTraction-iirmted  angular  frequency  01 

}  S  m  aperture.  ;a,lf  larcsec  *  ‘j  . 

%A 

8.4 

5  3 

3.8 

Samolme  interval  Sx  iarcseci 

0.076* 

0.047 

0.073 

0.105 

Samoiins  interval  it  >si 

0.00 1 

0001 

0  001 

0.001 

Max  ooservaoie  trequenev  m  power  spectrum. 

■  1  lij  urcsec  ‘  . 

6.6* 

10.' 

6.3 

4  7 

Sarrtouneinter'ai  m  power  spectrum. 

U  ■  1  1  ZSAz  larcsec'  l>  . 

0.102* 

0.167 

0.106 

0.074 

Slit  width  iarcseci: 

N-S  . . 

0.09 

0.09 

0.13 

E-W  . . 

009 

0.09 

0.13 

0.21 

■  The  scan  parameters  were  not  optimized  in  the  1981  December  observations,  owing  to  a  calibration 
error  discovered  afterward. 
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Fig.  i— Summary  of  a)]  measurement  of  the  power  spectrum  of  the  Red  Rectangle 

mare  of  the  power  spectrum  indicates  that  the  object  intensity  length,  in  the  range  2.2— 1.8  am.  was  detectable,  although  our 

s  more  concentrated  toward  the  center  than  a  single  Gaussian  probable  errors  in  diameter  estimates  are  '  20% . 

•vouid  predict.  Fitting  a  double  Gaussian  model  for  the  object  Polarimetnc  observations  at  K  of  the  Red  Rectangle  were 

to  the  observations  indicates  the  presence  of  a  ipossiblvj  obtained  in  1980  October  on  the  2.1  m  telescope  using  the  Blue 

centro-symmetnc  concentration  of  intensity  of  diameter  0"2  Toad  Rapid-Poi  polarimeter.  Observations  on  HD  44179.  as 

arc  an  asymmetric  distribution  of  intensity  of  diameter  0"4  well  as  8"0  north,  south,  east,  and  west  of  the  start  s)  were 

E-'-Vund  DOS  N-S  ii.e..  the  eiongauon  is  along  the  N-S  axisl.  obtained  with  a  10"  beam  and  a  beam  separation  of  80"  N-S.  In 

2.  No  •>.  nematic  ariation  if  ttte  power  spectra  with  wave-  addition,  muitiaperture  polarimetnc  observations  at  K  were 


No.  1  1985 


[R  observations  of  red  rectangle 


Fig.  2.— Average  power  spectra  foi  ach  observation  night  of  the  Red  Rectangle.  Dasnen  nes  K  waselength:  soitd  line:  L  wavelength:  Jot-dash  i line:  V/ 
*aveiengih 


obtained  in  1982  September  with  the  same  instrument.  Instru¬ 
mental  polarization  was  determined  by  observing  several 
unpolarized  stars,  and  corrections  for  the  instrumental  polar¬ 
ization  have  been  applied  to  the  data.  The  efficiency  of  the 
system  and  the  zero  position  angle  correction  were  measured 
by  obtaining  observations  of  VI  Cygni  No.  12  and  Walker  67. 
Photometric  data  are  aiso  extracted  from  the  polarimetrv.  and 
the  results  are  presented  graphically  in  Figure  4.  The  central 
source  is  0.3%  polarized  at  K.  with  a  position  angle  of 
-  2\  A  previous  polarization  measurement  by  Jones  and 
Dyck  1 1978)  at  K  gave  a  polarization  of  0.5%  ±  0.2%.  and 
their  position  angle  Imeasured  at  J)  was  0  =  45;  ±  V.  While 
nebulosity  8"  from  the  central  source  is  slightly  more  polarized, 
we  do  not  find  the  Red  Rectangle  to  be  similar  to  typically 
hiehlv  polarized  bipolar  nebulae  ie.g..  AFGL  2688.  NGC  2261. 
jnc  S 106. 


at.  discussion 

Previous  IR  photometry  and  spectrophotometry,  as  well  as 
the  polarimetrv  reported  here,  of  the  central  region  around  HD 
44179  were  obtained  with  observing  apertures  larger  than  the 
largest  dimension  resolved  here  ( 1  "05V  Russell.  Soit'er,  and 
Wiilner  1 1973.  hereafter  RSW),  illustrate  combined  spectra 
from  2  to  14  um.  attribute  the  observed  radiation  to  thermal 
dust  emission,  and  point  out  that  the  emission  is  broader  than 
that  from  a  single-temperature  blackbody.  as  had  been  pre¬ 
viously  noted  by  Cohen  et  al.  1 1975).  For  example,  at  >.  -  3  /im, 
the  gray  body  color  temperature  is  ^900-1000  K.  while  at 
/.  -  lO.um.  it  is  ^  500  K..  Since  HD  44179  is  apparently  bipolar 
nearly  in  the  plane  of  the  sky.  they  conclude  that  the  dust 
emission  detected  from  2  to  14  um  must  be  optically  thm.  This 
conclusion  is  substantiated  by  the  observed  presence  of  the 
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Fig.  3.— Besi-fii  moaeis  to  the  experimental  data  of  Fie.  2 


unidentified  emission  features  generally  associated  with  opti¬ 
cally  thin  dust  emission  nebulae. 

RSW  attributed  most  of  the  near- 1 R  emission  to  a  reddened 
central  star,  and  by  assuming  a  brightness  temperature  no 
higher  than  the  500  K.  color  temperature  derived  for  the  nebu¬ 
losity  in  their  beam,  deduced  from  the  observed  flux  density  a 
diameter  in  excess  of  0"  1. 

Our  speckle  measurements  of  the  power  spectrum  can  be 
inonuniqueiv)  modeled  by  a  two  Gaussian  components,  one 
with  1  e  diameter  0"-  and  another  of  total  size  0"4  E-W  by 

I  "05  N-S.  We  find  no  systematic  variations  of  the  power 
spectra  with  wavelength.  In  fact,  we  cannot  easily  model  the 
intensity  associated  with  each  component  because  we  have  no 
a  priori  knowledge  of  the  geometry.  What  seems  clear, 
however,  is  the  separation  into  a  central  component  and  an 
elongated  component.  We  presume  that  the  ** central”  object 

I I  e  diameter  *  0"2)  is  identifiable  with  an  extensive  shell 
around  the  starisi  HD  44|”9  and  that  the  extended  emission 


(0"4  E-W  by  l "05  N-S)  represents  an  axisymmetric  distribution 
of  dust  surrounding  the  central  object.  Both  the  lack  of  detect¬ 
able  tree-tree  radio  emission  and  the  color  temperature  rule  out 
a  free-free  component.  Although  RSW  considered  only  thermal 
emission,  there  is  a  distinct  possibility  that  the  observed 
infrared  radiation  associated  with  the  bipolar  flow  could  be 
due  to  dust  scattering  in  the  lobes  north  and  south  of  the  torus. 
For  example,  many  protopianeiarv  nebulae  exhibit  large 
infrared  polarizations  in  the  bicone  Te.g..  NGC  2261.  P K  - 
16%:  Jones  and  Dyck  19"$).  as  do  young  objects  like  S 1 06 
i PK  =  20°%  Lacasse  et  j i.  1981).  The  nebula  OH  0739-14 
(Allen  et  ai  19S0j  has  been  spatially  resolved  into  a  late  M  star 
and  an  1R  reflection  nebuia  (Forrest  et  aU  in  preparation),  and 
exhibits  polarization  PK  =.29%,  (Kobayashi  1978).  We  now 
consider  the  evidence  for  scattering  versus  thermal  emission  in 
the  Red  Rectangle. 

We  have  obtained  polanmetry  at  K  with  a  10"  ^eam  cen¬ 
tered  on  the  central  object,  as  well  as  positions  '  from  '-he 
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Fig.  A— Polanmetry  of  the  Red  Rectangle  at  5.5  am.  The  heavy  solid  lines 
are  in  the  direction  of  the  polarization  vector,  and  the  lengths  are  proportional 
to  the  polarization.  The  light  lines  indicate  the  uncertainty  in  polarization 
angie.  the  number  above  each  vector  represents  the  K-magnnude  at  that 
beam  position. 

center,  cast.  west,  north,  and  south.  The  polarimetrv  of  the 
central  object  t which  includes  the  two  components  spatially 
resolved  here!  yields  P  =  0.3%  and  t)  -  45-'  This  result  is  in 
agreement  with  the  earlier  measurements  by  Jones  and  Dyck 
1 I9*8i  at  K  as  weli  as  their  position  angle  at  J  In  addition.  »e 
obtained  multiaperture  poiarimetry  at  K.  centered  on  HD 
44179.  with  apertures  of  6"~20".  and  the  polarization  and  posi¬ 
tion  angles  were  identical  within  the  errors.  Although  the 
intensity  level  8"  away  from  HD  +4179  is  extremely  low.  we 
find  the  polarization  level  to  be  only  ~  I  ’,i-2°b  north  and 
south  of  HD  ++179.  If  the  IR  scattering  is  similar  to  the  scat¬ 
tering  in  the  blue,  conditions  favorable  for  higher  polarization 
occur  only  along  the  btcone  in  the  bipolar  nebula.  Thus, 
although  we  cannot  discount  the  possibility  of  scattering  in  the 
bipolar  regions  8“  from  HD  4+179.  we  cannot  on  the  basis  of 
these  observations  prove  it.  either.  However,  since  both  com¬ 
ponents  spatially  resolved  by  speckle  interferometry,  namely, 
the  elongated  source  of  size  0"4  E-W  bv  1  "05  N-S  observed  at 
K.  L.  and  Vf.  as  well  as  the  0"2  diameter  central  object,  were 
included  in  the  beam  used  for  the  polarimetric  observations 
centered  on  HD  +4179.  we  show  below  that  dust  scattering 
plays  only  a  minor  role  in  that  observed  emission.  Our  K  band 
polanmetry  can  be  considered  in  conjunction  with  the  obser¬ 
vation  at  J  by  Jones  and  Dyck  1978),  and  the  visual  poiar¬ 
imetry  obtained  by  G.  V  Coyne,  as  reported  in  Cohen  et  al. 
(1975).  Coyne  accounted  for  his  observations  with  a  three- 
component  model  consisting  of  a  small  circumstellar  electron- 
scattenng  component  (approximately  neutral)  with  P  *  0.97% 
and  9  =  43 '.  an  interstellar  component,  and  a  small  dust¬ 


scattering  component  at  t)  =  8:  along  the  long  axis  of  the 
nebula.  If  Coyne's  model  is  correct,  the  near-IR  polarization  is 
due  predominantly  to  electron  scattering  from  an  asymmetric 
distribution  of  circumstellar  material.  The  puzzle  about  this 
interpretation  is  the  peculiar  angle  of  this  asymmetry  as  com¬ 
pared  with  the  N-S  bipolar  nebula  and  the  inferred  E-W  torus. 
Another  interpretation  is  based  on  the  poiarimetry  of  Perkins 
ei  al.  (1981),  which  shows  relatively  higher  polarizations  along 
the  bicone,  where  enhanced  densities  in  the  dust  distribution 
are  inferred.  Since  one  axis  of  the  bicone  is  approximately 
perpendicular  to  6  =  43‘.  an  enhancement  in  dust  density 
along  that  axis  close  to  the  source  might  result  in  polarization 
perpendicular  to  that  axis  as  the  dominant  polarization.  In  any 
event  the  small  magnitude  of  the  polarization  at  K  precludes 
substantial  right-angle  scattering  in  a  particular  direction.  For 
example,  if  the  emission  from  the  observed  0"4  E-W  by  I  ”05 
N-S  component  were  due  to  right-angle  scattering  off  dust  in 
small  lobes  0"52  north  and  south  of  the  torus,  the  polarization 
at  K  would  be  substantial  and  at  a  position  angle  of  approx¬ 
imately  90‘  (see.  e.g..  Elsasser  and  Staude  19781.  Thus  we 
suggest  that  both  the  emission  associated  with  the  symmetric 
shell  around  HD  44179.  and  that  associated  with  the  bipolar 
extended  material  are  due  to  thermal  dust  emission.  That  con¬ 
clusion  is  strengthened  bv  the  color  temperatures  observed  bv 
RSW. 

A  dust  gram  situated  0"5  from  the  central  starts)  will  attain  a 
cooler  temperature  than  a  grain  in  the  circumstellar  shell  at  0"  1 
from  the  star.  The  grain  temperature  will  vary  with  distance  d 
as  4  if  the  IR  grain  emissivity  is  proportional  to  and  as 

d‘°  33  if  the  grain  emissivity  is  proportional  to  /. * 3  Thus  the 
grain  temperature  at  d  =  0"5  will  be  0.53  (0.59)  times  the  grain 
temperature  at  d  =  0"1.  corresponding  to  1  (/. *:)  emissivity. 
The  range  of  color  temperatures  observed,  nameiy,  500-1000 
K  by  RSW.  fits  this  hypothesis  well  as  long  as  the  thermal  dust 
emission  associated  with  the  bipolar  flow  region  is  optically 
thin. 

Are  dust  temperatures  of  this  magnitude  realistic  ’  Following 
Cohen  et  al. :  19'5).  we  assume  that  the  binary  star  components 
are  identical,  of  type  A0  III,  with  boiometnc  luminosities  of 
-  360  Lz  each.  The  observed  boiometnc  flux  (integrating  the 
IR  spectrum  and  exttapoiatmg  to  unmeasured  longer  IR  wave¬ 
lengths  as  in  Cohen  e:  ai:  :s  -  3  <  10'"  ergs  cm s' 7  so  that 
the  distance  corresponding  to  the  boiometnc  luminosity  is 
D  -  280  pc.  The  IR  optical  emission  ratio  is  -  12.  which  sug¬ 
gests  .4,.  -  2.7  mag.  and  this  is  probably  due  to  the  small  dust 
torus  normally  associated  with  bipolar  nebulae.  At  a  distance 
of  280  pc.  the  observed  spatial  scales  of  0’T  and  0”5  from  the 
starisl  correspond  to  4  x  I0‘*  and  2  *  10‘5  cm.  respectively.  If 
the  grain  emissivity  ratio  «,*  eop,  is  0.1  1 0.0 II.  grain  tem¬ 
peratures  of  1580  K  (890  Ki  are  expected  at  a  distance  0"1  from 
the  starts)  and  700  K  |400  K.I  at  a  distance  0'5  from  the  starisl. 
Hence  dust  temperatures  within  the  500-1000  K  range  are 
entirely  reasonable. 

IV.  CONCLUSION 

Speckle  interferometric  ooservations  centered  on  HD  441  "9 
at  K.  L.  and  M  reveal  spatially  resolved  information  on  this 
source.  The  data  are  ompatible  with  a  model  consisting  of  a 
central  source  of  1  e  diameter  0'2  and  extended  emission  1  "05 
N-S  by  0"4  E-W.  Poiarimetry  at  K  including  boih  sources  in 
[he  beam  is  inconsistent  with  scattering  as  the  mam  source  of 
the  observed  emission  in  the  infrared.  We  show  that  thermal 
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emission  by  dust  is  a  plausible  source  of  the  observed  emission. 
Poiarimetric  IR  speckle  observations  would  allow  quantitative 
estimates  of  the  role  played  by  scattering  in  the  extended  emis¬ 
sion  region.  If  the  extended  emission  is  associated  with  the 
bipoiar  lobes,  as  seems  reasonable,  then  scattering  is  expected 
to  contribute  partially  to  the  emission.  With  the  present  data  it 
is  impossible  to  build  a  quantitative  model  of  the  source, 
because  of  the  unknown  geometry  and  the  lack  of  a  complete 
set  of  spatially  resolved  spectroscopic  observations.  An  ellip¬ 
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A  proof  of  uniqueness  of  phase  retrieval  for  a  certain  class  of  objects  is  given,  based  on  Eisenstcin  s  irreducibility  criterion. 
Some  consequences  are  discussed. 


5 

t  ' 


The  uniqueness  of  phase  recovery  for  two  dimen¬ 
sional  positive  sampled  functions  can  be  assessed 
from  the  irreducibility  of  the  so-called  object  poly¬ 
nomial  whose  coefficients  are  sampled  values  of  the 

object  [ I  — 3 1 .  \umn),  m  =  0.  1.2 . M.n-  0.  1.2. 

.....V: 


F<:, . :,) 


M  ,V 

.  y1  5^  n  -7i -n 

■  C-l  — f  aTOI- 1  -3- 

mm0  n*0 


tn 


where  the  {amH;  are  real  positive  numbers. 

It  was  recently  proposed  by  Fiddy,  Brames  and 
Dainty  [4j  that  Eisenstern's  irreducibility  criterion 
[5  j  of  one  dimensional  polynomials  can  be  applied 
to  two  dimensional  ones  by  writing  (1 )  as  a  poly¬ 
nomial  in  one  of  the  variables  with  coefficients  be¬ 
ing  polynomials  in  the  other  variable  in.  namely: 

M 

*r„r2)»S  12) 

mB  0 


*here  the  coefficients  are 
.v 

fm(z2)=  S  W2-  13) 

n*0 

1  On  i<av«  from  Institute  <J«  Opuca.  Serrano  121.  2S006 
Madrid.  Spam. 
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This  generalisation  is  not  evident  and  no  proof  was 
given  ia  ref.  [4],  In  this  note  we  give  a  proof  of  this 
proposition. 

For  the  sake  of  clarity,  we  shall  first  quote  the 
Eisenstein  irreducibilitv  criterion  in  its  usual  form 

(51- 

Eisenstein 's  Criterion:  Given  a  univariate  poly¬ 
nomial  F(:i  with  integer  coefficients. there  exists  a 
prime  p  in  Z  tZ  being  the  ring  of  integers),  suen  that 
0)  p  does  not  divide  the  leading  coefficient  of  F(z). 
(ri)p  divides  all  other  coefficients  of  F(z)  3hd  (iii) 
p~  does  nor  divide  the  coefficient  of  the  term  in  ra, 
then  Ffrjrs  irreducible  over  the  integers  (and.  by 
Gauss’  theorem  [5 ) .  over  the  ring  Q  ot  rationalsi. 

To  see  the  generalisation  proposed  in  ref.  [4| 
with  the  above  formulation  of  the  criterion,  we  next 
quote  it  m  the  form  iiven  by  van  der  Waerden  (ref. 
[61.  p.  95) 

Eisenstein  s  Criterion  vender  Waerden r  Let  G  re 
an  inregrai  domain  Jo]  aim  identity  eiement  m 
which  unique  factorisation  holds  Let 

M 

FT;)  »  E  !m:n  (4) 

m*0 

be  a  poivnomial  with  coefficients/^  .n  G  If  there 
exists  j  prime  eiement  p  r.  G  ,-ur.  *::jt  . ;  p  does 
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not  divide  /Vf,  (ii)  p  divides  ail  other  elements  fm ,  m 
3=  M  and  (iii)  p-  does  not  divide /0 ,  then  Fit)  is  irre¬ 
ducible  in  the  set  of  polynomials  with  coefficients 
over  G,  except  for  constant  factors. 

Let  us  observe  that  since  Z  (and  G)  are  integral 
domains,  the  first  form  of  the  criterion  is  a  particular 
case  of  the  second  formulation.  Moreover,  from  this 
more  general  form  of  the  criterion  we  infer  the  follow¬ 
ing  corollary  of  interest  in  our  problem  which  consti¬ 
tutes  the  formulation  of  the  criterion  given  in  tef. 

[5): 

Corollary-.  Consider  the  polynomial  F{zl ,  a,)  as  a 
polynomial  in  the  main  variable  r(  with  coefficients 
fm(.:2)  as  in  eqs.  (2)  and  (3),  the  amn  belonging  to 
the  field  C  of  complex  numbers.  If  ' there  exists  a 
prime  factor  p\z2)  such  that:  ii)  p(z2)  does  not  divide 
to  fy/(z2).  (ii)  pi  :  divides  any  other  fm(z2  ).  m 
(iii)p2(a,)  does  not  divide  f0 (a,),  then  FI a, ,  :2)  is 
irreducible  over  the  set  C(zt]  of  one  dimensional  po¬ 
lynomials  with  coefficients  in  C,  i.e.  is  irreducible  in 
the  set  C{; ( ,  z2)  of  two  dimensional  polynomials 
with  coefficients  in  C.  apart  from  factors  being  poly¬ 
nomials  in  . 

Proof.  The  set  of  polynomials 

.V 

ws 

wnh  amn  in  the  fieid  C  is  an  integrai  domain  with  the 
identity  element  I.  with  unique  factorization  fsee  e.g. 
tef.  (:  j.  p.  136):  therefore  this  set  satisfies  the  require¬ 
ments  for  the  three  conditions  of  the  criterion. 

.As  quoted  in  ret.  [4j,  the  only  prime  in  C(a-.l  is 
of  the  form  z2  +  b.  with  b  in  C:  this  leads  to  the  con¬ 
figuration  of  fig.  1  of  ret.  (4)  for  an  Eisenstein  ob¬ 
ject.  However,  if  one  is  interested  only  in  real  func¬ 
tions  fix.  y)  then  the  coefficients  /*,(:•>)  will  be  in 
the  integrai  domain  R[za]  of  one  dimensional  poly¬ 
nomials  with  real  coefficients.  Then  a  prime  factor  in 
R[c3],  satisfying  the  three  conditions  of  the  criterion, 
will  be  a  polynomial  with  real  coefficients,  irreducible 
in  -S(c>  j.  .Also,  the  irreducibility  of  FTcj ,  z- 1  in  the 
set  z 2 1  of  two  dimensional  polynomials  with 
real  coetficients  is  guaranteed  apart  from  factors  that 
are  polynomials  in  Cj.  This,  so  far  not  quoted  for 
Eisenstein's  objects,  is  important  since  it  accounts  for 
the  possibility  of  repeatability  0/  a  support  in  the  re¬ 
direction  by  discrete  steps,  and  its  subsequent  ac„;- 
tion.  For  instance,  if  G( Ci .  :2 )  is  a  polynomial  which 


represents  the  c  transform  of  an  Eisenstein  object, 
then 

F(c1.c:)  =  fa:t  *bz2  *  c)G(zl ,  :2) 


also  represents  an  Eisenstein  object  and  corresponds 
to  the  sum  of  C(c, .  »,)  taken  with  weight  c,  shifted 
along  Cj  one  step  with  weight  b  and  shifted  two  steps 
with  weight  a. 

The  example  given  by  Bruck  and  Sodin  ( 1  ]  in 
which  a  reference  point  is  placed  to  one  side  of  a  one- 
dimensional  array  F(:[ ,  :2)  -  <p:2)  *  cicf  corre¬ 
sponds  to  an  Eisenstein  object  provided g(:,)  has  at 
least  either  a  simple  real  toot  (different  from  zero  if 
n  9=  0)  or  a  simple  pair  of  complex  conjugate  roots. 
Also  a  two-dimensional  array  with  a  reference  point: 


Vf  .V 

G(:i.:2)=  2  Tj  amn:\:^ . 
m* 0  n»0 


where  Af  <  A f,  will  be  an  Eisenstein  object  providing 
G(:  j ,  :2)  may  be  decomposed  as  G(r, .  z2)  =  M(z,) 

X  .  z2).  with  .4(c,)  a  simple  factor  polynomial 
with  at  least  either  one  simple  real  root  (different 
from  zero  if  ,Y  vt  0)  or  a  simple  pair  of  complex  con¬ 
jugate  roots.  These  art  just  a  few  instances  of  distribu¬ 
tions  satisfying  the  conditions  of  the  ctitetion.  Of 
course,  any  other  case  among  the  many  that  can  satis¬ 
fy  the  three  condi'ions  quoted  above  will  correspond 
to  a  unique  solution,  apart,  of  course.  From  the  poly, 
nomial  factor  in 
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Several  theoreme  are  known  concerning  eymmatry  relation!  between  monochromatic  wive  field!  that  propagate 
either  into  the  lame  half-space  (>  >  0)  or  into  complementary  helf-ipaces  Ir  >  0  and  r  <  0)  and  that  are  complex 
conjugate!  of  each  other  in  lomt  cross-sectional  plane  >  •  comtanL  The  theorem!  derived  up  to  now  apply  only 
to  wava  fieldi  that  do  not  contain  inhomogeneotisievanescenl)  component!.  In  the  pretent  paper  two  of  the  main 
theorem!  ere  generalized  to  a  wider  daaa  of  field/  It  is  found  that  homogeneous  and  inhomogeneoua  components 
of  a  wava  field  have  quite  different  symmetry  [A  parties  under  phase  conjugation.  The  results  are  illustrated  by 
a  discussion  of  the  behavior  of  plane  waves,  both  homogeneous  end  evanescent  ones,  which  undergo  phase  conjuga¬ 
tion  followed  by  transmission  or  by  reflection. 


Paper  unavailable  at  present  time. 
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PHASE  RECOVERY  FOR  TWO-DIMENSIONAL  DIGITAL  OBJECTS 
BT  POLYNOMIAL  FACTORISATION* 


M  Nieto-Vesperinas** 

The  Institute  of  Optica 
The  University  of  Rochester 
Rochester 
NY  14(27  ,  USA 


J  C  Dainty 
Blackett  Laboratory 
Iaperlal  College 
London  SW7  2BZ,  UK 


ABSTRACT 


Phase  retrieval  for  saapled,  real,  positive  objects  In  two-dimensions 
Is  studied  from  the  point  of  view  of  factorisation  of  the  z~ transform. 
This  decomposition  is  considered  over  the  field  of  integers  for 
noise-free  autocorrelations  of  digital  objects  and  the  formulation 
provides  a  means  of  calculating  all  possible  objects  with  a  given 
autocorrelation.  A  brief  discussion  on  the  influence  of  noise  is 
carried  out  using  some  simple  examples  which  show  the  existence  of  an 
approximate  factorisation  over  reals. 


*  A  preliminary  account  of  this  work  was  presented  at  the  1984  Annual 
Meeting  of  the  Optical  Society  of  America,  San  diego.  CA. 

••  On  leave  from  Instltuto  de  Optica,  C3XC,  Serrano  121,  28004  Madrid, 
Spain. 


1 


UUBfiBflfillflM 


It  is  known1'2  that  tba  phasa  ratrlaval  problea  for  sampled  data  ia 
equivalent  to  that  of  obtaining  the  so-called  object  polynomial  which 
represents  the  z-tranafora  of  the  object  sanples  {a^},  n  -  0,1,2. . .M, 
n  »  0,1,2. ..N  ; 

M  N 

F(zi.Z2)  *  $  5  ^n  zl“  z2n  (1) 

pO  tPO 

by  finding  the  factorisation  of  the  so-called  autocorrelation 
polynomial  : 

2M  2N 

&(zy.Z2>  •  bnn  zla  z2n  <2) 

B“0  D*0 

(whose  coefficients  bon  represent  the  data)  in  the  form  : 

M  N  M  N 

Q<z1.Z2>  -  *lM  Z2N  [  5  5  amn  zla  z2n][  5  5  aa’n'  zla'  z2n'] 

m»0  jpO  a’-O  n’»0 

«  zj*1  Z2S  F(zj,Z2)  F(1/zi,1/Z2)  •  (3) 

However,  apart  from  procedures  based  on  modifications  of  the 
Qerch berg- Saxton  algorithm2,  whose  convergence  are  not  yet  well 

understood,  no  other  attempts  of  performing  such  faotorisatlon  have 

/ 

been  made,  although  recently  some  computational  results  for  small 


2- 


arrays  based  on  our  analysis  below  have  been  reported4. 

In  a  recent  paper*  we  proposed  a  test  of  uniqueness  of  the 
factorisation  in  the  absence  of  noise  for  digital  objects,  based  on  an 
analysis  of  factorisation  of  polynomials  over  the  ring  of  integers  Z, 
which  for  real  digital  ob^cta  and  noise-free  autocorrelations  was 
shown*  to  be  the  necessary  domain  of  faotorlsatlon.  Thus,  the 
coefficients  and  b^  of  Eqs.  (1)  and  (2)  are  assumed  to  be 
non-negative  integers.  In  Ref.  S  it  was  pointed  out  also  that  the 
scheme  used  for  assessing  uniqueness  of  the  reconstruction  could  be 
extended  to  find  the  factors  of  Qtzx.zq)  and  hence  the  solution(s)  to 
the  phase  problem.  The  purpose  of  this  paper  is  to  shew  how  this  is 
dons. 

This  noise-free  factorisation  is  useful  where  other  phase 
reconstruction  algorithms  are  tested  for  digital  objects.  In  this  case 
the  factorisation  procedure  proposed  in  this  paper  can  give  all 
possible  objects  with  Integer  sampling  values. 


2.  FACTORIMG  OVER  INTEGERS  IN  OME  DIMENSION 


The  procedure  of  factorizing  a  on*  dimensional  polynomial  Fix)  la  Z 
consists  of  factoring  modulo  p2  HP,  (p  prims)  by  successive  lifts  of 
faetorlsstlon  starting  modulo  p.  This  method  yields  factorisation 
modulo  an  Integer  as  large  as  one  needs.  (What  follows  is  based  on  the 
facts  quoted  in  Ref.  5  .) 

The  following  lemmas  state  how  to  lift  the  factorisations  (see  e.g. 
Refs.  6,  Ch. 11.13  and  7): 

LSM-Ji  (Hensel):  Let  p  be  a  prime  and  F(z)  a  monic  polynomial  in 
ZfzJ.  Let  gj(z)  and  hjfz)  be  two  monic  relatively  prime**  polynomials 
in  Zp[z]  such  that  F(z)  »  gj(z)  h^z)  (sod  p) .  Then  for  any  integer 
k  >  1  there  exist  polynomials  gk(z)  and  h]c(z)  in  Zqlz]  such  that 
F(z)  ;  git(a)  hit(z)  (mod  q),  where  q  *  P1*  .  Sic  2  8l  (nod  P>  and 
hjf  -  hj  (mod  p) . 

1  *’*-*  9  (Zassenhaus  extension8):  Let  p,  F(z>,  g1(z)  and  hx(z)  be  given 
as  in  Lemma  1:  for  any  integer  k  >  0  there  are  polynomials  gic(z)  and 
hi{(z)  in  Zqtz]  such  that  F(z)  i  g^z)  h^tz)  (mod  q),  where  q  -  p2'\^r' 
and  g|(  ;  gi  (sod  p)  and  h^  -  hj  (mod  p) . 

Based  on  these  lemmas  the  procedure  for  factorizing  over  Z  (or 
equivalently,  modulo  large  enough  so  that  the  coefficients  of 

F(z)  and  its  factors  are  the  same  as  those  over  Z)  is  as  follows: 


••  Footnote  If  q  is  a  natural  number  and  g  and  h  polynomials  in  Z(z] .  g 
and  h  are  relatively  prime  modulo  q  if  there  exist  polynomials  r  aad  s 
in  Z[x]  such  that  rg  +  sh  ;  1  (nod  q). 


1)  Factorize  the  sonic  F(z)  in  Zp,  the  ring  of  integers  modulo  p 

<p  prime),  by  means  of  Berlelcamp's  method7  into  two  relatively  prime 
faotors  gj  and  h*. 

2)  Write  the  difference  F(z)  -  hj  gj  where  F(z)  and  the  product  of  h^ 

and  gj  is  taken  over  integers.  Then  reduce  that  difference  modulo  p2 

obtaining  a  polynomial  k^(z)  in  p  by  extracting  p  as  a  multiple. 

3)  Find  two  polynomials  H^(z)  and  Gi(z)  such  that 

ki<z)  -  gj(z)  Hj(z)  +  h^(z)  Oj(z)  (mod  p),  the  degrees  (deg)  of  Rj 
and  Gj  being  such  that:  deg  G*  <  deg  gj  and  deg  Hj  <  deg  hj . 

4)  Build  the  new  factors  (mod  p2):  g2  “  gi  +  P2Gi  end  1»2  “  hl  +  P1hi* 

3)  Iterate  the  procedure  as  many  times  as  necessary  until  the 
factorisation  mod  p2^  coincides  with  the  factorisation  over  Z. 

The  details,  with  examples  for  the  procedure  to  factorise  a  polynomial 
F(z)  modulo  p2'Vcan  be  found  in  Section  13. B  of  Ref.  6. 


3.  F ACTORIZ ATIOS  07  ER  IMTEQEHS  OF  2^DIMEHSI0NAL  Z-TRAMSFORMS 


Based  on  the  above  Ideas,  the  factorisation  of  the  autocorrelation 
polynomial  Qtzj.zj)  into  irreducible  factors  (whose  number  is  expected 
to  be  even)  with  integer  coefficients,  or,  if  it  is  of  interest,  the 
factorisation  of  the  object  polynomial  F(zl.Z2>.  can  be  carried  out  by 
means  of  algorithms  that  generalise  univariate  polynomial  factorisation 
to  several  variables,  A  suitable  algorithm  is  that  put  forward  by 
Wang9,  which  is  an  Improved  version  of  another  method  previously 
established  by  Wang  and  Rothschild10.  The  algorithm  is  as  follows: 

Let 

P(zx.  zj)  “  Ph(zj)  +  Ph-i(*2)  ZjH-1  + . +  Po(Z2>  (4) 

be  the  polynomial  in  z^  whose  coefficients  Pffl(z2>  are: 


N 

Pb(Z2>  “  5  Cmn  Z2°  '  (5> 

n-1 

(1)  Extract  the  content3  of  P(zx.Z2>  by  obtaining  the  greatest  common 
divisor  (ged)  of  the  coefficients  PB<Z2>>  This  will  be  a  factor  in  Z2 
of  P(zx.Z2>  • 

(2)  Obtain  god(P<Zx.Z2> .  RP/dzil  *  D(zx>Z2>.  which  accounts  for 
multiple  factors  as  in  Fact  2  of  Ref.  5.  The  algorithm  can  be  carried 
out  by  factoring  D  and  P/D  separately  if  D  *  1. 


■V 


•\ 


(3)  Factorize  the  leading  coefficient  Pm< zj '  into  Irreducible  factors 
according  to  the  procedure  described  In  Section  2: 


Pm<Z2>  ”  F^Czj) . . .Fr(Z2> 

<4)  Find  an  integer  zo  such  that:  (1)  Pm(z0)  *  0.  (11)  For  each 
factor  Fa  of  P|(,  F^  -  Fi(z0)  has  at  least  one  prise  divisor  P^  whioh 
does  not  divide  any  Fj.  J  <  1.  or  the  content  of  P(Zi.zq) . 

(ill)  P(zj.zq)  has  no  repeated  factors. 

(3)  Factorize  over  integers  pp[P(zi.zo>]  “  Pi(zj) ...Pr(z^),  where 
pp[  ]  denotes  the  principal  part5. 

(6)  Denote  by  Pjj^D  (Z1.Z2)  the  polynaalal  obtained  by  substituting 
the  leading  coefficient  of  Pi(z^)  by  F^(Z2>  such  that,  of  course,  this 
leading  coefficient  1s  equal  to  Fj/zq).  Then  construct  the  function 
Xl(zj,l2) : 


sl(zl**2)  “  Pu^.-.Prr*1*  ~  P<zi.z2} 
Note  that  Rj(zi.zo)  “  0. 


Evaluate 


aRj 


3Z2 


Z2  “  zo 


7)  Find  polynomials  •i^fzj).  (1  -  l....r),  such  that 
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®l(1)P2****r  +  ®2^pl,p3-*pr  *  ®3^P1P2P4* •  *pr  * 

such  that  degUj)  <  d«g(Pi>.  (1  ■  l....r). 

(8)  Obtain  nw  approxi  nations  to  the  factors: 

Pj^®)  «  P22^  ”  »^(1)  (sj  -  sjj)  . 

(9)  Obtain  a  ow  R2(*l'z2): 

Rj(si.zj)  “  Pjj^ . . . .  Prr^2^  "  P<*1»*2^ 

and  evaluate: 

a*R2 

CjCzj)  -  i - 

azj 

In  general .  after  obtaining  Pu<®> . . .  .Prr(B)  in  the  ath  iteration  one 
Mill  evaluate: 

R«(*l#*2>  “  Pu(B),,,,Prr(B)  "  P<zl.*2> 

Rb(zx,zo>  *  0 


and: 


CB(*1> 


*0 


:iJX. 


#« 


T 


T 


i 


Then  one  Mill  obtain  polynomials  (zj)  such  that: 

. . .  Pr  +  02^®^  Pl?3  •  •  *Pj*  +  03  PjPjPe* .  .Pp  +  .... 

+  eP^*^j. . . .  Pp_i  “  Cj,(zi)  , 

so  that 

Pll(»fl)  „  Pil(n)  .  ai(B)(Z2  _  Z())m  . 

The  following  example  Illustrates  the  above,  but  of  course  the 
procedure  would  be  Implemented  on  a  computer  for  larger  arrays. 

Sample  1 

Let  us  find  all  possible  objects,  with  integer  sampling  values, 
compatible  with  the  autocorrelation  of  Table  1.  The  greatest  common 
divisor  of  Q(z1.Z2)  and  aQ(z1,z2)/3Z2  la  found  to  be  (see  e.g.  Ref.  7 
for  the  calculation  procedure) : 

aa 

P(zi,Z2>  ■  gcdtQ,  ~  J 

«  (9z23  +  9Z22  ♦  *Z2  +  D*l*  +  (3Z23  +  4Z22  +  2*2  *  D*i3 

*  (3Z2^  +  llZ23  ♦  23Z22  +  11*2  *  3)*l2 
+  <Z2*  ♦  2Z23  ♦  4Z22  +  3z2>zi  +  (Z2*  +  5Z23  +  9z22  +  9Z2> 

which  Is  a  double  factor  of  Q<z1(z2).  In  fact,  a  straightforward 
calculation  gives: 

Q(zi,Z2>  *  P(zi,Z2>2 


*<*1»*2>  la  found  to  have  no  aultlpla  fact ora. 


A 


Let  us  apply  Haag's  algorithm  to  find  the  factors  of  PCzj.zj) .  An 
analysis  based  on  tba  aetbods  of  Raf.  S  shows  that  P(2i,*2>  das  two 
factors. 

Tha  leading  coefficient  9zj3  ♦  9z22  +  Jz2  +  1  is  factored  acoordlng  to 
Section  2  as: 

Fjllj)  *  3zj  +  1 
P2(*2)  *  3z22  +  2z2  >  1  . 

An  integer  satisfying  the  conditions  of  point  (4)  of  Hang's  algorithm 
is  Zq  «  1.  Then 

P<*1.1)  ■  24z24  +  lOzj3  ■*>  S3*!2  ♦  10zj  +  24  » 

which,  using  the  procedure  of  Section  2,  factors  into: 

Pl<zi)  -  4zi2  +  zi  +  6  and  P2(*i)  “  fi*i2  +  zi  +  4  . 

Then: 

Pll*1*  (zi.z2)  «  (3z2  +  l)*i2  ♦  zi  +  6 
P22^2) “  (3z22  ♦  2*2  ♦  l)*i2  +  z2  +  4  . 

Rl(zi,z2)  Is  given  by 

Rl(*l,Z2>  -  [(3*2  +  l)*i2  +  *i  +  fi] [<3z22  +  2*2  +  l)*i2  +  *2  ♦  4) 

-  P(*i,z2) 


i 

!  t 
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-  <-S*2S  -  *3*  ♦  3*3  ♦  1>*1S  *  W*l4  -  U*2S  -  7l»l 
♦  13*3  ♦  *»*1S  ♦  <~*14  *  2**S  ~  4***  ~  3*J  *  10,*» 

(-*34  -  StJ3  "  »*22  "  9,»  *  24) 

ud 

dt*i>  -  ~  I  ‘  -»«13  "  44 *1 3  -  ~  44  * 

4*3  *j-l 

L«t  us  aov  find  poljraMl*!*  *3(1)  -  «*i  ♦  b  *»*  «jll)(*i)  •  °*i  ♦  * 
satisfy  la*: 

*3<1><4*12  ♦  d  ♦  *>  ♦  «i(1)(*i)«*i2  ♦  *1  ♦  ♦>  -  -2*13  '  **1* 

-  21*3  -  «  . 


which  glY«s  ths  linaar  systsa: 

4a  +  Co  “  -* 
a  ♦  4b  +  c  +  M  ■  -46 
6a  ♦  b  +  4o  +  d  -  -21 
4b  ♦  4d  *  -44 

froa  which  a  -  -2.  b  -  -3.  o  -  0  and  d  »  -4  . 
Thus:  «3<27<*i)  “  ”3*i  *  3.  •l^^*l>  “  ~4 


Ths#: 

tu<«(*x.  *3)  -  fU«><*i.*2>  4  4(*3  -  1)  -  <3*2  ♦  3>*1J  +  *1 

♦  4*3  ♦  2 


‘vr=»«  -•> 


> 


i 


/< 


*m(2)  <*i*  «a>  -  Paa(1,<*i**a>  ♦  <3*2  ♦  5)(»j  -  i> 

-  (3*aa  *  2*j  ♦  t)*ia  ♦  (2*j  -  l)*j  ♦  (3*a  -  1)  . 

Tbm  prooadura  1*  r«(MUd  with  »u<a,(*i.*2>  tad  P22<a><*l»*a>  nattt 
th*  following  f  motor  nation  Is  obtainsd: 

Q(*i.*a)  *  tPu^  (*i»*2>la  IP2a^2^ (*j»*a)la 


with 


pu<3)  (*1**2>  *  (3*2+1)*i2  ♦  *1  +  (*22+2*j+3) 

P22(3,(*l.*2>  *  (3*22+2*2+i)*l2  ♦  *a2*l  ♦  (*22+3s2>  . 

Tho  two  poaalbl*  objoeta  P1(*1,*2)  -  Pu(,) (*i-*2>  P22<3><*1.*2>  *nd 
r2<*l«*2>  “  IPn(3)  <*1  - *2 )  1 2  ara  shown  in  Tabloa  2a  and  2b  roapootivaly. 


IV 


4.  IMFLOEHCE  OF  NOISE 

All  of  the  above  analysis  is  applicable  to  digital,  noise-free 
obieota  and  thus  will  fall  In  tbe  presence  of  noise.  In  fact,  although 
the  noise-free  autocorrelation  polyncaial  Q(zi,Z2)  is  faotorlsable  into 
an  even  number  of  polynomials  with  integer  coefficients,  the  noisy 
autocorrelation  will  probably  become  reducible  into  factors  with 
irrational  coefficients  (the  first  decimals  of  these  representing 
approximations  to  the  ideal  noise-free  integer  coefficients),  or  even 
reducible  over  complex  fields,  in  which  case  no  possible  real  and 
positive  object  distribution  can  be  found. 

The  following  example  illustrates  the  above  comments. This  example  does 
not  attempt  to  be  an  exhaustive  analysis  of  the  influence  of  noise  on 
the  problem,  since  this  paper  is  mainly  concerned  with  the  noise-free 
situation.  However,  the  example  illustrates  to  seme  extent  how  noise 
can  affect  the  factorisation. 

Example  2 

The  polynomial  QCz^.zj)  of  Table  3a  is  found  by  the  method  of  Section  3 
to  correspond  to  the  object  of  Table  3b.  This  solution  can  be  seen  to 
be  unique  by  using  the  test  of  Ref.  3. 

The  autocorrelation  polynomial  of  Table  4a,  whose  coefficients  are 
perturbed  values  of  Table  3a,  no  longer  factorises  into  polynomial 
z- transforms  with  integer  coefficients,  but  into  the  product 
FCz^.zj)  F(zi-1,Z2_1)  zj*  Z24.  with  P(z1,z2>  having  irrational 
coefficients.  Table  4b  shows  the  objeot  with  ooeffioients  obtained  by 


II 


approximating  these  irrationals  by  decimals.  The  coefficients  of  this 
object  are  simply  perturbations  of  those  of  Table  3b. 

However,  the  situation  can  be  much  worse.  Table  3 a  represents  another 
perturbation  of  the  autocorrelation  of  Table  3a.  and  Table  Sb  shows  the 
corresponding  complex  object.  In  this  case  no  real  approximation  to 
the  true  ideal  noise-free  object  of  Table  3a  can  be  found,  and. 
neglecting  the  phase,  the  modulus  of  this  complex  object  represents  a 
poor  approximation  to  the  original  object. 

Even  for  a  noisy  autocorrelation  Q^.zj),  one  expects  a  minimum  of  two 
factors,  (one  flipped  with  respect  to  the  other).  However  for 
F(zi.Z2>  perturbed  by  noise  one  would  expect  to  lie  in  a'region  of 
irreducibility  even  if  the  noise- free  F  is  reducible  over  Z.  This  is 
likely  to  be  so  since  according  to  Ref. 11  the  set  of  reducible 
polynomials  in  two  variables  has  measure  zero. 
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ABSTRACT 

The  efficiency  of  an  important  class  of  Newton  methods  (the  Levenberg- 
Marquardt  algorithm)  for  solving  overdetermined  sets  of  non-linear  equations 
is  tested  in  finding  the  solution  to  the  2-D  phase  problem.  It  is  seen  that 
the  non-linearity  and  number  of  local  minima  of  the  cost  function  increases 
dramatically  with  the  size  of  the  object  array,  making  these  methods  of 
little  practical  use  for  sizes  greater  than  6x6. 
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l .  Introduction 

There  is  much  current  effort  in  obtaining  algorithms  to  retrieve  the 

phase  from  knowledge  of  the  modulus  of  the  Fourier  transform  of  a  2-D  real 

1-3 

and  positive  sampled  object  function  .  Although  this  problem  has  no  unique 

solution  in  1-D,  it  is  now  understood  that  in  the  majority  of  2-D  cases  the 

4-7 

solution  is  likely  to  be  unique 

Let  a(xty)  be  the  2-D  object  sampled  function  to  be  found: 

M  M 

I  1  f  (*-  ft)  Uy  -  a)  d) 

■*.-1  n»  i 

(A  being  the  sampling  interval;  for  the  sake  of  simplicity  the  number  of 
samples  and  the  interval  between  samples  are  considered  equal  in  the  x  and 
y  directions) . 

The  phase  problem  in  object  space  then  consists  of  finding  a(x,y)  from 
knowledge  of  its  autocorrelation  function  Q(x,y)  by  solving  the  non-linear 
integral  equation: 

(2  «  f(  ?>  “•('S  ,  z  +  y)  (z) 


D  being  the  object  support. 

Taking  Into  account  the  discrete  character  (1)  of  a(x,y)  ,  this  amounts 
to  solving  the  overdetermined  system  of  non-linear  equations: 


M  * 

(2i.j  s  ^  X  *** 

ft;  4 


j-4,  ... ,1*1-4  ' 


being  the  samples  of  Q(x,y) 
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In  spice  of  Che  progress  made  In  computer  simulations  vich  Che  algorithms 
used  so  far,  no  reconscruccion  procedure  seems  yet  co  have  been  sysCemadcally 
successful  excepc  for  small  arrays  or  when  che  scarring  guess  lncroduced 
In  Che  ICeraCion  process  Is  close  Co  Che  true  solution.  Otherwise  the  Itera¬ 
tions  cend  to  stagnate  and  get  stuck  In  Che  so-called  local  minimum  of  the 
cost  function.  Also,  the  convergence  criteria  of  these  algorithms  are 
generally  not  well  understood. 

On.  the  other  hand,  there  is  now  available  a  wide  and  complete  study  of 

optimization' methods  for  solving  systems  of  non-linear  equations  based  on 

gradient  search.  Among  these,  an  important  and  well  established  class  includes 

8  9 

Newton  and  conjugate  gradient  methods  ’  .  Their  convergence  has  been  exten¬ 
sively  analyzed  and  is  known  to  be  quadratic.  It  is  therefore  of  Interest 
to  study  the  performance  of  these  methods  in  the  problem  of  phase  retrieval, 
namely  in  obtaining  the  solution  to  Eq.  (3).  If  F(x)  is  the  cost  function 
associated  with  this  system  of  non-linear  equations  and  it  is  given  by  the 

9 

norm  of  the  residuals  of  (3)  .  ,  gradient  methods  operate  by  searching  the 
line  P  at  which  F(x^'c+’^^)  in  the  (k+l)th  Iteration  satisfies: 

F  (x0"4')*  F(x(W\  P)  4  F  (x*M)  M) 

Hence,  these  procedures  lead  directly  to  a  minimum  of  the  cost  function 
F(x)  . 

An  important  class  of  line  search  methods  is  the  steepest  descent. 

2 

Fienup  has  shown  the  equivalence  of  this  method  and  his  error-reduction 

algorithm.  However,  steepest  descent  methods  seem  to  be  inefficient  and 

8  9 

unreliable  in  practice  to  find  minima  '  ;  they  are  very  sensitive  to  scaling 
and  round-off  errors  and  hence,  although  their  convergence  can  be  theoretically 
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proven  to  be  linear.  It  is  In  practice  either  very  slow  or  non-existent  as 

Che  successive  iterations  become  unstable  and  end  far  from  a  minimum. 

Newton  and  conjugate  gradient  methods  provide,  on  the  other  hand,  very 

robust  and  stable  codes  of  implementation.  Their  main  disadvantage,  however, 

is  that  the  computing  time  may  become  long  as  they  require  to  produce  and 
2  2 

invert  an  M  x  M  matrix  for  an  M  x  M  object.  These  operations  can  be 
made  stable,  though,  and  their  time  be  substantially  reduced  with  the  aid 
of  an  array  processor.  Also  their  quadratic  convergence  requires  only  a 
few  iterations,  and  no  inclusion  of  noisy  autocorrelation  data  is  required 
at  each  iteration  as  in  refs.  1  and  2. 

In  this  work  we  have  tested  a  least-square  (1.-S)  optimization;  more 

specifically,  the  Levenberg-Marquardt  (L-M)  modification*0, 11  of  Gauss- 
8  9 

Newton  method  ’  .  This  is  an  appropriate  procedure  for  an  overdetermined 

2 

set  of  non-linear  equations  such  as  (3):  For  an  object  array  with  M 

2  2 

unknown  elements,  there  are  M  +  (M  -  1)  equations.  This  fact  may  also 
account  for  the  uniqueness  of  the  solution  in  2-D.  Earlier  attempts  for 
1-D  phase  problems  by  using  the  Newton-Raphson  method  (which  is  established 
for  a  set  with  the  same  number  of  equations  and  unknowns)  have  been  done 
in  Refs.  12  and  13.  In  the  1-D  case,  however,  because  the  number  of  equa¬ 
tions  and  unknowns  is  the  same  and  the  equations  are  non-linear,  the  solution 
is  not  unique. 

As  we  shall  show  in  this  work,  although  the  stability  and  convergence 
of  existing  L-S  codes  is  very  good,  the  structure  of  the  problem  increases 
dramatically  in  complication  as  the  size  of  the  array  increases.  The  cost 
function  becomes  highly  non-linear  with  a  huge  number  of  local  minima,  both 
far  and  near  the  global  zero  minimum  that  constitutes  the  solution  to  the 
C 

i 
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problea.  Thus,  although  thasa  gradient  aathoda  ara  wall  aatabllahad  and  pro¬ 
vide  good  convergence,  they  always  yield  local  ad  nine  and  fall  to  reach  the 
aolutlon  to  the  problan  (except  for  M  <  6).  At  the  saaM  tine  they  give, 
however,  an  account  of  Ita  coaplaxlty. 
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2  (k) 

V  JP(xv  ')  is  the  Hessian  matrix  of  F  evaluated  in  the  kth-lteratlon 


(k) 


x  *  its  elements  are: 


=&i 


MO 


x  -  x 


ck) 


It  is  scraighcfoiward  Co  see  from  Eq.  (6)  that: 

ter>"4  sttortA  or^er  < 


1  i\-x  ^  ,,  \  iU\  t  fe  er  »>4  w'wxvv  S  C40r>A  or^cr  \  ,  .  —  . 


T  (k)  ( k) 

where  J  (x  )  is  the  transposed  of  the  Jacobian  J(x  )  of  Eq.  (5),  whose 


elements  are: 


r  -  % 


lit) 


.00, 


X  -  X 

On  the  other  hand,  V_F(xv,w)  is  obtained  from  Eq .  (6)  to  be: 

•T/  vOOs  /v  lW>) 


(H) 


VF  (xLU})*  T  l  xw)  ft  M  ) 


MO 


By  inserting  Eqs.  (11)  -  (15)  into  Eq.  (10)  and  approximating  the  Hessian 
by  the  first  term  of  Eq.  (13)  one  obtains  the  algorithmic  scheme: 

0+4)  (.W)  -  ’ 


*  =■  * -[  f(xLU))  l  (>(le>)]  t\xm)£(xlv))  HO 


The  iterative  procedure  corresponding  to  Eq.  (16)  is  the  Gauss-Newton  method. 

*  , 

In  order  that  the  fixed  point  x  of  the  sequence  (16)  when  R  »  ” 
be  a  minimum  of  F(x)  the  Hessian  (13)  should  be  positive  definite. 

Sometimes  the  neglect  of  the  terms  of  (13)  from  the  second  onwards  pre¬ 
vents  this  property  of  the  Hessian  and  is  convenient  to  add  a  multiple  of 

/ 

the  identity  matrix.  The  result  is  the  L-M  algorithm: 
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M  larger  than  a  cattaln  value  (we  have  experienced  this  for  M  >  5  in  a 
VAX- l 1/750) .  However,  Mord's  et  al.  subroutine  LMSTR  and  other  subroutines 
of  KINPACX  in  ref.  15  control  this  and  complete  convergence  is  obtained. 

In  the  following  section  we  describe  our  results  with  this  subroutine  to 
which  we  provide  the  system  of  non-linear  equations  and  the  Jacobian  as 
described  in  Eqs.  (22)  and  (24). 
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3.  Numerical  results 

The  performance  of  the  L-M  algorithm  by  using  the  LMSTR  subroutine  of 
ref.  15  is  discussed  here. 

Tables  1  show  two  objects  5x5.  Table  la  shows  an  object  array  with 
random  elements,  whereas  Table  lb  shows  an  object  with  a  certain  ordered 
structure.  The  reconstruction  of  these  two  objects  by  solving  the  system 
of  non-linear  equations  (22) — 41  equations  and  25  unknowns — from  the  auto¬ 
correlation  data  without  noise,  is  accurate  100%  and  perfect  convergence  is 
obtained  in  about  15  Iterations.  The  time  per  iteration  in  a  VAX  11/750 

was  about  2  sec.  Apart  from  the  correct  solutions,  trial  and  error  with 

la  ee.iU  cu.sc 

different  random  starts  also  provided,(about  another  ten  local  minimum  solutions 
completely  different  from  these  correct  reconstructions.  No  positivity 
constraints  were  used,  since  no  advantage  was  found  in  imposing  them.  In 
fact,  the  inclusion  of  positivity  conditions  introduces  a  non-linear  constraint 
such  that  the  convergence  process  becomes  difficult  to  understand  and  in 
fact,  it  was  observed  to  increase  the  number  of  local  solutions. 

For  these  small  arrays  the  stability  of  the  reconstruction  versus  the 
noise  introduced  in  the  autocorrelation  data  was  found  to  be  robust.  Table  2 
shows  the  autocorrelation  of  the  object  of  Table  la.  Table  3a  shows  the 
reconstruction  of  the  object  of  Table  la  by  adding  to  the  autocorrelation 
data  of  Table  2  a  noise  uniformly  distributed  with  values  between  -5  and  +5. 
Table  3b  shows  the  reconstruction  of  the  same  object  when  the  noise  is  uni¬ 
formly  distributed  with  values  between  -50  and  +50.  For  a  noise  with  values 
between  -500  and  +500  the  reconstruction  becomes  poorer.  Results  for  other 
5x5  arrays  are  similar. 
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The  number  of  local  minimum  solutions  increases  dramatically  with  the 

size  of  the  array.  Since  L-S  operates  following  the  scheme  of  Eq .  (4),  the 

minimum  of  F  which  is  closer  to  the  starting  guess  is  going  to  be  encountered. 

This  is  illustrated  with  the  11  x  11  array  of  Table  4.  For  this  size  it 

took  about  six  minutes  per  iteration  and  perfect  convergence  (in  the  sense 

that  the  successive  iterations  were  exactly  equal)  was  obtained  in  about 

seven  iterations;  from  noiseless  data,  however,  many  trials  with  different 

starting  guesses  always  gave  local  minima  of  F  .  If  is  the  value 

of  the  square  root  of  F  ,  and  for  the  starting  guess  it  was  of  the  order  of 

10^,  all  local  minima  were  found  at  &  2T  10^  and,  of  course,  these 

reconstructions  were  very  far  from  the  correct  one.  The  autocorrelation 

arrays  of  these  local  minima  were  all  similar  to  the  correct  one  near  the 

center  but  very  different  towards  the  borders.  A  Monte  Carlo  procedure 

allowed  us  to  obtain  a  start  as  close  to  the  correct  solution  as  2;  29, 

however  the  L-M  algorithm  got  stuck  in  this  start  showing  that  it  was  already 

a  local  solution.  In  fact,  in  order  to  get  an  idea  of  how  many  local  minima 

nta,r 

were  existent  also  in  regions  of  lower  (j  and  even^the  correct  solution 
for  which  (y  »  0,  a  starting  guess  equal  to  the  correct  solution  perturbed 
by  noise  uniformly  distributed  between  0  and  1  was  introduced  in  the  L-M 
algorithm.  After  four  or  five  iterations  the  algorithm  got  stuck  without 
having  substantially  approached  the  correct  solution.  This  suggests  the 
existence  of  a  "swarm"  of  local  minima  very  close  to  the  absolute  minimum 
of  F  .  In  practice,  if  this  region  of  F  is  reached,  it  will  be  very  diffi¬ 
cult  to  distinguish  between  these  local  solutions  and  also  from  the  ideal 
noiseless  correct  reconstruction;  of  course  the  existence  of  noise  in  the  auto¬ 
correlation  data  will  always  lead  to  these  local  minima  if  such  low  regions 
of  (j  are  found. 
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4 .  Conclusions 

We  have  tested  the  performance  of  an  important  class  of  Newton  methods — 
specifically  the  Levenberg-Marquardt  modification  of  the  Gauss-Newton  algo- 
rlghm  for  non-linear  least  square  optimization — in  the  problem  of  phase 
retrieval  for  2-D  array  objects. 

Since  this  method  leads  directly  to  a  minimum  of  the  cost  function  and 
also  is  numerically  stable  and  quadratically  convergent,  it  provides,  on 
the  other  hand,  a  good  test  of  the  complexity  in  the  nimber  of  the  local 
minima  solutions.  For  small  arrays  the  algorithm  always  worked,  since  a 
small  number  of  local  solutions  was  found.  However,  the  algorithm  showed 
a  dramatic  increase  of  the  number  of  these  local  minima  with  the  size  of 
the  array,  showing  the  existence  of  swarms  of  local  minima,  both  far  and  close 
to  the  correct  global  minimum  solution. 

Therefore,  although  much  consideration  has  been  paid  to  the  ambiguity 
of  the  phase  reconstruction  problem,  i.e.  to  the  number  of  global  minima  of 
the  cost  function,  and  it  has  been  shown  that  in  2-D  there  is  likely  to  exist 
just  one  global  minimum  which  constitutes  the  correct  solution,  the  real 
practical  problem  that  one  has  to  overcome  to  establish  an  efficient  algorithm 
to  reconstruct  an  object  from  its  autocorrelation  data  (or  what  is  equivalent, 
to  reconstruct  the  phase  from  the  modulus  of  its  spectrum)  is  that  of  developing 
a  strategy  to  avoid  the  huge  number  of  local  minima  of  the  cost  function. 

This  number  seems  to  Increase  as  one  approximates  the  global  minimum,  and  the 
practical  uniqueness  problem  in  2-D  is  going  to  be  the  distinction  between 
these  and  the  correct  solution.  This  distinction  is  going  to  be  hard  to  make 
in  the  presence  of  noise  in  the  data.  A  decomposition  of  Che  problem  in 
small  arrays  would  be  obviously  desirable,  however  we  have  been  unable  to 
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find  a  de-coupling  of  the  unknowns  in  the  set  of  non-linear  equations  that 
would  make  such  decomposition  possible. 

Finally,  it  should  be  mentioned  that  by  the  time  this  work  is  finished 
a  very  interesting  paper^  has  appeared  presenting  a  successful  reconstruction 

of  a  32x32  object  array  from  the  aero  location  of  the  analytic  continuation 

\ 

of  1-D  strips  of  the  object  spectrum  in  the  absence  of  noise.  Its  efficiency 
for  real  noisy  data  is  under  current  investigation  by  those  authors.  It 
is  worthwhile  to  remark,  however,  that  the  performance  of  the  optimization 
method  used  in  this  paper  should  be  investigated  for  1-D  strips  of  the 
object  which  would  involve  only  M  unknowns  at  each  time.  The  number  of 
local  minima  of  the  corresponding  cost  function  will  be  much  lower  them 
in  the  case  treated  here.  However  a  procedure  similar  to  that  of  Ref.l6 
that  eliminates  the  possible' ambiguities  by  crossing  strips  in  object  space 
has  yet  to  be  found. 
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TABLES 


1 

3 

7 

18 

9 

7 

1 

35 

12 

2 

20 

10 

1 

9 

6 

18 

31 

7 

15 

20 

6 

A0 

1 

20 

25 

Table  la;  An  object  with  random  values.  The  reconstruction  from 
noiseless  data  la  exactly  coincident  with  this  object. 


50  50 

50  0 

50  0 

SO  0 

50  0 


50  50 

0  0 

50  0 

0  0 

50  0 


50 

50 

50 

50 

50 


Table  lb:  An  object  with  an  orderer  structure.  The  reconstruction 
froa  noiseless  data  coincides  with  this  object. 
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25 

95 

236 

195 

240 

1094 

646 

802 

1079 

894 

1722 

1434 

653 

2381 

2129 

331 

1633 

2205 

252 

1022  . 

1717 

174 

755 

1439 

54 

468 

771 

633 

718 

496 

1798 

1017 

1990 

2228 

1746 

1675 

2835 

3881 

2411 

3051 

7126 

3051 

2411 

3881 

2835 

1675 

1746 

2220 

1990 

1017 

1798 

496 

718 

633 

771 

468 

54 

1439 

755 

174 

1717 

1022 

252 

2205 

1633 

331 

2129 

2381 

653 

1434 

1722 

894 

1079 

802 

646 

1094 

240 

195 

236 

95 

25 

Table  2; 


Autocorrelation  of  the  object  of  Table  U 


y. 
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1.009 

3.010 

7.003 

18.003 

9.019 

7.022 

1.004 

35.005 

12.004 

1.996 

19.997 

9.999 

1.002 

8.993 

6.003 

18.019 

31.010 

6.999 

15.000 

20.005 

5.996 

39.984 

0.945 

19.978 

24.998 

Table  3a:  Reconstruction  of  the  object  of  Table  la  from  the  auto¬ 
correlation  data  plus  a  noise  with  values  In  the  Interval 
(-5,  +5). 


1.085 

3.101 

7.032 

18.033 

9.198 

7.227 

1.042 

35.048 

12.038 

1.964 

19.968 

9.996 

1.021 

8.925 

6.031 

18.197 

31.102 

6.987 

15.012 

20.052 

5.966 

39.832 

0.955 

19.776 

24.983 

Table  3b:  Reconstruction  of  the  object  of  Table  la  from  the  auto¬ 
correlation  data  plus  a  noise  with  values  in  the  Interval 
(-50,  +50). 
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